NCERT Solutions for Class-XII Math

Chapter-4
Exercise- Miscellaneous

NCERT Math Class 12

X sin® cos6
1.  Prove that the determinant|—sin® —x 1 | is independent of 6.

cosO 1 x
X sin@ cosO
1. A=|-sin® —x 1
cosO 1 X
=x(-x* - 1) —sin 0 (-x sin O - cos 0) + cos O (- sin O + x cos 0)
=_x> —x+xsin’ 0 +sin 0 cos 0 - cos 0 sin O +x cos’ O
= -x> —x + x(sin? O + cos? 0) = -x* — x + x = -x°, which is independent of 0.

a a b | @& &
2. Without expanding the determinant, prove that|p »* ca|=|l b* b’

2

2 3
c ¢ abl |1 ¢ ¢

LHS=|b b’ ca

¢ ¢t ab

Multiplying row 1 with a, row 2 with b and row 3 with ¢
[Rl — aRl, Ry — sz, R; — CR3]

a’ a’ abc

LHS = L b> b’ abc

abc
R



2 3 1

a“ a
= % xabcx b2 b 1 [Taking common abc from Cs]
abc
2
a’ a1
=b> b’ 1
¢ S
1 a° a2
=_1 b B [Applying Ci < C3]
1 & ¢
1 a% a°
=1 b B [Applying Cz <> C3]
1 ¢ ¢
= RHS

Since, LHS = RHS
- the given result is proved.

cosacosf cososinfl —sina
Evaluate | —sinf cosf 0
sinccosf  sinasinff  cosa
cosocosf} cosasinff —sina
—sinf3 cosP 0
sinocosf  sinasinf3  cosa
= -sin a (- sin a sin? B — sin o cos? B) -0(cos o cos B sin a sin B — cos o sin B sin o cos
B) + cos o (cos o cos® B+ cos a sin® B) [Expending along Cs]
= sin? a (sin? B + cos? B) + cos? a (cos® B + sin? B)

=sinfa+sinfa=1

b+c c+a a+b
If a, b and c are real numbers and A=|c+a a+b b+c|=0, show that either
a+b b+c c+a
atbtc=0ora=b=c.
Given,



b+c c+a a+b
A=|c+a a+b b+c

a+b b+c c+a
Applying Elementary transformations, we get
Ri — R + R2 + R3 we have,

2(a+b+c) 2(a+b+c) 2(a+b+c)
A= c+a a+b b+c

a+b b+c c+a

1 1 1

A=2(a+b+c)|c+a a+b b+c
a+b b+c c+a
Now applying C; —» C2—Cyand C3 — C3 - Cy
1 0 0

A=2(a+b+c)|c+a b-c b-a
a+b c—a c-b

Expanding along R,

A=2(@+b+c)[l {(b—c)c—b)—(b—a)(c—a)} —0+0]
A=2(a+b+c)[-b?>—c?+2bc—bc+ba+ac—a?]
A=2(a+b+c)[ab+bc+ca—a?—b’—c?]

Given that A = 0
~2(@+b+c)[ab+bc+ca—a>-b>-c?]=0

= Bithera+b+c¢=0,0orab+bc+ca—a>—b>—c?>=0

Now

ab+bc+ca—al—b>—-c?>=0

Multiplying both sides by -2

= -2ab—2bc —2ca+2a’>+2b*>+2c*>=0
=>a’-2ab+b>+b>-2bc+c?+c?-2cat+a’l=0
=>(@a-b)l+(b-c)+(c—-aj’=0

Since, (a—b)?, (b —c¢)?, (c — a)? are non-negative
“(@a-byP=(b-cy=(c—a)
=>(a-b)=(b-c)=(c—a)

=a=b=c

Hence, if A= 0, then eithera+b+c=0ora=b=c



xX+a X X
Solve the equation | x x+a x |=0,a=0

X X xX+a

X+a X X
Giventhat: | x x+a x |=0,

X X xX+a

3x+a 3x+a 3x+a
= x xX=a x |=0 [Applying Ri - R; +R> + R3]

