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3

X—X
Given:
X—X
Let 1= ! = ! = L

X—x’ x(l—xz) - x(1+x)(1-x)
Using partial differentiation:

1 A B C

let X(1+x)(1—x):_+ + (1)
1

x l+x 1-x
. A(l + x)(l —x)+B(X)(1 —x)+ C(x)(1+ x)
x(1+x)(1 x) x(1+x)(1—x)

1 A(l—x2)+BX(1—x)+Cx(l+x)

=

X+ x)(1-x) x(1+x)(1-x)
=>1=A- Ax’> + Bx - Bx? + Cx + Cx?
= 1=A+(B+O)x + (-A-B+C)x?
Equating the coefficients of x, x? and constant value. We get:
(a) A=1
(b) B+tC=0=>B=-C
(¢)-A-B+C =0
=>-1-(-C)+C=0
=22C=1=>C=%
So,B=-1/2
Put these values in equation (1)




= log|x|—%log|1+ x| +%log|1—x|

1

1
(1+x)2|+log|(1-x)2

= 10g|x| —log

=log

=log

=log

X+a+lx+b
1 1 Nx4+a—x+b

= X
\/x+a +x/x+b \/x+a +\/x+b \/x+a—\/x+b

Nx+a—-x+b

(x+a)—(x+b)

(V¥7a 7)

a-b

:>I ! dx = ! I(
Nx+a—~x+b a-b
3 3
1 | (x+a)?  (x+b)?
_(a—b) 3 3

v a—¥TB )

2 2

2 P erny
:3(a_b){(x+a) (x+b) }+C



[Hint : Putx = %]

1
xvax —x*

Given: N S
xvax — x?
xiax —x°2

a a
put X:?jdX:—t—zdt

__2 (3_1)}.C because, g=2
a X X

X (x* + 1)Z
1
3

x? (x4 + 1)Z

Multiplying and dividing by x~, we obtain



3
1 j4
x4
1 4 1 dt

=t=>—dx=dt=>—dx=——
x* X x° 4

.'.I;dxzfi(l+L]_i dx

x? (x4 4 1)Z 3

I

| —

e
+

Let

1 3
=——) (1+¢) *dt
4f( )

1

2
=_l (1+1) LC
4

1
4
1
4

4 x*

1
= (1+ 1 j4+C
= =

Given:

o1
x2 +x3

. 1 1
or we can write 1t as, =

o 1
x2+x* x3| 14x6



Let x =t° = dx = 6t°dt
5
L S L
1+

]

t3
(1+1)

After division we get,

1 :6.]{(t2—t+1)—(lit)}_dt

x? +x3

= 6{It2.dt —[tdt+[1.dt- j[ﬁ}'dt}

o gjﬂ[gjﬂlljg(lﬁ)} |

1 1 1 i
=HZX2J—L3X3J+6.XG —6.log[l+x6H+C

1 1 1
=2x —3x3 + 6x° —6log(1+x6]+c

= |

=6.] dt

5x
(x+1)(x*+9)
5x A Bx+C

(9] ) [ 49)

:>5x=A(x2 +9)+(Bx+C)(x+1)

= 5x=Ax> +94+Bx’ + Bx+Cx+C

Equating the coefficients of x*,x, and constant term, we obtain
A+B=0B

+C =5

94+C=0

On solving these equations, we obtain



Az—l,le,andng
2 2 2

From equation (1), we obtain

5x -1 2+2

()2 +9) 2(x+1) " (¥ +9)

i 5x dee ]t (x+9)

(x+1)(x*+9) 2(X+1)+2(x2+9) *

al dx+9f !

x*+9 2°x2+9

2x 9. 1
dx+=]
2 +9 2°x*+9

=—%log|x+1|+%f dx

=—%log|x+l|+iJ‘ dx

_ 1 1 2 9 1 X
——Elog|x+l|+zlog‘x +9‘+5~§tan 3

1 1 3 x
=—§10g|x+1|+zlog(x2 +9)+§tan l§+C

sin x
sin(x —a)
| sinx
Given: —
Sll’l(X — a)
sin X
Letl=—
Sll’l(X = a)

Letx—a=t=>x=t+a=>dx=dt

i sinx _Isin(t+a)
sin(x —a) sin(t)
As, { sin (A+B) =sin A cos B + cos A sin B}
f . sin X dX:Ismtcosz‘1+costsmadt
sin(x —a) sin(t)
:Ismt'cosa + cos'tsmadt
sint sint
=J(cosa +cottsina)dt

= [(cosa)dt +[(cot tsina)dt
= (cosa) | 1.dt +sina.[(cot t)dt
=(cosa).t +sin a.log|sin t| +C

=(cosa).(x—a)+ sina.log|sin(x —a)| +C



10.

