Three-Dimensional Geometry

Exercise 26A
Q. 1. If a point lies on the z-axis, then find its x-coordinate and y-coordinate.

Answer : X and y coordinates of a point are its distance from the origin along or parallel
to the horizontal x-axis and y-axis. To measure the x and y coordinates, you must move
either to the left of the origin or to its right. In case of a point on the z-axis, you do not
move to the right or to the left of the origin. Hence x and y coordinates are 0 for a point
on the z-axis.

Q. 2. If a point lies on yz-plane then what is its x-coordinate?

Answer : x-coordinate is the distance of a point from the origin parallel or along the x-
axis. To measure the x coordinate, you must move either to the left of the origin or to its
right. In case of a point lying on the yz-plane, you do not move to the right or to the left
of the origin. Hence x coordinate is 0 for a point on the yz-plane.

Q. 3. In which plane does the point (4, -3, 0) lie?

Answer : Here the X, y, Z coordinates of the point are 4, -3, 0. As the distance of point
along the z-axis is 0, the plane in which the point lies is the xy-plane.

Q. 4. In which octant does each of the given points lie?

() (-4, 1, -6)
(i) (2, 3, -4)
(iii) (-6, 5, -1)
(iv) (4, -3, -2)
(v) (-1, -8, 5)
(vi) (4, 6, 8)

Answer : The position of a point in a octant is signified by the signs of the x, y, z
coordinates.

Here is a table showing signs of the x, y, z coordinates in all the octants.



Number | x sign | y sign | z sign
I + + +

II - + +

I11 - - +

IV + - +

\Y + + -

VI - + -

VII - - -

VIII + - -




According to the table

(i) (-4, -1, -6) lies in octant VII
(ii) (2, 3, -4) lies in octant V
(iii) (-6, 5, -1) lies in octant VI
(iv) (4, -3, -2) lies in octant VIII
(v) (-1, -6, 5) lies in octant Il|
(vi) (4, 6, 8) lies in octant |

Exercise 26B
Q. 1. Find the distance between the points :
(i) A(5, 1, 2) and B(4, 6, -1)
(if) P(1, -1, 3) and Q(2, 3, -5)
(iii) R(1, -3, 4) and S(4, -2, -3)
(iv) C(9, -12, -8) and the origin

Answer :

Formula: The distance between two points (x1,y1,21) and (x2,y2,z2) is given by

D:vf(xz —X1)2+ (V2 —V1)? + (2, — 2,)?
(i) A(5, 1, 2) and B(4, 6, -1)

Here, (x1,y1,21) = (5, 1, 2)

(X2,y2,22)= (4, 6, -1)

Therefore,

D=J# -5)2+(6-1)2+(-1-2)2

= JCDTF 7+ (37

=v1+25+9



=V35

Distance between points A and B is
V35

(if) P(1, -1, 3) and Q(2, 3, -5)
Here, (x1,y1,21)= (1, -1, 3)
(X2,y2,22)= (2, 3, -5)

Therefore,

D=J@-D?+B - (D) +(-5-3)

= [T+ (@7 + (8)?

=41+ 16 + 64

=81 =9

Distance between points P and Q are 9 units.
(iii) R(1, -3, 4) and S(4, -2, -3)

Here, (x1,y1,21)= (1, -3, 4)

(x2,y2,22)= (4, -2, -3)

Therefore,

p=VE-DZ+ (2= (-3 + (3~ 97

_VB3)?2+ (1) +(-7)?



_VI9F1+49

. . .59
Distance between points R and S is

units.
(iv) C(9, -12, -8) and the origin

Coordinates of origin are (0, 0, 0)

Here, (x1,y1,21)= (9, -12, -8)

(x2,y2,22)= (0, 0, 0)

Therefore,

D=(0-97+(0-(-12)*+ (0 - (-9))?

= J(=9)2 + (12)2 + (8)?

=81+ 144 + 64

=289 =17

Distance between points C and origin is 17 units.

Q. 2. Show that the points A(1, -1, -5), b(3, 1,3) and C(9, 1, -3) are the vertices of an
equilateral triangle.

Answer : To prove: Points A, B, C form equilateral triangle.

Formula: The distance between two points (x1,y1,z1) and (x2,y2,22) is given by

D=v!(xz —X3)2+ (Y2 —¥1)? + (22 — 24)?



