D

A : x B

Let us consider,

= ‘X' be the length and breadth of the piece cut from each vertex of the piece.
= Side of the box now will be (12-2x)

« The height of the new formed box will also be ‘x’.

Let the volume of the newly formed box is :

V = (12-2x)2 x (x)

V = (144 + 4x? - 48x) x

V = 4x3 -48x2 +144x - (1)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function f(x) has a maximum/minimum at a point c then f'(c) = 0.

Differentiating the equation (1) with respect to x:

%=% [4x® —48x” + 144
& _ 12x2— 96x+ 144 -3 CI03824
“ _

Since & (x™) = px?
[ dx {X ) — !
To find the critical point, we need to equate equation (2) to zero.

Y 12x%> — 96x + 144 =0
dx_ X X =

X2 -8x+12=0

—(-8)+ J(—8)Z7—4(1)(12) 8 +V64—48 8+\/16
x= 2(0) = 2 =72

81+ 4
2

X=6orx=2

X==

x=2
[as x = 6 is not a possibility, because 12-2x = 12-12= 0]

Now to check if this critical point will determine the maximum area of the box, we need to check with second
differential which needs to be negative.

Consider differentiating the equation (3) with x:

d’v _d 5
2 = E[ 12x° — 96x + 144]
eV _

24x— 96— (4)

dx?



:, d 1.
[Since -3 (x®) = nx* 11

Now let us find the value of

d*v
— ) =24(2)- 96 =48-96= —48
dx?

x=2

As (ﬂ) = —48 < 0, so the function A is maximum at x = 2

dx?/y=2
Now substituting x = 2 in 12 - 2x, the side of the considered box:
Side = 12-2x = 12 - 2(2) = 12-4= 8cms
Therefore side of wanted box is 8cms and height of the box is 2cms.
Now, the volume of the box is
V=(8)2x2=64x2=128cn’

Hence maximum volume of the box formed by cutting the given 12cms sheet is 128cm? with 8cms side and
2cms height.,

17. Question

An open box with a square base is to be made out of a given cardboard of area C2 (square) units. Show that
3

the maximum volume of the box is (cubic) units.

3

Answer

Given,

class24

» The open box has a sque

* The area of the box is

= The volume of the box is ma

Let us consider,

* The side of the square base of the box be *a’ units. (pink coloured in the figure)
= The breadth of the 4 sides of the box will also be ‘a’units (skin coloured part).

= The depth of the box or the length of the sides be ‘h’ units (skin coloured part).
Now, the area of the box =

(area of the base) + 4 (area of each side of the box)

So as area of the box is given 2,

c? = a? + 4ah



s c®-a®____ (1)

4a

Let the volume of the newly formed box is :
V= (a)? x (h)

[substituting (1) in the volume formulal

V_ 2x cz_az
-4 4a

2

For finding the maximum/ minimum of given function, we can find it by differentiating it with a and then
equating it to zero. This is because if the function f(a) has a maximum/minimum at a point ¢ then f'(c) = 0.

Differentiating the equation (2) with respect to a:

av_d ac?® - 33)
da  da 4

- 8 ey e
[Slncea(x)mm 51

To find the critical point, we need to equate eqguation (3) to zero.

dv ¢ 33
a4 -8
2_32_0
‘; class24
32=?
2

a=:t§

L
a=—

3

A
second differential which needs to be negative.

Consider differentiating the equation (3) with x:

da? dx[4 4
A i _ g
[Since = =")= nx**]

Now let us find the value of

daz

(ﬁ) 3 (ﬁ) o3

V3



d® 3
As (KD,:L = —48— %_ < 0, so the function V is maximum at a = %

Now substituting a in equation (1)

h= —Cz_ (%)2_21(:2_i§_L
.-.h=2—::/§

c

i & c
5s and height of the box,h = —

Therefore side of wanted box has a base side,a = 23

Now, the volume of the box is

()65

V_sz((.')_ c?
37 \2v3/ 63
Vv e’
- =

18. Question

A cylindrical can is to be made to hoid 1 [itre of oil. Find the dimensions which will minimize the cost of the

class24

Answer

Given,

« The can is cylindrical with a ci

* The volume of the cylinder is 1 litre = 1000 cm?2.

= The surface area of the box is minimum as we need to find the minimum dimensions.

el ey

=

Let us consider,

» The radius base and top of the cylinder be ‘r’ units. (skin coloured in the figure)
* The height of the cylinder be *h’units.

= As the Volume of cylinder is given, V = 1000cm?