X X xX+a
1 1 1
=Bx+a)lx x+a x |=0 [Taking (3x + a)as common from Ri]
X X xX+a
1 00
= Bx+a)lx a 0/=0 [Applying C2 = C2—Cy, C3 = C3— C4]
x 0 a
= (3x+a)l[a2-0]=0 [Expending along Ri]
=a’3x+a)=0 =Bx+a)=0 [Qa=0]
== —%
a* bc ac+c*
Prove that |a* + ab b* ac |=4a’b*c?
ab b* +bc c?
Given,
a’ bc  ac+c’
LHS = [a*+ab b’ ac
ab b” +bc ¢’
RHS = 4a’b*c?
a’ be ac+c’
LHS=A=[a’+ab b’ ac

ab b’ +be c?

Taking out common factors a, b and ¢ from Ci, C> and Cs3, we have



a c a+c
A=abcla+b Db a
b b+c C

Applying Elementary Transformations

Ro—>Ry—Riand R; - R3— Ry

a c a+c
A=abc| b b-c¢ -
b—a b —a

R —> Ry + Ry

a cC a+c¢
A=abcla+b b a

b-a b -a
R;—>Rs+ R
a c a+c
A=abc la+b b a
2b 2b 0

a cC a+c¢
A=2ab*c la+b b a
1 1 0

C— C—-Cy

a c—-a a+c
A=2ab’c la+b -a a
1 0 0

Expanding along R3 we get,
A=2ab’c[a(c—a)+a(atc)]
= 2ab’c [ac —a’ + a + ac]
= 2ab’c (2ac)
= 4a’b’c?
A =RHS
~ LHS = RHS
Hence, Proved
3 -1 1

If 47'=|-15 6 -5|and B=|-1

5 2 2

1

0

2
3
-2

-2
0 |, find (AB).



1 2 =2
Hence B=|-1 3 0

0o -2 1
Therefore, [B| = 1(3 — 0) — 2(-1 -0) -2(2 - 0) = 1 # 0 = B! exists.
An=3 An=1 Api=2
Ao =2 Axn=1 A =2
A3 =6 A =2 Axz=5
1 1 Bl] BZ] B3l 3 2 6
B'=—adi B=-|B B_|=[1 1 2
|B| 11712 T2 Tn
B B B 2 25
13 23 33

We know that: (AB)™! = B! A~!, therefore
3 2 6| 3 -1 1
(AB)'=B'4"'=|1 1 2||-15 6 -5
2 2 515 2 2
9-30+30 —3+12-12 3-10+12 9 35
=/ 3-15+10 -1+6-4 1-5+4 |=|-2 1 0
6-30+25 —2+12-10 2-10+10 1 40y 12
1 21
Let4={-2 3 1|, verify that
1 1 5
(i) (adj A)™" = adj(A™")
() (A H1=A
1 21
A=|-2 3 1
1 1 5
Al=13x5-1X1)=(-2)((-2)x5-1x1)+1((-2)x1-3x1)
Al=(15-1)+2-10-1)+(-2-3)
|A|=14-22-5=-13
To find the inverse of a matrix we need to find the Adjoint of that matrix
For finding the adjoint of the matrix we need to find its cofactors

Let Ajj denote the cofactors of Matrix A
Minor of an element aj; = M

1
a1 = 1, Minor of element aj1 = Mi; = ‘? 5‘ =3x5-(1x1)=14



-2 1
a2 = -2, Minor of element a; =M= ‘ . 5‘ =(-2x5)—-(1x1)=-11

. -2 3
a;3 = 1, Minor of element aj;3= M3 = ‘ : 1‘ =(-2x1)-3Bx1)=-5
. -2 1
a21 = -2, Minor of element a1 = Mo = . 5‘ =((-2)x5-(1x1)=-11

. 1 1
a2 =3, Minor of element a; = M = . 5‘ =(1x5-(1x1)=4

a3 = 1, Minor of element a3 = M3 = | =(Ix1)=(-2)x1)=3
. 1
a31 = 1, Minor of element a3 = M3 = . =(-2x1)-3x1)=-5