10.

= sina.log|sin(x —a)| +x.cosa—a.cosa+C

= sina.log|sin(x - a)| + x.cosa+ C2

eS]ogx _ e4logx

e3logx _ eZlogx

ologr _ Alog eHogx (el"g" - 1)

3o 2logr
gllogr _ ,2logx eZlogx(elogx_l)

— eZlogx

CcOoSX
N4 - sin® x

; COSX
Given: ——

4 —sin’x

cos
letT= -

4 —sin’x
Putsinx =t = cos x dx = dt

1
0OSX o

I\/4—sin2X :I\/4—t2

(21 2)dt
ﬂ’ 27—t
=sin1[%j+c

:>I=sinl(¥j+c

= dt
=]

sin®x — cos®x
1-2sin’x.cos’x

] . 4 4 . 4 4
sin®x—cos®x (sm x+cos x)(sm X —cos x)

) 2.7 -2 2 -2 2 ) 2
1—-2sin“xcos“x  sin“x+ cos“x —sIn“xcos”x — sin“xcos”x



11.

11.

(sin4x + cos4x)(sin2x + coszx)(sinzx - coszx)

(sinzx - sinzxc0s2x) + (coszx — sinzxcoszx)

(sin4x + cos4x)(sin2x - coszx)

sinzx(l - coszx) + coszx(l - sinzx)

—(sin4x + cos4x)(coszx - sinzx)

(sin“x + cos4x)
=—Cc0Ss2x

sin®x — cos®x sin2x

+C

A—F——dx= [—cos2xdx =—
1—2sin“xcos“x

1
cos(x +a)cos(x +b)
1
cos(x +a)cos(x +b)

1
cos(x +a)cos(x +b)

Given:

let, I=

Multiply and divide by sin (a-b), we get

1 sin(a—b) ]

= sin(a—b)'[cos(x +a)cos(x+b)

_ 1 sin(a—b+x—x)

= sin(a—b){cos(x+a)cos(x+b)J

_ 1 [sin[(x+a)—(x+b)}}
sin(a—b) | cos(x+a)cos(x+b)

As,{ sin (A-B) = sin A cos B - cos A sin B}

e 1 sin(x +a).cos(x +b)—cos(x +a).sin(x +b)
: sin(a—b){ cos(x+a)cos(x+b) j
_ 1 {sin(x+a).cos(x+b)_cos(x+a).sin(x+b)]
sin(a—b) ( cos(x+a)cos(x+b) cos(x+a)cos(x+b)
3 1 sm(x+a) B sin(x+b)
_sm(a—b) [cos(x+a) cos(x+b)]
1



12.

12.

13.

13.

1

= dx:I_;.[tan(x+a)—tan(x+b)]dx

cos(x+a)c0s(x+b) s1n(a—b)

:M{Itan(x+a)dx —Itan(x+b)dx}

_ m[—logkos(x + a)| —(—108|COS(X + a)m

1
sin(a—b)

[—log|cos(x - a)| + 10g|cos(x + a)”

1
== Jog
sin(a—b)

COS |
‘+C

COS

Let x4 =t :>4x3dx dt

J_

=lsin7 t+C
4

= %sin1 (x4)+ C

eX

(1+e)2+e")

X

(1+ex)(2+ex)
Let e* =t=¢e*dx=dt
o e de=] dt

(1+ex)(2+ex) (1+1)(r+2)

[y

S [Eaeslt

= 10g|t + 1|—log|t + 2| +C



14.

14.

(7 +1)(x* +4)
1
(x2 + 1)(){2 + 4)
1
(X2 + 1)(X2 + 4)
Using partial differentiation:
1 _ Ax+B  Cx+D

) e) (o)) (eea) U

1 (Ax+B)(x2+4)+(Cx+D)(x2+1)

Given:

Let]=

:>(X+1)(X2+9)_ (x+1)(x2+9)
=1 = (Ax + B)(x*+ 4)+(Cx + D)(x*+ 1)
= 1= Ax’ +4Ax+ Bx? + 4B+ Cx’ + Cx + Dx* + D
= 1 = (A+O)x® +(B+D)x? +(4A+C)x + (4B+D)
Equating the coefficients of x, x?, x* and constant value. We get:
(a) A+C=0=>C=-A
(b) B+D=0=B=-D
©)4A+C=0=>4A=-C24A=A=3A=0=2>A=0=>C=0
(d)4B+D=1=>4B-B=1=>B=1/3=>D=-1/3
Put these values in equation (1)
1 _Ax+B  Cx+D

e a) () (¢ +4)

IR e Wi 1
(x2 +l)(x2 +4) <X2 +1) (XZ +4)

10



15.
15.