The Volume of the cylinder= nr¢h

1000 = nr2h

h= 2% )



The Surface area cylinder is = area of the circular base + area of the circular top + area of the cylinder
S =nr’ +nr? + 2rh

S=2nr + 2nrh

[substituting (1) in the volume formula]

1000
mr2 )

S=2mr’ + 2nr(

s=2[m? + (129)] @

For finding the maximum/ minimum of given function, we can find it by differentiating it with r and then

equating it to zero. This is because if the function f(r) has a maximum/minimum at a point ¢ then f'{c) = Q.

Differentiating the equation (2) with respect to r:

24 e (2]

ince & (yn) = nxn—? L S
[Slncedx(x)_nx Elﬂddx (x™)= —nx ]

= 2(2m) - 2(XF) —— @)

To find the critical point, we need to eguate equation (3) to zero.

ds - 2(1000)
dr . 2
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2 (2mr) — 2(1000) 0

1000
==

second dlfferential which needs to be positive.

Consider differentiating the equation (3) with r:

d*s [2( ) 2(1000)]

drz ~ -

da’s _ _ 2x1000%(=2) _ 4000 _____ (4
e G e (4)

[SiﬂCE -gx- (xn) - nxll—l and i (X—n) _ __nx_“_j_]

Now let us find the value of

dES) P 4000 - 4000 x Y 43
—_— — —_— T —_—=am = bl 8
drz2 r=xf¥ - (3{500)3 500

m



a5

As (E ,Jm = 12m > 0, so the function S is minimum at p — */22¢
r= T m
Now substituting r in equation (1)
1000 1000 1000
nr = =
n(’.@) i3 (500)3
m
1000
th=7"73
n3 (500)3
000
Therefore the radius of base of the cylinder, » — */2°%and height of the cylinder, h = ; 3 where the
J ™ 3 (500)2

surface area of the cylinder is minimum.

19. Question

Show that the right circular cone of the least curved surface and given volume has an altitude equal to .Jf
times the radius of the base.

Answer

Given,

* The volume of the cone.

= The cone is right circular cone.

* The cone has least curved s

v
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Let us consider,

= The radius of the circular base be ‘r’ cms.
= The height of the cone be ‘h' cms.

= The slope of the cone be ‘I' cms.

Given the Volume of the cone = nr?l

nrh
2

3v
h = P """ (1}

The Surface area cylinder is = mrl

S =nrl

S= mr (yhz+r2)

[substituting (1) in the Surface area formula]



3Vy?
S=mr (—2) +r
mr

[squaring on both sides]

9V?
T=8= nzrz(ﬁ+ r?)

z= (35 +1*)— 2

For finding the maximum/ minimum of given function, we can find it by differentiating it with r and then
equating it to zero. This is because if the function Z has a maximum/minimum at a point c then Z'(c) = 0.

Differentiating the equation (2) with respect to r:

dZ d 9v?
- fe(2r)

dr  dr n2r2

dz 9v3\d /1 d
S pRffivn  OW RS 2 = g
ar " (n2 )dr (r2)+n dr (")

[Since % (x™) = nx™! and % x™) = —nx 1]

L_ (2 42 (43— )

To find the critical point, we need to equate equation (3) to zero.

dz —18v?

== (T)-I-Tl‘z (4r?)

2 18v2 CIGSSZ4
@r’)=—

2n2re = 9y? - (4)

Now to check if this critical point will determine the minimum surface area of the cone, we need to check

with second differential which needs to be positive.

Consider differentiating the equation (3) with r:
d’z d[/-18V?

e oo N || e 2 3

dr? dr[( r3 )+ﬂ (4r)]

d*Z —18V?(-3)
drz Tt

+ 7% (4 x3r?)

i _d_ oy n—1 _d_ SR el
[Smcedx(x)_nx anddx(x )= —nx 1
d*zZ . 54v?
drz = r*
Now let us find the value of

d*z 54V
| {7 z 2
(drz) +m” (12r°)> 0

+m? (1212)

a2 2 i 5
As (d—‘f) > 0, so the function Z = 52 is minimum

Now consider, the eguation (4),

9V* = 2m?r®



Now substitute the volume of the cone formula in the above equation.

2 F
nr<h
9( % ) = 2m2r®

WPrh= =248

2r? = h?

h=r1V2

Hence, the relation between h and r of the cone is proved when S is the minimum.
20. Question

Find the radius of a closed right circular cylinder of volume 100,,* which has the minimum total surface
area.

Answer

Given,

= The closed is cylindrical can with a circular base and top.
* The volume of the cylinder is 1 litre = 100 cm3.

* The surface area of the box is minimum.

e o,
e By

class24

lar=—

Let us consider,

* The radius base and top of the cylinder be ‘r’ units. (skin coloured in the figure)
= The height of the cylinder be *h’units.