. 1
a3 = 1, Minor of element a3» = M3> = - =(1Ix1)—=(1x(2)=3

. -2
a33 = 5, Minor of element a3; = M33= 37 (1 x3)=((-2) x(-2))=-1

Cofactor of an element ajj = Aj
Au=CH"'%x14=1x14=14
Ap=CD)"x (1) =G x(-11)=11
Az = (-I)H3 X(-5)=1x%x(-5)=-5
Ao =D x(-11)=(-1) x (-11) =11
An=(-1)"2x4=1x4=4
An=(G1)B%x3=(-1)x3=-3
Az =1y x (5)=1x(-5)=-5
An=(-1P"?x3=(-1)x3=-3
A=(-1)x(-1)=1x(-1)=-1
14 11 =57 [14 11 -5
AdiA=|11 4 -3|=|11 4 -3
-5 3 -1 -5 -3 -1
A= (Adj A)/|A]
1411

13 13 13
1 4

14 11 -5

A=t o4 5=
13 3 1 13 13 13
R I T T |

13 1313

(1)



IAdj A] = 14(-4 — 9) — 11 (-11 — 15) — 5 (-33 + 20)
=14 % (-13) = 11 x (-26) = 5 (-13)
=-182+286+65=169

Similarly Finding the Adj (Adj A) as found above

—13 26 -13
Adi(AdjA)=| 26 -39 -13
—13 -13 -65
[Adj A]"' = Adj (Adj A)/|Adj A|
—13 26 -13
=L 26 -39 -13
169
—-13 —-13 —-65
-1 2 -1
L I R S
13
-1 -1 -5
.
IR, - Lt )
13 3 I 13 13 13
2o s s
13 13 13

Similarly Finding the Adj (A™!) as found above

-13 26 -13 -1 2 -1
Adj (A = IL 26 -39 -13|= % 2 3 -1
—-13 -13 -65 -1 -1 -5
Hence, [Adj A]! = Adj (A™)
(ii) To find (A"")! we have to find out Adj(A™)

14 11 -5

A=l 4 3
13

-5 -3 -1

AT = (-1/13) [14 (4 % (-1) = (-3) X (-3)) = 11 (11 % (-1) = (-3) % (-5)) + (-5) (11 * (-3) -
4 (-5))]

IA] = (-1/13) [14 (-4 = 9) — 11 (-11 — 15) — 5 (-33 + 20)]

IA] = (-1/13)3 [14 x (-13) = 11 x (-26) — 5 x (-13)]



|A| = (-1/13)* x 169 =-1/13

Cofactor of an element ajj = Aj

A= (D x (-1/13) =1 x (-1/13) =-1/13
A= (-1)1"2 x (-2/13) = (-1) x (-2/13) = 2/13
A =(-DBx (-1/13) =1 x (-1/13) =-1/13
Az = (-1)*1 % (-2/13) = (-1) x (-2/13) = 2/13
Az = (-1)*2 % (3/13) =1 x (-3/13) = -3/13
Az =(-1)*3 x (1/13) = (-1) x (1/13) =-1/13
Az = (1)1 x (-1/13) =1 x (-1/13) =-1/13
Az = (-1)>2 x (1/13) = (-1) x 1/13 =-1/13
Azz = (-1)3*3 x (-5/13) = 1 x (-5/13) =-5/13

12z 1
13 13 13 I
adjah=| 2 2 _Li-li, 5
3130
- o
13 13 13
(A1) = Adi(A7 A
12 -l
I
~l2 3 -
13
T S 1 -2 1
AlyT= -1 =2 3 1|=A
(A7) 3
115
(A-l)-l =A

X Yy o x+y
Evaluate | y x+y «x
xX+y Xx v
X Yy x+y
Giventhat: | y x+y «x
xX+y X y
2x+y) ¥y x+y
=2(x+y) x+y «x [applying C1 — Ci + C2 + C3]
2(x+y) «x y



10.

10.

11.

11.