16.
16.

17.

= ———dx =

i) 3 )

=—.tan! x—l.ltan —+C
3 32

:>I=l.tan_1 x—ltan_13+C
3 6 2

logsinx

COS3 xe

logsine — 08x x sinx

COS3X€
Letcosx=t=—sinxdx =dt
= [ cos®xe*®™ dx = [ cos’ xsinxdx

=—[t-dt

e310gx (X4 + 1)—1
Given: e’ (x* + 1)
Let 1= e x*+1)"

3
— elogx (X4+1)—1

3
X

x*+1
Letx*=t=4x3dx =dt = x> dx = dt/4
3

= [ xt+1) 7 =] dx

x*+1
I d
t+1 4

L
4 t+1
=%log(t+1)+C

:>I=ilog(x4 +1)+C

S (ax+b)[f(ax+b)]"

11



17.

18.

18.

f’(ax+b)[f(ax+b)]”
Let f(ax+b)=t=af'(ax+b)dx=dt

> =] f(ax+b)f(ax+ ) de=L]rdr

n+l
o 11
al n+1

1 n+l
= —a(n+1)(f(ax+b)) +C

1
a/sin3 xsin(x+ o)
1
\/sin3x sin(x + (1)
1
\/sin3x sin(x + a)

As,{ sin (A+B) = sin A cos B + cos A sin B}

Given:

letI=

1
==
\/sin3x(sinxcosa+cosxsin(x)
1
=I=
.3 (. sinx .
sin’X| sin X cosa + cosX.———sina
sin X

1

.3 (. . COSX
sin’x| sinx cosa +sin X.———sin a
sin X

1

\/sin4x (cos o+ cot xsin oc)
B 1

sinzx\/(cosa +cotxsina)

COSCCZX

\/(cos a+cotxsina)

now, let (cos o+ cot x sin a) =t = —cosec’x. sinadx = dt
2
cosec’x

! dx =] dx

=]
\/sin3x sin(x+0t) \/(cosaJrcotxsina)

12



19.

19.

2 [f]c

=— ‘2 _\/(cosa+cotxsina)}+c
sina L

2 COSX .
=—— cosa+——sina, | [+C
sina sin X

2 (cosasinx+cosxsin(x)
= +C

sina sin x
2 sin(x +a
=>I=-— ( ) +C
sino sin X

sin”'v/x —cos™ \/;
o T xelo,]]
sin” «/x + cos \/_

sin”'y/x —cos 1\/

sin~'\/x + cos 1\/_

It is known that, sin™"/x +cos'\/x zg

(725 —cos! \/;j —cos™! \/;

Let /=]

n

2
E £2—2coslx/;jdx
T \2

275 2[1 dx——fcos 1\/_a’x
T

=x- —Icos’I\/;dx
T

13



20.

20.

Let I] =Jcos™ \/;dx

Also, let «/x =¢=> dx = 2tdt
:>I1 =2[cos ™'t - tdt

2

t t
=2|cos” t-—— —_——
—t2 2
=t2cos 't +] dt
l—t2
_ 1-£2 -1
=t*cos 't -] dt

J1-72
=t2cos 't = \N1-2dt+]

! dt
N1-72

_ t 1. _ .
=r*cos it ——1-¢* ——sin ' +sin"'¢
2 2

—oos 't~ L= + Lein s
2 2
From equation (1), we obtain

I :x—i{tzcost—éxll—t2 +%sin_'t}

T

=)c—i{xcos1 x—£\/1 x+—sm 1«/_}

T

4n [n 1\/’) Jx—x’ Sin_l\/;]
S 0 VX |~ +
T

=x—2x+ﬁsin71\/;+g\/x—x2 —gsinflx/;

T T T

= —x+g[(2x—l)sin71\/;] +g\/x—x2 +C
T T
=Msin_l x+%\/x—x2 -x+C

I T

1-x
1+\/;