« As the Volume of cylinder is given, V = 100cm?3

The Volume of the cylinder= nré¢h

100 = nir?h

100

h = ';2' S {1)

The Surface area cylinder is = area of the circular base + area of the circular top + area of the cylinder
S =nr? +nr? + 2nrh

S=2nr + 2nrh

[substituting (1) in the volume formula]

S= 2mnr’®+ 2nr (—@-)
Tl'r2



For finding the maximum/ minimum of given function, we can find it by differentiating it with r and then
equating it to zero. This is because if the function f(r) has a maximum/minimum at a point c then f'(c) = 0.

Differentiating the equation (2) with respect tor:

ﬁ_i 2[ 2+(@)]
ar ar | “I™ r

f—‘f — 2(2m)+ (1%) (-1)

; d d
Since — (x") =nx**and — (x )= —qx o1
[ = ) =1z &= =) nx ]

E-2@m-2(3) @)

r?

To find the critical point, we need to equate equation (3) to zero.

dS_z(z) 2(100)10
& T AE T
100

2(21tr)— Z(r—z)z(}

100
2mr = 22 (4)

Now to check if this critical point will determine the minimum surface area of the box, we need to check with
second differential which needs to be positive.

Consider differentiating the equation (3) with r:

"I [Z(ZTI'I')— 2(

drz dr

as _ 2 %100%(-2) _ Classz4
dr? 2

[Sincei (x") = nx*! and — X)) = —px 1]

Now let us find the value of
d?s 4+40.:1 4+400xn R -
iz ’Jﬁ_“ =503_“ ) = 4mn w—"12%
= _
T

d%s
As (E)r:"f’—_" = 12w >0, so the function S is minimum at — */32
m

m

As S is minimum from equation (4)

100
2nr = =y

V'
2nr = *Ijz-
V = 2nr

Now in equation (1) we have,

v 2nr?

s e

h = 2r = diameter

Therefore when the total surface area of a cone is minimum, then height of the cone is equal to twice the
radius or equal to its diameter.



21. Question

Show that the height of a closed cylinder of given volume and the least surface area is equal to its diameter.
Answer

Let r be the radius of the base and h the height of a cylinder.

The surface area is given by,

S=2nr?+2nrh

h = SﬂZﬁrz..u_u_‘{l]

2nr

Let V be the volume of the cylinder.

Therefore, V = nrh

V = nr? (%) ....... Using equation 1

For maximum or minimum, we have,

:iT class24

2nr? + 2nrh = 6nr?

h=2r

Differentiating equation 2, with respect to r to check for maxima and minima, we get,
da’v

P —6rr <0

Hence, V is maximum when h = 2r or h = diameter

22. Question

Prove that the volume of the largest cone that can be inscribed in a sphere is _’i of the volume of the
sphere. o
Answer

Given,

= Volume of the sphere.

= Volume of the cone.

* Cone is inscribed in the sphere.

= \Volume of cone is maximum.



Let us consider,
= The radius of the sphere be 'a’ units.
« \Volume of the inscribed cone be ‘V'.
= Height of the inscribed cone be ‘h’.
= Radius of the base of the cone is r'.
Given volume of the inscribed cone is,

nr*h

3

Consider OD = (AD-0OA) =(h-a)

V=

Now let OC2 = OD? + DC?, here OC = a, OD = (h-a), DC =,

So a2 = (h-a)2 + r2

r2 = a2 - (h2+ a2 - 2ah)
r2 =h (2a-h) —- (1)

Let us consider the volume of
V= : 2h

Now substituting (1) in the volume formula,

W =

V = < (wh(2a—h)h)

V= ; (2nth%a— wh?) -— (2)

class24

For finding the maximum/ minimum of given function, we can find it by differentiating it with h and then
equating it to zero. This is because if the function V(r) has a maximum/minimum at a point c then V'(c) = 0.

Differentiating the equation (2) with respect to h:

dv d g1

i e | [ R
i - anl3 (2mth“a — mwh )]
av 1

B3 (2ma)(2h) — %(n) (3h?)

[Since ‘5; (x®) = nx™* ]

g2
0 | =

[ 4mah — 3mh?] -~ (3)

To find the critical point, we need to equate equation (3) to zero.

dV_14_ h— 3mh?] = 0
dh_3[“a mhe] =



4nah-3nh? =0
h(4na-3nh)= 0

h=0(0r}h= %: 43—3

h_d-a
3

[as h cannot be zero]

Now to check if this critical point will determine the maximum volume of the inscribed cone, we need to

check with second differential which needs to be negative.