Iy x+y
=2(x+y)l x+y x [Taking 2(x + y) as common from Ci]
1 x y
0 —x y
=2(x+0 y x-y [Applying Ri — Ri — R, R > Ry — R3]
1 vy y+k
=2(x +y){(x) (x—Yy) -y.y} [Expending along Ci]

=2(x +y)(-x* +xy - y?)
=2(x +y)(x2 —xy +y?) = 2(x3 + y7)

1 x y
Evaluate I x-y
1 X  x+y

I y
Giventhat: 1 x-y y
I x x+y
0 -y 0
=0. ¥y o—x [Applying R1 — Ri =Rz, R, > Ry — R3]
1 x x+y
={(-y)(-x) -y .0} [Expending along Ci]
=Xy
Using properties of determinants in exercises 11 to 15, prove that:
a o’ Bty
B B yroal=B-1y—a)a-p)o+p+y)
v v a+p
a o B+y
LetA=[p B* y+a
v v atp
Applying Row Transformations
R> — R2—R;y
o o’ B+y
A=B-a p*-a* o-PB
v 7 a+p
R3 —> R3—R;



12.

12.

o o’ B+y

A=B-a p*-a* o-PB
y-a v -a’ a-y
Taking (B — a)(y — a) from R2 and R; respectively
a o’ B4y
A=B-a)y-ao)l B+y -l
I y+a -1
Applying R3 — R3 — Ro, we have
a o P+y
A=P-0) (-l B+y -l
0 y-B 0
Expanding along R3, we have
A=PB-0) @=a)[0(@*(-D=B+1)xB+1) - - *xa-1xB+7y)+0(ax
B+y-1xa)

A=B-0)y-)[0-(y-B)(-a-B-7y)+0]
A=PB-a)(y-a)(y—P) (a+B+y)

A=@-BPB-vVE-o)(at+p+y)

P

y ¥ 1+ py| =1+ pxyz)(x— )y —z)(z - x)
z 7z l+pz

x x* 1+px°

LetA=|y y* 1+py°
z z¢ 1+pz

Applying Elementary Row Transformations
R —-Ry;—Rjand Rz —» R3 - R4
X x’ 1+ px’
A=ly—x y' —x’ p(yS—x3)
z—x 2 —x p(z3—x3)

Taking (y — x) and (z — x) common from R; and R3 respectively

11



13.

13.

x X 1+px3

A=(y—-x)(z-x)|l y+x p(y2+x2+xy)
I z+x p(z2 +x2+xz)
Applying R3 — R3 —Ra

x X 1+ px’

—_—

A=(y—x) z=9[l y+x p(y’+x" +x)

0 z—y p(z—y)(x+y+z)
Taking (z —y) common from R3

x X 1+px3
A=(y=-x)(z-x) -yl y+x p(y +3+w)
0 1 p(x+y+z)

Expanding along R3, we have

A=x-y)(y=2) (z—x)[0-1 {xxp(y> +x*+xy) = 1 x (1 +px’)} +p (x +y +2) {xx

(y+x)—1xx2}
A=(x-y) (y—2)(z—x) (- px’ —pxy? —px’y + 1 + px’ + px’y + pxy” + pxyz)
A=(xX=-y)(y—2)(z-x) (1 +pxyz)
Hence, the given result is proved.
3a¢ -a+b -a+c
—b+a 3b —b+c|=3(a+b+c)ab+bc+ca)
—c+a ——c+b 3c
3a —a+b -a+c
LHS=|-b+a 3b -b+c
—c+a —c+b 3c
a+b+c —-a+b —-a+c
=la+b+c 3b —b+c [applying C; — C; + C2 + C3]
a+b+c —c+b 3¢

1 —a+b -a+c
=(a+b+c)]l 3b -b+c| [Taking(a=b+c)ascommon from Ci]
1 —c+b 3c
0 —a-2b —-a+b
=(a+b+c)0 2b+c —-b-2c [Applying Ri — Ri — R, R = Ry — R3]
1 —c+b 3c

=(a+b+c){(-a—2b)(-b—2c)—(2b+c)(a+b)} [Expending along Ci]

12



14.

14.

15.

15.

16.