B

1-

1+\/;

Given:

14



1-x

let 1=

1+«/§

Let x= cos?0 = dx = -2sin6 cosO dO
= \/; =cosfor 0 =cos™ «/;

1—+/cos*0

=1=] —————(—2sin6cosH)dd

1++/cos’0

=] /l—cose (—2sinBcosH)do
1+cos6

= i;\/\/édXZ ) —4.{sin2 (gﬂ[%osz(gj—qde

=] —4{2.sin2 (gjcosz (%H —sin’ (%)}d@
=] —2.[2sin%cosgj2 do +4/[sin’ (gjde

=-2.[sin%0d0 + 4 [sin> [%} de

1-cos20 1-cos6

=2 do + 4] do

sin 20

=—0+ +20-2sin6+C

o4+ 2.sm2.cose C2sin0+C



21.

21.

22.

22.

2A/1-cos%0.cos0
+

=0 —2+/1—-cos’0 +C

2
=cos ' Wx +T-xAfx —24/1-x +C
=cos ™! X+‘/X(1—X)—2\/1—X+C
—=TI=cos x+\/x—x2—2\/1—x+C

2+4+sin2x
e

1+ cos2x
I I(2 + sm2xjex
1+ cos2x
2 + 2sinxcosx |
J 5 2. |¢
2cos“x

1+sinxcosx | .
[| ————= e

COS2x

= I(seczx + tanx)ex

Let f(x)=tanx = f'(x) =sec’x
.'.I=I(f(x)+f'(x)]exdx
=e'f(x)+C

=¢'tanx +C

S |

(x+1D*(x+2)

2
Given: — XX+
(x + l) (X + 2)

2

Let = %’Hl
(X + 1) (x + 2)
Using partial differentiation:

x?+x+1 A B C

P (e x+ 1 ey ey Y
x4l A(x+1)(x+2)+B(x+2)+C(x +1)
(X+1)2(X+2) (X+1)2(X+2)
2 +x+1 A(x2+3x+2)+B(x+2 +C(x2+2x+1)
(x+1) (x+2) (x+1) (x+2)

16



23.

23.

24.

>x2+x+1=Ax>+3Ax+2A +Bx 2B+ Cx*+2Cx + C
= x2+x+1=2A+2B+C) + (3A+B+2C)x + (A+C)x?
Equating the coefficients of x, x? and constant value. We get:
(a) A+C=1
(b) 3A+B+2C=1
(¢) 2A+2B+C =1
After solving we get:
A=-2, B=1 and C=3
x*+x+1 -2 1 3

= = - +

(x+17(x+2) x+1 (x+1)° (x+2)

x*+x+1 | 2 N 1 N 3 X
- (x+1)2(x+2) X_I(X‘*‘l (x+1)2 (X+2)}d

1 1 1
:—2I[Ejdx+j(deX+3I(mjdX

=—2,I(ﬁ]dx +((x+1) 7 ax +3.I[®]dx

(x+1)_1
:—210g(x+1l+[ J+3log|x+l|+C

(-1)
=—2log|x +1|- (xil) +3log|x +1|+C
—1 1-x
tan S
1+x

I=tan™ ’I_—de
1+x

Let x =cos0 = dx =—sinbd0

[=[tan™! / 1089 in0d0) = ~J tan~'tan 2 -5in0d6 = — - [0-5in0d0
1+ cosO 2 2

= —%[9 -(—cos0) - 1 (—cos@)d@] = —%[—ecose +sin6)] = +%Gcose - %sine

=%cos"1x-x—% 1—x2+C=§cos_1x—% 1—x2+C=%(xcos_1x—\/1—x2)+C

Vx? +1[log(x2 +1)—210gx}

X4

17



24.

Vx2+1 [log(x2 + 1) - 2logx]

Given: 7
X

letI=

Vx? +1[10g(x2 +1)—210gx]

now let1+L2:t:> —%dx:dt

X X
. j\/x2 +1[10g(X2 +1)—2logx}

4
X

=I—%.x/¥[log(t):|dt

because, Iu.vdx =u. fvdx — f@.{fvdx} dx
dx

ax=]L

X

1
1+—]lo
e

I+—
X

=I—%.«/¥[1og(t)]dt = —%[logt.fx/fdt—I%logt-{f«/fdt} dt}

3 3

1 t2 1 |t2
R Y.
og 13 d

2

=—= §t2 logt— —Itzdt}

t—

Il
|
|
|
-+
N |
—_
)
(0]
wll\J

W | N N\w|".5w

-
N W
—_—

Qo

o
-

+

N | —

W | N
-
N W

| —

gls

18



25.