Consider differentiating the equation (3) with h;

d*’v_d1 s & hZ]
dnz ~an|3[*mh - 3m
d*v

55 = ;[4ma—(3m)(2h)] = F[4a— 6h]—— (4)
i d mwy o
[Smce—d-x- (™) = nx™ 1]

Now let us find the value of
d?v - Tr[4 . (43)] _4an e 4an
ahz) s 310 °\3/)T73 =773
~3

d? __4am . . . 4a
As (Knh:ﬂ = ——- <0, so thefunction V is maximum ath = 5
2

class24

Substituting h in equation (1)

o= (-3
¢ ()e-2)

o 8a’
9

As V is maximum, substituting h and r in the volume formula:

V—l 8a’ (4a)
=3\ \9 \3
8

V= 2—87 (volume of the sphere)

Therefore when the volume of a inscribed cone is maximum, then it is equal to% times of the volume of the
sphere in which it is inscribed.

23. Question

Which fraction exceeds its pth power by the greatest number possible?

Answer

Given,

The pth power of a number exceeds by a fraction to be the greatest.

Let us consider,



= ‘X’ be the required fraction.

* The greatest number willbe y = x - ¥ -——— (1)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function y(x)has a maximum/minimum at a point c then y'(c) = 0.

Differentiating the equation (1) with respect to x:

G _ 4
dx_dx(x xP)
dy_ - ", g
= pxP~* (2)

. d pogm  pe
[Slﬂcea{x)—nx 1]

To find the critical point, we need to equate equation (2) to zero.

dy
_— _ p-1_
= 1-px 0

o

G
X= |~
P

Now to check if this critical point will determine the if the number is the greatest, we need to check with
second differential which needs to be negative.

Consider differentiating the equat

d*y
et el — p-1
dx? dx [1=p]

n (2) with x:

class24

d2 i
d_xf_ —p(p— 1)xP 2 -cxee (@

i @ ony . n—-1
[Since — (x™) = nx™!]

Now let us find the value of

A N ('

2 1

e Pe
a2 = —pp-1) ((i)p_l) < 0, so the number y is greatest aty _ (l)i;-—t

)x: (%)pii P

Hence, the y is the greatest number and exceeds by a fractiony _ (i)F
P

w2

24. Question

Find the point on the curve Y2 — 4x which is nearest to the point (2, —8).

Answer

Given,

« A point is present on a curve yZ = 4x
= The point is near to the point (2,-8)
Let us consider,

* The co-ordinates of the point be P(x,y)



« As the point P is on the curve, then y? = 4x

X=—
-+
* The distance between the points is given by,
D? = (x-2) +(y+8)?
D? = x2-4x+4 + y? + 64 + 16y

Substituting x in the distance equation
2)\2 2
P2 = (y;) — 4 (y?)+ y>+ 16y + 68

4
Z=D*=2+ 16y+68 " (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with y and then
equating it to zero. This is because if the function Z(x]) has a maximum/minimum at a point c then Z'(c) = 0.

Differentiating the equation (2) with respect to y:

2 5 £+ 16y + 68
dy dy \16 v
az

= B i =L i
a=Z+16=L+ 16— @

[Since i (x®) = nx™* ]

To find the critical point, we

s ys+16 0
dy_4- ol
y34+64=0

(y+4)(y?-4y +16) =0
(y+4) =0(on) y2-4y + 16 =0
y=a

(as the roots of the y2 - 4y + 16 are imaginary)

Now to check if thi itical point will determine

differential which needs to be positive.
Consider differentiating the equation (2) with y:

% 817 .5
dy?  dy| 4
Ez_ 3P
" (3)

[Since é’; (x") = nx™ 1]

Now let us find the value of

(l:l‘Z) 3 (=2 =12
dy? i 3
As iﬂ = 12 >0, so the Distance D? is minimum at y = -4

2
dy‘,:__q



Now substituting y in X, we have

(—9? _
-

X= 4

So, the point P on the curve y4 = 4x is (4,-4) which is at nearest from the (2,-8)
25. Question

A right circular cylinder is inscribed in a cone. Show that the curved surface area of the cylinder is maximum
when the diameter of the cylinder is equal to the radius of the base of the cone.

Answer

Given,

= A right circular cylinder is inscribed inside a cone.
= The curved surface area is maximum.

A -

h1

Cr———
rl

Let us consider,

= ‘r1" be the radius of the con C I q S S 2 4
= ‘hy" be the height of the.
= ‘I’ be the radius of the inscri

* ‘h’ be the height of the inscribed cylinder.
DF=r,and AD=AL-DL=h;-h

Now, here AADF and AALC are similar,
Then

AD_DF_h-h_r

AL LC h, ry

rh,
hl_ — rl

thy E
B=tag = hx(l‘a)

h=h,(1 _i) el

Now let us consider the curved surface area of the cylinder,
S = 2nrh

Substituting h in the formula,

s = 2mr [hi(l—r—:)]



8 = Durthy, — ST

Fa

For finding the maximum/ minimum of given function, we can find it by differentiating it with r and then

equating it to zero. Hu&s.bggamithg_ﬂumimjmjaﬂmammumimmmumjumnﬂjhmj_m_&

Differentiating the equation (2) with respect to r:

ds d 2mh,r?
dr dr ! Iy
ds 2mh, (2
_— 2T[h1 — L(r)
dr Ty

. d pogm  pe
[SIHCEE{X)—nx 1]

S 4mh,r

d
ar R

To find the critical point, we need to equate equation (3) to zero.