= (a+b +c)(ab + 2ac + 2b? + 4bc — (-2ab + 2b? — ac + bc))
=(a+b+c)3ab+3bc+ 3ca)=3(a+ b+ c)(ab+ bc +ca)=RHS

1 1+p I1+p+gq

2 342p 4+3p+2¢q

3 6+

3p 10+6p+3¢g
1 1+p 1+ p+gq

LHS=]2 3+42p 4+3p+2q

3 6+3p 10+6p+3¢q

1 1+p 1+p+g

=0
0

1 2+p [Applying R» — R2 — 2R1, R3 =& R3 — 3R{]
3 7+3p

=1{1.(7+3P)-(3)2+P)} [Expending along Ci]
—7+3p—6-3p=1=RHS

sin o
sin 3

siny

cosa  cos(o+0)
cospp cos(B+9)
cosy cos(y+9)

sino.  cosa cos(a +9d)

LHS={sinB cosB cos(p+9)

siny cosy cos(y+9)

sinat  cosocosd—sinasind cos(a + )
=|sinf cosPBcosd—sinBsind cos(B+0) [Applying C2 — COS & C> —sind Ci]
siny cosycosd—sinysind cos(y+9d)
sinaa  cos(a+0) cos(a+9)
=|sinf3 cos(B+0) cos(f+90)
siny cos(y+0) cos(y+90)
=0=RHS [QC2=C3]

Solve the system of equations:

2 3

10

—+—+—=4
X y z
46,5
X y z
6,2 .20,
X y z

13



16.

Given System of equations are

2+3+E:4

z
S

=2

x
4
X
6
—+
X

y
6
—+
y z
9 20
J— + _—
y z
Let l:p;l:q;l:r

X y z
=~ Given system of equation becomes
2p+3q+10r=4

4p—-6q+5r=1
6p +9q—20r=2
The given System of Equations can be written in the form of AX =B
2 3 10 4 p
Here A=|(4 -6 5 |andB=|1|,X=|gq
6 9 20 2 r
Now we need to find |A|
2 3 10
~Al=4 =6 5 |=2x(120-45)-3 x(-80—-30)+ 10 x (36 + 36)
6 9 =20
=150+ 330 + 720
=1200
Since, |A| #0

~ A is non-singular. So, it’s inverse exists
Cofactor of an element ajj = Aj
An=(-D"'x75=1x75="175

A= (D" x (-110) = (-1) x (-110) =110
Ap=C-D)"MxT72=1x(72)=172

Ao = (1) x (-150) = (-1) x (-150) = 150
Axn=(-1)**2x(-100) = 1 x (-100) = -100
Ap=(-1P3x0=(-1)x0=0
As1=(-1)P"'x75=1x75="175

Az =(-1)*"2 x (-30) = (-1) x (-30) = 30
Az = (-1’3 x (-24) =1 x (-24) = -24

75 110 727 [75 150 75
AdjA=|150 -100 0 | =[110 -100 30
75 30 -24 70 24

14



A= (Adj A)|A

| 75 150 75
Al= —|110 -100 30
1200
720 24
Now,
Since, AX =B
~X=A'B
[ p] | (75 150 75 ][4
=g |=——[110 —100 30 || 1
1200
r | 720 242
p] | [ 75x4+150x1+75%2
=| q |=——|110x4-100x1+30x2
1200
r | T2x4+0x1-24x2
p | [300+150+150
=| g |=——| 440-100+60
1200
7] | 288+0-48
p | 600
=| g [=——| 400
1200
] 240
600
- 1 1200
P11 400
=49 |=| ——
1200
L7 240
1200 |
(p] [1/2
=|q|=|1/3
|7 _1/5

“p=Y%,q=1/73,r=1/5
~x=1/p=2;y=1/q=3;z=1/r=5
So,x=2;y=3;z=5

x+2 x+3 x+2a
17. ifa, b, c, are in A.P, then the determinant (x+3 x+4 x+2b|is:
x+4 x+5 x+2c
(A)0
B)1



17.

18.

18.