Here,
(x1,y1,z1)= (1, -1, -5)
(Xx2,y2,22)= (3, 1,3)

(x3,y3,23)= (9, 1, -3)

Length AB = [[(x, —x,)2+ (y2 —¥1)* + (2, — 2,)?

= JG-DFA-(-D)+ G- (5

RO

=V +4+ 64

=V72=6y2

Length BC = VX —%2)2+ (Y3 — ¥2)* + (23— 2)?

=J(9-3)2+(1-1)2+(-3-3)?

=67+ (07 +(-6)?

=36 +0+ 36

=V72=6y2



Length AC = \/{(X3 —X1)2+ (Y3 —y1)* + (23 —2,)?

=JO- DT+ A~ (DY +(3- (-9

=V(8)2+(2)2+(2)?

=JV6d+4+4

=V72=6y2

Hence, AB =BC = AC

Therefore, Points A, By make an equitateral triangle.

Q. 3. Show that the points A(4, 6, -5), B(0, 2, 3) and C(-4, -4, -1) from the vertices of
an isosceles triangle.

Answer : To prove: Points A, B, C form isosceles triangle.

Formula: The distance between two points (x1,y1,z1) and (x2,y2,22) is given by

D=V (X2 —X1)2 + (¥2 —¥1)* + (22 — 24)?
Here,

(x1,y1,21)= (4, 6, -3)

(x2,y2,22)= (0, 2, 3)

(X3,y3,23)= (-4, -4, -1)

Length AB = V2 —x1)2+ (2 —y1)? + (2, — 2,)?



O+ (2-67+(3- (-3))?

_J (=42 +(—4)2 + (6)2

_V16+16 + 36

=V68 = 2V17

Length BC = V(X3 —%2)2+ (V3 — ¥2)* + (23 — 2,)?

V(402 + (-4 -2)2 + (-1-3)?

_J(=0)2+(—-6)2 + (—4)2

_V16+36+ 16

=V68 = 2y17

Length AC = V& =%)2 +(v; —y1)? + (23 — 2,)?

NEA-DT+(-4-6)2 + (-1 - (-9))?

_J/(=8)2+(-10)2 + (2)2

_V64+ 100+ 4

_V168

Here, AB = BC
= vertices A, B, C forms an isosceles triangle.

Q. 4. Show that the points A(0, 1, 2), B(2, -1, 3) and C(1, -3, 1) are the vertices of an
isosceles right-angled triangle.



Answer : To prove: Points A, B, C form isosceles triangle.

Formula: The distance between two points (x1,y1,z1) and (x2,y2,22) is given by

D=V (X2 —X1)2 + (y2 —¥1)? + (2, — 21)?
Here,

(x1,y1,21)= (0, 1, 2)

(x2,y2,22)= (2, -1, 3)

(X3,y3,23)= (1, -3, 1)

Length AB = V&2 —%1)2 4 (y2 —y1)? + (2, — 2,)?

_J2Z=0Z+(-1-1)2+ (3-2)?

_V(2)2+(-2)2 + (1)?
_VEFEF1
_\V9

Length BC = V(X3 —%2)2+ (V3 — ¥2)* + (23 — 2,)?

_J(1=2)2+(-3+1)2+ (1-3)?

NCDTF DT (2
_VIFE73
VS

Length AC = V(X2 —%1)2+ (Y2 —y1)? + (23 — 2,)?



_JA=07+(3-1)2+ (1-2)2

VDTF 7 F (12

vi+16+1

_ViB

Also, AB®+BC?=9+9 =18 = AC?
Therefore, points A, B, C forms an isosceles right-angled triangle.

Q. 5. Show that the points A(1, 1, 1), B(-2, 4, 1), C(1, -5, 5) and D(2, 2, 5) are the
vertices of a square.

Answer : To prove: Points A, B, C, D form square.

Formula: The distance between two points (x1,y1,z1) and (x2,y2,22) is given by

o2 =% F =V P+ (2, — 2,
Here,

(x1,y1,z1)=(1,1,1)

(x2,y2,22)= (-2, 4, 1)

(x3,y3,23)= (-1, 5, 5)

(X4,y4,24)= (2, 2, 5)

Length AB = V2 —x%1)2+ (V2 —y1)? + (22 — 24)?