§—2h _ 4mhyr
dr 4 Ty -
41th,r

i =2ﬁh1

ry

a’s _ g4 _ _4mh —

[Since % (x") = nx*1]

Now let us find the value of

d*s 41th,

dr2 o Iy

As &8 s o 0 < 0, so the function S is maximum aty = 2
dr2 =1L Py 2

Substituting r in equation (1)

h:hl 1__

As S is maximum, from (5) we can clearly say that h; = 2h and

r{=2r



this means the radius of the cone is twice the radius of the cylinder or equal to diameter of the cylinder.
26. Question

Show that the surface area of a closed cuboid with square base and given volume is minimum when itis a
cube.

Answer

Given,

« Closed cuboid has square base.

* The volume of the cuboid is given.
= Surface area is minimum.

Let us consider,

* The side of the square base be ‘x’.

= The height of the cuboid be 'h’.

« The given volume, V = x¢h

Consider the surface area of the cuboid,
Surface Area =

2(Area of the square base)} + 4(areas of the rectangular sides)

class24

S = 2x2 + 4xh
Now substitute (1) in the

v
S=2x"+ 4x (—2)
X

s=22+ ()2

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function S(x) has a maximum/minimum at a point c then S’(c) = 0.

Differentiating the equation (2) with respect to x:

=52 (5]
%: 2 (2%) + 4V (;—:)

Since & (g1} — nx-1 and & (x—1) = _px-0-1
[ - (") =nx + &™) = —nx~1]

To find the critical point, we need to equate equation (3) to zero.

ds 4V

d_x= 4% — ; =0
4V

4x=;

x3 =V

Now to check if this critical point will determine the minimum surface area, we need to check with second
differential which needs to be positive.




Consider differentiating the equation (3) with x:

s _dr, 4
axz axl ™ %2

d’s 8V ____(4
4+ (4)
since & (x®) = nx**and L (x 1) = —px-?
[ dx (X ) nE dx (X ) ]

Now let us find the value of

d’s 4+BV—~ 12
dxzxz\é a \ a
2
As g,‘:ﬁ = 12 > 0, so the function S is minimum aty = {7

Substituting x in equation (1)

v x?
h= F=F=x
h =

As S is minimum and h = x, this means that the cuboid is a cube.
27. Question

A rectangle is inscribed in a semicircle of radius r with one of its sides on the diameter of the semicircle. Find
the dimensions of the rectangle so that its area is maximum. Find also this area.

me2 class24

Answer
Given,
» Radius of the semicircle |

« Area of the rectangle is

Let us consider,

= The base of the rectangle be ‘x’ and the height be ‘y'.
Consider the ACEB,

CE? = EB? + BC?

AsCE=r,EB= ~andCB =y
2

2
S (O £ IR g )

=gt =1

Now the area of the rectangle is

A=xxy

Squaring on both sides



A2 = 52 2

Substituting (1) in the above Area equation

A =% [rz— (;)2]

2
7= A% wghyp —xzx:= x%r? —”{-—--(2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function Z(x) has a maximum/minimum at a point c then Z'(c) = 0.

Differentiating the equation (2) with respect to x:

az_df,. x*
S [~
4x*?

o e
r* (2x) n

B gl
x(2r2 -x2) = 0
x = 0 (or) ¥ = 2r2
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X= 0{or)x=r\{§
X=1/2

[as x cannot be zero]

Now to check if this critical point will determine the maximum area, we need to check with second
differential which needs to be negative.

Consider differentiating the equation (3) with x:

d*z

i 2 __ w3
2 dJ;[Zxr *?]

BZ_ 52 gezo 4
= a-3 (4)

; I —
[Smcea(x)_nx 1]

Now let us find the value of

d?z
-— = 2r2 — 3(1v2)2= 2r2— 6r2 = —4r?
s (rv2)
az ——. i i i _
As s 4r® < 0, so the function Z is maximum at y — rﬁ

Substituting x in equation (1)

2
2_2_ (V2 _ . _P_T
B (2 =rT3"3



As the area of the rectangle is maximum, and x — /2 and y= 2
2

So area of the rectangle is

A=r1/2 X ﬁ
2

o

Hence the maximum area of the rectangle inscribed inside a semicircle is r? square units.