O)x
(D) 2x
x+2 x+3 x+2a
Given |x+3 x+4 x+2b
x+4 x+5 x+2c

x+2 x+3 x+2a
=l 0 0 22b-a-c) [Applying R> — 2R> — (R1 + R3]
x+4 x+5 x+2c

x+2 x+3 x+2a

=/ 0 0 0 [Q a, b, c are in AP, therefore 2b =a + c]
x+4 x+5 x+2c¢
=0
Hence, the option (A) is correct.
x 0 0
If x, y, z are nonzero real numbers, then the inverse of matrix 4=|0 y 0 |[is:
0 0 z
x' 0 0
Ayyo »' oo
0 0 z!
x' 0
B)xzl 0 y' 0
0 0 z!
(1 sin 0 1
(C) A=|-sin0 1 sin©
-1 —sin® 1
(1 0 0
@) -0 1 0
o 0 1
1 00
A L 010
P50 0 1
x 0 0
A=|0 y 0
0 0 z

16



[Al=xx(y *x2z) =xyz

Since, |A| #0
Al exists

To find the inverse of a matrix we need to find the Adjoint of that matrix

For finding the adjoint of the matrix we need to find its cofactors
Let Ajj denote the cofactors of Matrix A
Minor of an element aj; = M

. 0
a1 = X, Minor of element a;1= My = ‘(}; ‘ =(yxz)—(0x0)=yz
z

ai2= 0, Minor of element aj= M2 = ‘O O‘ =(0xz)—(0x0)=0
V4

a3 = 0, Minor of element a;3=Mi3= ‘0 (})I‘ =0x0)—(O0xy)=0
; 0 0
az1 = 0, Minor of element a1 = My = ‘ =(0xz)—(0x0)=0
Z
a2 =y, Minor of element a; = M = )(; - (xx2z)—(0x0)=xz
Z
az3= 0, Minor of element a; = M3 = )(; 8 =xx0)—(0x0)=0
. 0 0
az1 = 0, Minor of element a3; = M3 = 0 =(zx0)—(0x0)=0
V4
a3 = 0, Minor of element az; = M3> = )(; 8 =xx0)—(0x0)=0
a33 = z, Minor of element az3 = Mz3 = z 0 (xxy)—(0x0)=xy
Yy

Cofactor of an element ajj, Ajj= (-1)" x Mj;
An= (_1)1+1 XMn=1xyz=yz

A= (-1)1+2 XMp=(-1)x0=0

Ans =(-1)1+3 XMiz=1x0=0

A = (_1)2+1 XMa1=(-1)x0=0

A= (_1)2+2 XMp=1Xxxz=xz

Axz = (_1)2+3 XM =(-1)x0=0

Azl =(-1)3+l XM31=1x0=0

Az = (_1)3+2 XMz =(-1)x0=0

Az = (_1)3+3 X M3z =1 xxy =Xy

17



19.

19.

yz 0 0] [yz 0 0

AdjA=|0 xz 0|=]|0 xz O
0 0 xy 0 0 «xy
Al=adj A/A|
['yz 0 0
Al=10 xz 0 |/xyz
10 0 xy
[yz/ xyz 0 0
Al= 0 Xz / Xyz 0
0 0 Xy / Xyz
1 0 0
X x' 0 0
A-1=010=0y-10
y -1
1 0 0 z
0 0 —
L Z |

The correct answer is A

1 sin O 1
Let A=| —sin0® 1 sin0 |, where 0 < 0 < 27 then:
-1 -—sin® 1
(A) det(A)=0
(B) det(A) € (2, »)
(C)det(A) € (2, 4)
(D) det(A) € [2, 4]
1 sin® 1
A=|-sinb 1 sin 0
-1 —sin® 1
= 1(1 + sin?0) + sin O (-sin O + sin 0) + 1(sin?0 + 1)
=2(1 + sin’0)
Now, given that: 0 <0 <2n
=0<sin0<1
=0<sin’0< 1
=1<1+sin’0<2
=2<2(1 +sin’0<4
= det(A) € [2, 4]

[Expending along Ci]

18
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Hence, the option (D) is correct.
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