V(2 -1+ (4-1)2+ (1-1)2

_V(=3)2+(3)*+ (0)?

_V9+9+0



_Vi8

Length BC = \/(x3 - XZ)Z + (Y3 - YZ)z + (23 - 22)2

_J(=1+2)2+(5—-4)2+ (5—1)2

V(D2 + (1) +(4)?
_VIt1+16
_V18

Length CD = V(X —%3)2+ (V5 — ¥a)? + (24 — 23)°2

_J2+1D2+(2-5)24(5-5)?

_J(3)2+ (3)2+(0)2
_V9+9+0

_V18

Length AD = V& —%X)2+ (Ve —y1)? + (24 — 24)?

VP22 F (5 1)

VO F (D2 F (32
_vVv1+1+16
_VIB

Length AC = V(X —%1)2+ (y3 —y1)? + (23 — 2,)?



JEI— D2+ (5-1)2+ (5-1)2

V(22 + (2 + (92

_V&+16+ 16

_V36

Length BD = VX = %)+ (V4 — ¥2)? + (24— 22)?

_J2 )T+ 22—+ (5-1)2

V@O DT @

_JVi6+4+16

_V36

Here, AB=BC = CD = AD

Also, AC =BD

This means all the sides are the same and diagonals are also equal.
Hence vertices A, B, C, D form a square.

Q. 6. Show that the points A(1, 2, 3), B(-1, -2, -1), C(2, 3, 2) and D(4, 7, 6) are the
vertices of a parallelogram. Show that ABCD is not a rectangle.

Answer : To prove: Points A, B, C, D form parallelogram.

Formula: The distance between two points (x1,y1,z1) and (x2,y2,22) is given by

D=J(X2 —X1)2+ (Y2 —V1)* + (2, — 2,)?

Here,



(x1,y1,21)= (1, 2, 3)
(X2,y2,22)= (-1, -2, -1)
(x3,y3,23)= (2, 3, 2)

(X4,y4,z4)= (4, 7, 6)

Length AB = V&2 —%1)2 4 (y2 —y1)? + (2, — 2,)?

_VJEI-D2+ (-2-2)2+ (-1 -3)?

V(=22 + (492 + (—9)?
_V&+16+ 16
_vV36

Length BC = \/(x3 =X)2+ (Va3 ¥2)* + (2= %)?

_J2+1D)2+(3+2)2+(2+1)2

_J(3)2+ (5)2+(3)?
vV9+25+9

_V43

Length CD = V(X —%3)2+ (V5 — ¥a)? + (24 — 23)2

_J(4—2)2+(7-3)2+(6—2)2

_J@F+ (A7 + (2)?
_V4+16+16



_V36

Length AD = \/(X‘* —X1)2+ (Vs —y1)* + (24 —2,)?

_J@E-1)2+(7-2)2+(6-3)?

_JB3)Z+ (5)2+(3)?
_V9+25+9
_V43

Length AC = V(X2 —%1)2+ (y2 —y1)? + (23 — 2,)?

J2-D2+(B-224(2-3)?

_JOZ+ (D)2 F (D)2
_V1i+1+1

_V3

Length BD = V&= %)%+ (Vo — ¥2)? + (24— 22)?

_JE+DZ+H (T +2)2+(6+1)2

V(B2 + (92 +(7)?

_V25+81+49

- V155

Here, AB = CD which are opposite sides of polygon.



BC = AD which are opposite sides of polygon.
Also the diagonals AC and BD are not equal in length.
Hence, the polygon is not a rectangle.

Q. 7. Show that the points P(2, 3, 5), Q(-4, 7, -7), R(-2, 1, -10) and S(4, -3, 2) are the
vertices of a rectangle.

Answer : To prove: Points P, Q, R, S forms rectangle.

Formula: The distance between two points (x1,y1,z1) and (x2,y2,22) is given by

D=V (X2 —X1)2 + (y2 —¥1)* + (2, — 24)?
Here,

(x1,y1,21)= (2, 3, 3)

(x2,y2,22)= (-4, 7, -7)

(x3,y3,23)= (-2, 1, -10)

(X4,y4,24)= (4, -3, 2)

Length PQ = V& —%1)2+ (v, —y1)?2 + (22 — 24)?

_J(F2—2)2+ (7-3)2+ (—7-5)2

VO @7 (-12)?