28. Question

Two sides of a triangle have lengths a and b and the angle between them is 8. What value of 8 will maximize
the area of the triangle?

Answer

Given,

» The length two sides of a triangle are ‘a’ and ‘b’
* Angle between the sides ‘a@” and ‘b’ is 6.

« The area of the triangle is maximum.

P

class24

Let us consider,

The area of the APQR is given be
A= ; ab sin@ - (1)

For finding the maximum/ minimum of given function, we can find it by differentiating it with 8 and then
equating it to zero. This is because if the function A (8) has a maximum/minimum at a point ¢ then A’(c) = Q.

Differentiating the equation (1) with respect to 6:

dA d [1 - 9]
T e
dA T

-3 abcos® -—- (2)

[Since i (sin®) = cos@]

To find the critical point, we need to equate equation (2) to zero.

dA 1
B Eabcosﬁ: 0
Cos8 =0
o
2

Now to check if this critical point will determine the maximum area. we need to check with second
differential which needs to be negative.




Consider differentiating the equation (2) with 6 :

d’A dn1
@=E[§abc050]
-t S =T, S 7.
s absinf (2)

. d
[SIHCEE (cos8) = —sinbl

Now let us find the value of

d*A 1 m 1

0Pz~ 2 0 G ==z
d?A 1 . . " n
202 :( g ab < 0, so the function A is maximum at g = 5

As the area of the triangle is maximum when 8 = %

29. Question

Show that the maximum volume of the cylinder which can be inscribed in a sphere of radius 5\[; cm is
{500n)cm3.

Answer

Given,

* Radius of the sphere is 5\/5.

* Volume of cylinder is m
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Let us consider,

* The radius of the sphere be 'R’ units.

= Volume of the inscribed cylinder be V',

* Height of the inscribed cylinder be 'h’.

= Radius of the cylinder is ‘r'.

Now let AC2 = ABZ + BCZ, here AC = 2R, AB =2r, BC = h,
So 4R2 = 4r% + h?

r? = 2 [4R? — h?] — (1)

Let us consider, the volume of the cylinder:

V = nr’h

Now substituting (1) in the volume formula,



1
V=mh(; [4R? —h?])
= 2 (4R%h — H3) ----
V=7 (4R°h— 1®) —(2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with h and then
equating it to zero. This is because if the function V(h) has a maximum/minimum at a point ¢ then V'(c) = 0.

Differentiating the equation (2) with respect to h:

av

- dh[— (4R%h— 1) ]
dV 4R*m m

& e g

[Since i (x™) = nx™* ]

av

_ R 3h2‘l1 e e 3
o=~ (3)

To find the critical point, we need to equate eqguation (3) to zero.

dv _ R 3hZn B
ah " Tz T
3hZn = 4R%n
4 4 4
KeoR=cG)=2(@%3=100
3 3 3
h=10

[as h cannot be negative]
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line the ma)umum volume of the inscribed cone, we need to

Consider differentiating the ec

EV_df,  Sx
dh? dh -+

d? & 3(zh

&Y 0- 2T opp-—(4)
[Since (xn) = nx™1]

Now let us find the value of

(dzv) 2h 2(10) 20
= =—2hn= — m= —20m
dhz h=10

a2 ) _ _ _
As (E:)hm = —20m < 0, so the function V is maximum at h=10

Substituting h in equation (1)
1
= 7 [4(5V3)* - (10)7]

1
= 5 [4(25 x3) - 100]

,_300-100 200 _
=7 T~ 1"

As V is maximum, substituting h and r in the volume formula:



V =1 (50] (10)

V = 500n cm®

Therefore when the volume of a inscribed cylinder is maximum and is equal 500m cm?®
30. Question

A square tank of capacity 250cubic meters has to be dug out. The cost of the land is Rs. 50 per square
metre. The cost of digging increases with the depth and for the whole tank, it is Rs.(-lOO X 11: ), where h

metres is the depth of the tank. What should be the dimensions of the tank so that the cost is minimum?
Answer

Given,

= Capacity of the square tank is 250 cubic metres.

= Cost of the land per square meter Rs.50.

- Cost of digging the whole tank is Rs. (400 x h2).

* Where h is the depth of the tank.

Let us consider,

* Side of the tank is x metres.

« Cost of the digging is; C = 50x% + 400h? ---- (1)

» \Volume of the tank is; V = x2h ; 250 =x2h

Substituting (2) in (1),

i 250\°
C = 50x>+ 400 (xz )

C = SUXZ + 40016250“ _____ (3]

-

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function C(x) has a maximum/minimum at a point ¢ then C'(c) = 0.