25.

26.

26.

n 1—cosx
XX
1—2sin cosj cosec? >
— J’ﬂ: ex
n .2 X
2 2sin® = 2
2

= f(x)= —(—%cos ec’ %J = %cosec2 g

2 2
T T
=—|e"x0—e?x1|=e¢2

sin xcos x

.'.1=IZex (f(X)+f'(X)]dx :[e)C 'f(X)de; =—[ex 'cotg}

dx

cos* x +sin* x

Oy~ [ 3

¥ .

. — SINXCOSX
0 cos'X+sIn 'x
T .
— SINXCOSX

1et, I:J“‘ﬁ dX
0 cos'X+sIn x

T .
n sin X cos X
=I4 — dx
oy sin"x
cos'x| 1+ Z
CoS X

* tan xsec’x
= J.“ dx

0 (1 + tan4x)
Now let tan®x =t = 2 tan x sec?x dx = dt
And when x=0 then t=0 and when x=n /4 then t=1

dx="e* —2—c0tz dxLet =—cotz
r 2 2 S &) 2

T
T T
=—|e"xcot——e? xcot—
2 4

19



27.

27.

tan xsec’x _1 1 g
=1= j 1+tanx _I°(1+t2)[2j
=I= %[tan_1 t};

= %[tan_1 1—tan™ O]

1=
===

2 4
:I:E

8

cos” xdx

O ey [ 3

cos> x + 4sin’ x

n 2
Let1=j‘2%dx
0 cos“x +4sin’x
7 2
- P CcOS“x | N I COS X . i =—Iz4 3cos’x —4
0 cos x+4(1 coszx) 0 cos’x+ 4 —4cos’x 0. 4-3cos’x
Ny I24 3cosx —P dx:>[=_—1f51dx —Iz 4sec’x I
3 04— 3cosx 304—3cosx 3°0 31 4gec’x -3
BN 4
Sp=lppalp deex oy m 2 Bex (1)
3770 304(1+tan2x)_3 6 3 01+4tan’x
2
Consider, Iﬂdx
01+ 4tan’x

Let 2tanx =t = 2sec’xdx = dt

When x=0,=0 and when x=

,{ =00

r
2’

=

T 2
S 2sec’x © dt
Djz—zdx= 5
01+ 4tan"x 0]+¢

= =[‘[an_1t]oO
= [ —tan~ 1(0)]

S =
2

Therefore, from (1), we obtain

dx

20



28.

28.

sin x + cosx

dx
Jsin2x

N ER e ]

Sin X + cos X

Given: j dx

J/sin2x

sin X + cos X
let, I= I

\Jsin2x

j sinX + CoS X

\ / sm2x

sinX +cosX

:jz \/—(—1+1—2sinxcosx) .

sin X + cos X
dx

3

z o 9 P .

6\/1—(S11’1 X + COS x—2s1nxcosx)
I sin X + cos X
“lz ) >
6\/(1—(smx—cosx) )

Now let sin X — cos X =t =( cos X + sin x )dx = dt

dx

T
Whenx=g:>t:————

and whenx=—=1t=
2 2 3

N
sin X + cosx _J.T 1
1

= —_—d
'[\/(1 smx—cosx)2) %ﬁ (1—(‘[)2) t

1

e

dt

1 3_1-83 n . B
2

let f(x) =;and f

o e o)

re. f(x) = f(-x)
so0, f(x) is an even function.
It is also known that if f(x) is an even function then,

{ | :f(x)dx=2j2f(x)dx}

=1 (x)

21



29.

29.

30.

30.

1
=>1=2| ? ———dt
0 (1_(02)
NER
=I= [2.sin_l tJOT

=I=2.sin"" (%J

j- dx

Let I = !1

T

1 (xE)  ads |
IZI(’(W-J?)X(M%)”’XZjomdhfoﬁdmomx

o 2 [ 2] of 2 T 2,5 2.2 2285 a2
=|:§(1+X)2} +|:§(X)2j| ZE{(Z)Z —1:| +§[1] 25(2)2 :T :T

0 0

sin x + cosx
——dx
9+16sin2x

=)

sin X + coS X

Given; |4—— """~
IO 9+16sin2x

Zsinx+cosx
et 1= [ SR 05
09+16sin2x

=14 dx
0 9+16(25inxcosx)

T .
J‘* SInX + COSX

Now let sin X — cos x =t =( cos X + sin x )dx = dt
= (sin x — cos x)? = t?