_V36+16+ 144

_V196

Length QR = VX — %)%+ (Y2 — ¥2)2 + (23— 2,)2

= v’r(—z +4)2+ (1—-7)2+ (—10+ 7)2



_V(2)2+(-6)*+(-3)?
_VET36+9
_V49

Length RS = Vs —%X3)2+ (V4= ¥3)? + (24— 23)2

_J@E+2)2+(—3-1)7+ (2+10)2

_J©)?2+ (92 + (12)?

_V36+16+ 144

- V196

Length PS = \/(Xd _xi)z - (y4|- _ YI)Z u (24 p— Zl)z

_J(@—-2)2+(-83-3)2+(2-5)?

_V(@2)*+ (-6)*+ (-3)?
_VEF36+9
_V49

Length PR = V(X2 —%1)2+ (y2 —y1)? + (23 — 2,)?

_J(—2—-2)2+(1-3)2+(-10-5)2

_JT+ (-2)7+ (-15)2

_V16 +4+ 225



V245

Length QS = \J(X“, - XZ)Z + (y4 - Y2)2 + (24 - 22)2

_J@E+DZ+(3-7)2+ (2+7)2

_V(8)2+ (-10)2 + (9)?

_ V64 +100 + 81

_V245

Here, PQ = RS which are opposite sides of polygon.
QR = PS which are opposite sides of polygon.

Also the diagonals PR = QS.

Hence, the polygon is a rectangle.

Q. 8,. Show that the points P(1, 3, 4), Q(-1, 6, 10), R(-7, 4, 7) and S(-5, 1, 1) are the
vertices of a rhombus.

Answer : To prove: Points P, Q, R, S forms rhombus.

Formula: The distance between two points (x1,y1,z1) and (x2,y2,22) is given by

D=v’r(xz —X3)2+ (Y2 —¥1)? + (22 — 24)?
Here,

(x1,y1,21)= (1, 3, 4)

(x2,y2,22)= (-1, 6, 10)

(x3,y3,23)= (-7, 4, 7)

(X4,y4,z4)= (-5, 1, 1)

Length PQ = V&2 —x%1)2+ (2 —y1)? + (2, — 2,)?



_V(-1-1)2+(6—3)2+ (10— 4)?

_J(=2)2+(3)2+ (6)2
_V4+9+36
_V49

Length QR = V& = %)%+ (Y3 — ¥2)? + (23— 2,)2

_JET+F DI+ (- 6)2+ (7-10)2

V62 +(=2)7 +(-3)?
_V36+34+9
_V49

Length RS = \/(X4 =X3)? + (Vs —y3)* + (24 — 23)?

NEEFDTF (A -7+ (1-7)2

_V(2)2+ (-3)2+ (-6)?
_VEF+9+36
_V49

Length PS = V& —%1)2+ (Vs —y1)? + (24 — 24)?

V(5 -1D2+(1-3)2+ (1-49)2

V(=62 +(=2)2 +(-3)?



Length PR = Vs —%1)2+ (y3 —y1)? + (23 — 2,)?

V7 =124+ (4-3)2+ (7—4)?

_J(—8)2+ (1)2+ (3)2
_V6a+1+9
_V74

Length QS = V& — X302+ (Vo — ¥2)? + (2a— 2,)?

_J(=5+1)2+(1=-6)2+ (1-10)2

DT (B (92

_V16+25+81

V122

Here, PQ=RS =QR =PS.
Also the diagonals PR # QS.
Hence, the polygon is a rhombus as all sides are equal and diagonals are not equal.

Q. 9. Show that D(-1, 4, -3) is the circumcentre of triangle ABC with vertices A(3, 2,
-5), B(-3. 8, -5) and C(-3, 2, 1).

Answer : To prove: D is circumcenter of triangle ABC

Let us consider D as circumcenter of triangle ABC.



~ AD =BC =CD.

Formula: The distance between two points (x1,y1,z1) and (x2,y2,22) is given by

o=V (X2 —X1)2 + (V2 —y1)? + (2, — 21)?
Here,

(x1,y1,21)= (3, 2, -5)

(x2,y2,22)= (-3. 8, -5)

(x3,y3,23)= (-3, 2, 1)

(xa,ya,z4) = (-1, 4, -3)

Length AD = V& —%1)2+ (¥4 —y1)* + (24 — 21)?