Differentiating the equation (3) with respect to x:

dC d [50 24 400 % 62500]
ax _ax I”F x*

dc 25000000 (—4)
& = 50 (2)() = T

: d

S — ny — n—1

[Since = G =t

dc 10%

— —_—— {4
100x )

%5

To find the critical point, we need to equate equation (4) to zero.

dC 108
—= 100x— — =10
dx x5

x6 =108

x =10

Now to check if this critical point will determine the minimum volume of the tank, we need to check with
second differential which needs to be positive.




Consider differentiating the equation (4) with x:

de_df o o
dxz ax| T s

d*c _ _10%(=5) _ 10°6) ____(5
o= = 100—- —== 100+ —=——0)
Since & (x7) = nx*1andd (x2y—= —px—n-1
[ & (%) = nx =" nx ]

Now let us find the value of

d2C 10° (5)
b =100 + =100 + 500 = 600
x=10

dx2 (10)e
d2c % 3 _— _
As (— = 600 > 0, so the function C is minimum at x=10
dx® /=10

Substituting x in equation (2)
250 250 5

Therefore when the cost for the digging is minimum, when X = 10m and h = 2.5m
31. Question

A square piece of tin of side 18 cm is to be made into a box without the top, by cutting a square piece from
each corner and folding up the hat should be the side of the square to be cut off so that the volume
of the box is maximum? Als imum volume of the box.
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Answer
Given,

= Side of the square piece

=

Let us consider,

= ‘%’ be the length and breadth of the piece cut from each vertex of the piece.
= Side of the box now will be (18-2x)

= The height of the new formed box will also be ‘x".

Let the volume of the newly formed box is :

V = (18-2x)% X (x)

V = (324+ 4x2 - 72x) X

V = 4x3 -72x2 +324x - (1)



For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function V(x) has a maximum/minimum at a point c then V'(c) = 0.

Differentiating the equation (1) with respect to x:

v d

e ) . 2

] i [4x® —72x% + 324x]
= 12x% - 144x+ 324 - (2)

Since & (xm) = px™-?
[ = (@)=m"1
To find the critical point, we need to equate equation (2) to zero.

v 12x% — 144x+324=0
&—- N — X =
x2-12x+27=0

s —(-12)+/(=12)’-4(M)(27) 12+V144-108 12+ V36
- 2(1) B 2 B 2

_ 12+6
B

X=90rx=3

X =

X=2

[as x = 9 is not a possibility, because 18-2x = 18-18= 0]

Now to check if this critjcal ine the maximum area of the box, we need to check with second
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S R
[Since = (x*) = nx™*]

Now let us find the value of

i =24(3)— 144=72—-144= =72
dx2 x=3 - - -

As (ﬂ) = —72 < 0, so the function V is maximum at x = 3cm
dx? =3

Now substituting x = 3 in 18 - 2x, the side of the considered box:
Side = 18-2x = 18 - 2(3) = 18-6= 12cm

Therefore side of wanted box is 12cms and height of the box is 3cms.
Now, the volume of the box is

V =(12)? x 3 = 144 x 3 = 432cm’

Hence maximum volume of the box formed by cutting the given 18cms sheet is 432cm? with 12cms side and
3cms height.

32. Question

An open tank with a square base and vertical sides is to be constructed from a metal sheet so as to hold a
given quantity of water. Show that the cost of the material will be least when the depth of the tank is half of



its width.

Answer

Given,

= The tank is square base open tank.

» The cost of the construction to be least.
Let us consider,

= Side of the tank is x metres.

» Height of the tank be ‘h’ metres.

» Volume of the tank is; V = x*h

* Surface Area of the tank is S = % +4xh
« Let Rs.P is the price per square.

Volume of the tank,
v
h= - (1)
Cost of the construction be:

= (x% +4xh)P —- (2)
Substituting (1) in (2),

\'
C=|x*+ 4x—2]P
X

= [x*+ TP (3 CIGSS24

For finding the maximum an function, we can find it by differentiating it with x and then
eguating it to zero. This is b nction C(x) has a maximum/minimum at a point ¢ then C'(c) = 0.

Differentiating the equation (3) with respect to x:

dC_d +4V]P

dx_dx X

dc 4V (—-1)

&— [(2X)+T]P

Since & —nx™1and & (y-n)— _pxn-1
[mcedx(xn) nx® ! an = (x™) nx 1]
dc 4

L [x-L]p @

To find the critical point, we need to equate equation (4) to zero.

dc 4V
'&'x—= Zx— X_E']P =
x3 =2V

Now to check if this critical point will determine the minimum volume of the tank, we need to check with
second differential which needs to be positive.