= sin’x + cos’x- 2 sin X cos X = t?

= 1- 2 sin X cos X = t?

= 1-t> =2 sin x cos X

And when x=0 then t=-1 and when x=n /4 then t=0

tanxsecx 0 1
e j (1+tan*x) _j‘1(9+16(1—t2))(dt)

22



0 1
[ precer) @

ZIO;)(CM)

*1(25—16t2

0 1
= —_— d
X CECI

-0
5+4t
5—4t

+C

1| 1
H

J-1

:L logﬂ‘—log5+4(_l) +C
5-0 5-4(-1)

sin 2xtan ' (sin x)dx

oty

T

Let 7 = foisinzxtan’1 (sinx)dx = 1052sinxcosxtan’1 (sinx)dx
Also, let sinx =t = cosxdx = dt

When x=0,=0 and when x==¢=1

K
2
:>I:2]:)ttan7] (¢)dt (1)
Consider [¢-tan'tdt =tan"'¢- [t dt —f{%(tanlt)fldt}dt

1
147

—tan*lx-ﬁ—f 12 Tt 12 +1-1
2 1+ 2 2 27 1+¢°

_ *tan 't

dt —lfldt+lf dt
2 2



32.

32.

t*tan”'t 1 | | . * -tan”'t
= ——t+—tan 't =]t tan ' rdt =
2 2 2 0 2
_1 T :E—lFrom equation (1), we obtain
212 4 2
P I P
4 2| 2
]3 xtanx dx

0 secx +tanx

. T Xtan X
Given: I — dx
0secx +tanx

Xtan x
let, I= (1
© J.Osecx+tanx ()

as,{ﬁf(x)dx =j0f(a—x)dx}

e n—x)tan(m—x)
! IO sec(m—x)+tan(m—x)
g (n—x)(—tan(x)) |
_jO (—secx) + (—tanx) y
ZJ-n —[(n—x)(tan(x)) i

—[(secx) + (tan x)]

)

secx +tanx

dx

-(2)

Adding (1) and (2), we get

= J- xtan x n x)(tan(x))
Osecx+tanx secxX +tanx

dx

mtan x
20 = j
0secx +tanx

sin X

:J‘“ oS X dx
o 1 sin X
+

COSX COSX

2I=TEJ.HM

Jo(1+sinx)

t 1
+

24



33.

33.

n.JAn(—1+1-|.-sinx) d
0 (1+sinx)

X

In& dx+n nm dX

Jo(1+sinx) Jo(1+sinx)

—nr (_1) (1 smx) +TE.I:1.dX

B 0(1+51nx) (I-sinx)

o = (1—sin x) J- | dx
0 (1—sin? x
1 sin x
2l =—m. 1.dx
J.O cos’x j

n 1 sin X n
2l =—-m. - dx+m| 1.dx
J'O{coszx coszx} IO

21 = —n.I:{seczx - tanxsecx} dx + n.J.:l. dx

=2I= —n.[tanx —sec x]g + [X]Z

= 2l =—n[tanm—secn — tan 0 +secO]+7.[n— 0]
=20 =—m[0—(-1)-0+1]+n[n]

= 2l=n[-2+n]

=1=2[r-2]

[t x -2+ | x- 30 dx
4
Letl=L[|x—1|+|x—2|+|x—3|]dx
4 4 1
:>1=J. ||x—1|dx+L|x—2|dx+j ||x—3|dx
I=1+1 +1
1 2 3
where, [ =I4|x—1|dx,l =I4|x—2|dx,and 1 :f4|x—3|dx
1 1 2 1 3 1
4
]1=.[1|x—1|dx
(x—l)20f0r1£x£4

ol = j4((x —1)dx

4
2
=1 =[x——x}
1 x 1

(1

25



34.

34.