_J(E1=3)7+ (4=2)2+ (-3 +5)?

_JEDE+H (2R L (2)?
_Vie+4+4
_V24

Length BD = V& —%2)2+ (Vo — ¥2)* + (25— 2,)?

_VJ(1+3)2+(4-8)2+ (-3+5)2

N@Z+ (D7 + (2)?
_ViT16+3
_V24

Length CD = VX —%3)2+ (V4 — ¥a)? + (24 — 23)?



_J(1+3)2+ (4—2)2+ (-3-1)2

V(@) +(2)?+ (-4)?

VE+42+16

V73

Hence, the condition is consistent.

Hence, D is circumcenter of triangle ABC.

Q. 10 A. Show that the following points are collinear :
A(-2, 3, 5), B(1, 2, 3) and C(7, 0, -1)

Answer : To prove: the 3 points are collinear.

Formula: The distance between two points (x1,y1,z1) and (x2,y2,22) is given by

VO — X2 F 0 V)2 * (2, — 2,)°
Here,

(x1,y1,z1)= (-2, 3, 5)

(x2,y2,22)= (1, 2, 3)

(x3,y3,23)= (7, 0, -1)

Length AB = VO —x)2+ (v, —y1)% + (2, — 24)?

_JA+2)2+(2-3)2+(3-5)2

VOTF(D7F (2

_\9F1+4



_Via

Length BC = \/(13 - x2)2 + (y3 - y2)2 + (2'3 - 22)2

_JT-DZ+(0-272+(-1-3)2

NEOFDTF (7
_V36+4+16

=56 = 2V14

Length AC = VO3 —x1)2+ (3 —y1)% + (23— 2,)?

_V(7+2)2+(0-3)2+(-1-5)2

_J(9)2+ (-3)2+(—6)2
_VBI+9+36

=126 = 3V14

AB + BC = V12 + 2 Y14 =3 V14 = AC

Therefore A, B, C are collinear.



Q. 10 B. Show t points afec'u*s S 24

A(3, -5, 1), B(-1, , -6)

Answer : To prove: are collinear.

Formula: The distance between two points (x1,y1,z1) and (x2,y2,22) is given by

D=V (2 = X)* + (02 —y1)? + (22— 24)?
Here,

(x1,y1,21)= (3, -5, 1)

(x2,y2,22)= (-1, 0, 8)

(x3,y3,23)= (7, -10, -6)

Length AB = VO —x)2+ (2 —y1)2 + (22— 2,)?

_{(-1-3)2+ (0+5)2+(8—-1)2



_J(=)2+(5)%2+ (7)?

_V16 + 25+ 49

=90 = 3V10

Length BC = V3= x3)2+ (2 — ¥2)2 + (22— 2,)?

_JT+ D)2+ (—10-0)2+ (-6 - 8)2

_/(8)2+ (—10)2 + (—14)2

_ V64 + 100 + 196

= /360 = 610

Length AC = VOa=x. 2+ (3 —71)% + (22— 2,2

_J(7 =32+ (10 +5)2+ (-6 — 1)2

V@2 (=52 + (-7)?

_V16 +25+ 49

=90 = 310

BA + BC = 3410 + 3 V10 =6 v10 = BC

Therefore A, B, C are collinear.



Q. 10 C. Show that the following points are collinear :
P(3, -2, 4), Q(1,1,1) and R(-1, 4, 2)
Answer : To prove: the 3 points are collinear.

Formula: The distance between two points (x1,y1,z1) and (x2,y2,22) is given by

D=VH(X2 — X124+ (V2 —y1)?+ (2, — z4)?
Here, Vertices should be R(-1, 4, -2)

The solution according is

(x1,y1,21)= (3, -2, 4)

(x2,y2,22)= (1,1, 1)

(X3,y3,23)= (-1, 4,- 2)



Length PQ= VO —x1)2+ (7, —¥1)2 + (2, — 24)?

_J(1=3)2+(1+2)2+(1—4)2

_J(=2)2+(3)2+ (-3)?
_V4+9+9
_V22

Length QR= VO —x)2+ (73 — ¥2)2 + (23 — 2,)?

_J(E1 =124+ (4—1)2+ (-2 - 1)2

_J(=2)2+(3)2+ (=3)?
_V4+9+9
_V22

Length PR = VO —x)2+ (3 — )2+ (23— 2,)?