Consider differentiating the equation (4) with x:

i

dx? dx[

dzc [2 4V (- 2]‘]P [2+ :]P—-—- (5)

4-V



i LR\ | L e LT e = |
[Slncedx(x)_nx anddx(x )= —nx 1

Now let us find the value of

d*C
#[2+ P=[2+4]P=6P
dx2
r(zV)a

d*c
As (ﬁx‘ )x—(ZV)T; = 6P >0, so the function C is minimum aty — 32V

Substituting x in equation (2)

v _viem _1

_— m_wa
h_(2V)§ 7 5 V2v
12
= -2v
h 2 2

Therefore when the cost for the digging is minimum, wheny = /2y and h = % J2v

33. Question

A wire of length 36 cm is cut into two pieces. One of the pieces is turned in the form of a square and the
other in the form of an equilateral triangle. Find the length of each piece so that the sum of the areas of the
two be minimum.

Answer

Given,

= Length of the wire is 36
* The wire is cut into 2 p CIGSS24
* One piece is madetoa s
= Another piece made into a
Let us consider,

* The perimeter of the square is x.

= The perimeter of the equilateral triangle is (36-x).

* Side of the square is E
- Side of the triangle is 2=
3

Let the Sum of the Area of the square and triangle is
x\2 V3 /36—x\°
- O
4 4 3

()+—(m——) e

16"

A=+ C(144+ - 8x)— )
For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function A(x) has a maximum/minimum at a point c then A’(c) = 0.

Differentiating the equation (1) with respect to x:

= x—2+E 14-4+x—2—8
dx dx |16 4 9 .



dA 2x+\/§(0 2% )
dx 16 4

o e Bl
9

[Since % (x™) = nx™* ]

aa _ E,LE(?_ 3) = (D)

dx 16 4

To find the critical point, we need to equate equation (2) to zero.

B B ()=

dx 16 - 9

2x 3 2%

E=T(B‘?)

z_x_z\/__g

2x \/_x

=4 = 2V3
2(9)+\/§(8)

"(T)ﬁ‘@
18+8V3

"(T)’M

144

18 +8v3/

Consider differentiating the equation (3) w

a_d 2"+§(E_ )
dg? dx|16 4 \9

d’A 1 V3 (2 9+4V3 ___
e 8 4 (5)2 72 -

i d ny . n—
[Slncea(x )= nx¥?]

Now let us find the value of

ﬂ _9+4\(§
dx2/) 14853 @ 72

T
d®A El
AS(@) levd ?2(> 0, so the function A is minimum at
o AN
(9+4V3)
14443
T (9+4/3)
Now, the length of each pieceisx = 14445 and 36 —x = _ s .
- - X= rayp MANAI6—x= 36— B~ Greva "

34. Question
Find the largest possible area of a right-angles triangle whose hypotenuse is 5 cm.

Answer



Given,
= The triangle is right angled triangle.
* Hypotenuse is 5cm.

A

Let us consider,

* The base of the triangle is ‘a’.

* The adjacent side is ‘b’.

Now AC? = AB? + BC?

AsAC=5 AB=band BC=a

25 = a2 4 b?

bZ =25 - a2 —— (1)

Now, the area of the triangle is

A= % ab

Squaring on both sides
1

At = 2 a‘b?

Substituting (1) in the area
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Z=A=;a’(25-a%)—(2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with a and then
equating it to zero. This is because if the function Z (x) has @ maximum/minimum at a point ¢ then Z'(c) = Q.

Differentiating the equation (2) with respect to a:
dz d 1

ong MR S 36 = 2 ]

da ~ da [4 )

dz 1
< A | _ 48
"™ [25 (2a) —4a?]

[Since di (x") = nx1 ]

4z _ 25a_ .32 3
da 2 a (3)

To find the critical point, we need to equate equation (3) to zero.

dZ 25a -
& 3 &
25
a(3-#)=0
= i
a_D(or)a_ﬁ



5
a= —

V2

[as a cannot be zero]

Now to check if this critical point will determine the maximum area, we need to check with second
differential which needs to be negative.

Consider differentiating the equation (3) with a:

d’z d[25a 3]

da? dal 2
o I BRRCS-
da? 2

i _9__ Yy n—-1
[Since = (x™) = nx |

Now let us find the value of

a2z 25 5\ 25 (3)25
) a—y g~y g B
az/ _s V2

vz

dz
As (:f)a:% = —25 < 0, s0 the function A is maximum at 3 = %

Substituting value of A in (1)

- class24

Now the maximum area i

-1 @E-F

A25
& _4cm

2

Exercise 11G
1. Question

Show that the function f( X] = 5x — 2 is a strictly increasing function on R.

Answer

Domain of the function is R

Finding derivative f'(x)=5

Which is greater than 0

Mean strictly increasing in its domain i.e R

2. Question
Show the function f(x)=—-2x + 7 is a strictly decreasing function on R.

Answer
Domain of the function is R

Finding derivative f'(x)=-2