)

N | o

=1 :[8—4—l+1}:
! 2

4
]2=II|x—2|dx
x—=2>0for2<x<4andx-2<0forl<x<2

L= [ (2= x)dv+ [ (x-2)ar

272 2 4
=7 =|2x-2| 4] ok
? 2 1 2 2

=1 ={4—2—2+l}+[8—8—2+4]
2 2

=1 =l+2=§
22 2

3)
1= I3l
—3>0for3<x<4andx-3<0forl<x<3

= r((3 —x)dx+ I:(x —3)dx

2P 9 %
=17 = 3x—x— + x——3x
’ 2 1 = 3

7 —l9—2 3+ ils_12-249
3 2 T2 2

Ny =[6_4]+H=§

S 2] 2
From equations (1), (2), (3), and (4), we obtain
2,3,2_1

== =
2.2 2 2

[t 2o
2 (x+1) BERIE

3 dx
1 (Xz)(X+1)

3 dx 2 2
To Prove : Lm =§+10g§
dx

(xz)(x +1)

Using partial differentiation:

Given: I

Letl=

26



1 A B C
let———=—+— (1
et(xz)(x—i-l) X+X2+X+1 ()

1 A(x)(x+1)+B(x+1)+C(x2)

- =
(Xz)(X-f-l) (x+l)(x2)
:>1=A(X2 +X)+(BX+B)+CX2
= 1= Ax? +Ax+ B+Bx+ Cx?
= 1 =B+ (A+B)x + (A+C)x?
Equating the coefficients of x, x? and constant value. We get:
(a) B=1
(b)) A+tB=0=>A=-B=>A=-1
)A+C=0=>C=-A=C=1
Put these values in equation (1)
1 A B C
S =—t+—+
(X )(X-I—l) X X x+1
1 -1 1

1
==t —+
(xz)(x+1) X X2 X +1
] dx:f—ldxHdeHde

(X2>(x+1) X (Xz) (X+l)

=

= |

dx = [—log|x| —x+ log|x + 1|]13

[

3 1
- '[1 (X2>(X+1)

e L
:Ilmdx—{ » log

! - —1+10
1 2

=|—=+lo
3 g

i

1

x+1

X

)

341
3

1+1
1

= LH.S=R.H.S
Hence proved.
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35.

35.

36.

36.

37.

37.

jxexdx =1

0

Let /=] :)xe"dx Integrating by parts, we obtain

I=xf e | ;{[%(x)jf ede} dx

=1
Hence, the given result is proved.

1
J.x” cos* xdx =0

L

. U g 4
Given: I X '.cos xdx

1
To Prove : I x!7 cos*xdx =0
-1

1
Let]= J- I)(17.cos4xdx

As we can see f(x) =x!7 .cos*x and f(-x) = (-x)!” .cos*(-x) = -x!7 .cos*x
Le. f(x) = -f(-x)

S0, it is an odd function.

It is also known that if f(x) is an odd function then,

{Iaaf(x)dx=0}

1
=1I= j x!7 cos*xdx =0
-1

Hence proved.

sin® xdx = z
3

O 0 | 3

2
Let/ = Iosin3 xdx

T
1= fzsinzx - sinxdx
0
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38.

38.

g

= J. 05(1 - coszx) sinxdx

T
5 . PY 2 .
= J.zsmxdx—jchS X - sinxdx
0 0

* oo o
_ [—cosa]? J{cos x}
0 3
0
S i]=1-122
3 3 3

Hence, the given result is proved.

2tan’xdx =1-log?2

o'—._p\;]

Given: J.ZZtan3xdx
0
To Prove : I 012tan3xdx =1-log2

Letl= JEZtan&dx (1)

T

= jgltan x.tan”xdx
=2 I 4tan x.(sec’x —1)dx
0
=1= 2{—.[4tan xdx + IZ tan x.seczxdx}
0 0

=I= —[210gsec x]g/4 + 2.I1 . (2)

First solve for 11:

T

= I1 = J“‘ tan x.sec’xdx
0

Lettan x =t = sec? x dx = dt
When x=0 then t= 0 and when x =7n /2 thent =1

1
1 2
=1 =] tat {t—}
1 0 2
0
=1 =l
12

Put in equ. (2)
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39.

39.

40.

/4 1
= [210gcos x]0 + 2.5

:I=2{log cosg—logcosO}+l
:>I—2{logL—logl}+1
2

= {log(%f —log(l)2}+1

=I=1-log2+logl
=I=1-log2
L.HS=R.H.S
Hence Proved.

1
jsin"lxdx =T
2
0
Let /= f;sin‘lxdx
=>1= Iisin_lx-l-dx
Integrating by parts, we obtain

lz[sin_lx-x] _Pﬂ

dx

= [xsin_lx]:) F %II (—2x) delet 1-x* =t = —2xdx =

0\/1—)(2
When x=0,#=1 and when x=1¢=0
J‘O dt dt

1= xsm x

= [xsin’lx]o + E[2\/? I
=sin"! (1) + [—\/q

=T
2

Hence, the given result is proved.

1
Evaluate J-eH"dx as a limit of a sum.
0

dt
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40.

. 1 2.3
Given: Ie Xdx

0

|
Letl= .[ e?3*dx
0

f(x)dx =(b—a) lim l[f(a)+f(a+h)+...+f(a+(n—1)}1)]

a n—won

because, '[

—a

where, h =
n

Here, a=0, b=1, and f(x)=¢***and h=1/n
1 2-3x _ _ : l _
= [ & dx=(1-0) lim —[£(0)+ £(0+h)+(0+2h)+...+£(0+(n—1)h)]

n—oo n

=(1)lim l[ez +e?h 20 2 h }

n—o n

= liml_e2 +ele ++e’e L+ 62-6_3(n_1)h}
n—onbL
= liml_e2 {1+e3h +e o +...+.e_3(“‘1)hﬂ
n—oonlL
~ lim 1| ¢? -(e)
Tl (@)
_ (s
:1111’1l 62 —3 aS,h:l
n—won | (J "
— e n
-3
e |—-1
=liml e’ —( )
n—o N [ 3} 1
en |-
3
1 _2
=¢’ (63—1)11m—. _n n
n—o N 3 73
e -1

3
B —— n
3 n—o 3
(e “}—1
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41.

41.

42.

42.

as, ]}grgolﬁ] =1

dx .
J — 1s equal to
e +e’

(A) log(e" —e™)+C
(C) log(e* —e ™) +C

Let 71=] dx dx=] 2e dx
e +e” e +1

Also, let ' =t = e'dx=dt
dt

1+¢

2 =tan 't+C

= . =tan’ (e") +0

= =]

Hence, the correct Answer is A .

I cos2x sdx is equal to

(sin x + cos x)
A —L ¢
sinx + cos x

©) log|sinx - cosx| +C

Given: I%dx
(sinx +cos x)
let1=]—SB2X 4
(sinx +cosx)

2 2
j_cos’x —sin x2 dx
(sinx +cosx)

_I(cosx—sinx)(cosxwtsinx) .

(sinx +cos x)2

(B) tan'(e ™)+ C
(D) log(e* +e™)+C

(B) 10g|sinx + cosx| +C

1

(sinx+cos x)2

(D)
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43.

43.

44.

44.

zj(cosx—sinx)

d
(sinx +cosx) *

Put sin x + cos x=t = cos X —sin x = dt
I(cosx—sinx)dX _Ig
(sinx+cosx)

= = log|t| +C

= 10g|sinx + cosx| +C

Hence, correct option is (B).
b

Iff(a+b—x)=f(x), then j xf (x) is equal to

a

= "o (0)dx (1)

= j (a+b=x)f(a+b-x) Uf =Iif(a+b—x)dx)
:1=ja(a+b—x)f(x)dx

:>1=(a+b)J’Zf(x)dx—1 [Using (1]

=1+ 1=(a+b)[ f(x)ax

=2I=(a+b jbf(x)dx

— 7= (“*bjjf dx

Hence, the correct Answer is D.

2

The value of J.ltan_l( 2x-1 jdx
0

l+x—x
(A)1 (B)0
C)-1 D)
©) ( )4
Given: J.ltanl( 2x—12jdx
0 1+x—Xx
o 2x-1
LetI—JOtan (1+X-X2)dx

It _IE Xx+x—1 de
l+x1 X)
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— ['tan™ (ﬂ} dx

1+x(1—x)

L A-BY) |

as, tan (1+AB)] = tan (A)tan (B)

- J'lo[tan’l (x)-tan™' (1-x)ldx ...(1)

as,{I:f(x)dx =[f(a —x)dx}

- IL[tan_l (1-x)- tan ™! (1 -(1- x))]dx

- J.;[tan’1 (1-x)—tan™' (x)ldx ...(2)
Adding (1) and (2), we get

21= J.Z)[tanfl (x)-tan™' (1-x)Jdx + J-;[tan’l (1-x)—tan"' (x )]dx
2l= j;[tan_l (x)- tan”' (1-x)+ tan”" (1-x)- tan”' (x)1dx
=21=0

=1=0
Hence, correct option is (B).

34