_J(—1-3)2+ (4+2)2+ (—2—4)?

_J(=4)2+(6)2+ (-6)?

_V16+36+ 36

=88 = 2V22

PQ + QR=y22 + y22=2y22=PR



Therefore P, Q, R are collinear.

Q. 11. Find the equation of the curve formed by the set of all points which are
equidistant from the points A(-1, 2, 3) and B(3, 2, 1).

Answer : Consider, C(x,y,z) point equidistant from points A(-1, 2, 3) and B(3, 2, 1).

~AC=BC

JE+ D2+ (7 -2+ (z-3)2=/(x—3)2+ () =22 + (z— D)2
Squaring both sides,
(x+1)2+(y—-2)2+(z-3)°=(x-3)+(y—-2)*+(z—-1)?
X2H2x+1+y? -4y +4 + 722 62 +9 = x? -6x + 9 + y? -4y +4 + 72 -27 +1

8x-4z=0



(s

ro

(¥ ]

Equation of curve is 8x-4z=0

Q. 12. Find the point on the y-axis which is equidistant from the points A(3, 1, 2)
and B(S5, 5, 2).

Answer : Consider, C(0,y,0) point which lies on y axis and is equidistant from points
A(3, 1, 2) and B(5, 5, 2).

~AC=BC

VO-32+(-12+(0-2)2=(0-5)2+ (y—5)?+ (0-2)?
Squaring both sides,

(0-3)2+(y—1)*+(0—-2)*=(0—-5)*+ (y—5)*+(0—-2)?

O+ y2-2y +1 +4 =25 +y2-10y +25 + 4

8y = 40

Y=5

The point C is (0,5,0).



Q. 13. Find the point on the z-axis which is equidistant from the points A(1, 5, 7)
and B(5, 1, 4).

Answer : Consider, C(0,0,z) point which lies on z axis and is equidistant from points
A(1, 5,7)and B(5, 1, -4).

~AC=BC

JO—1)2+(0-5)2+(z—7)2=/(0—-5)2+(0—1)2+ (z+ 4)?
Squaring both sides,
(0—1)2+(0-52%+(z—7)*=(0—-5)2+(0—1)*+ (z+4)?
1+25+22-142+49 =25+ 1+ z? +8z +16

-22z =-33

Z=1.5

The point C is (0,0,1.5).

Q. 14 Find the coordinates of the point which is equidistant from the points A(a, 0,
0), B(0, b, 0), C(0, 0, c) and O(0, 0, 0).

Answer : Consider, D(x,y,z) point equidistant from points A(a, 0, 0), B(0, b, 0), C(0, 0,
c) and O(0, 0, 0).

=~ AD =0D

JE&=—a)2+ (7 =02+ (z—0)2 = [(x—0)2 + (y — 0)2 + (z— 0)?
Squaring both sides,
(x—a)’+(y—0)2+(z—0)’=(x—0)2+(y—0)2+(z—0)?
x2+2ax+al+y’ +z22=x2+y?+ 72

a(2x-a)=0

asa#0.

X=al2



~ BD=0D

JO—a)2+(7-02+(z-02=/(x—0)Z+(y— 0)2+ (z— 0)?
Squaring both sides,
(x—0)2+(y—b)?+(z—-0)>2=(x—-0)>+(y—0)2+(z—0)?
X2+ y2*2by + b2+ Z22=x2+y? + 72

b(2y-b) =0

asb #0.

y=b/2

~ CD=0D

VX —0)2+(y—0)2+(z—0)? = (x—0)2+ (y - 0)2 + (z — 0)2
Squaring both sides,
(x—0)2 +(y —0)3+ (2= )%= (x — 0)% + (y — 0)? + (2 — 0)?

X2+y2 2+ 2cz+c2=x2+y2+ 272
c(2zc)=0

asc#0.

z=cl2

Therefore, the pint D(a/2,b/2,c/2) is equidistant to points A(a, 0, 0), B(0, b, 0), C(0, 0, c)
and O(0, 0, 0).

Q. 15. Find the point in yz-plane which is equidistant from the points A(3, 2, -1),
B(1, -1, 0) and C(2, 1, 2).

Answer : The general point on yz plane is D(0, y, z). Consider this point is equidistant
to the points A(3, 2, -1), B(1, -1, 0) and C(2, 1, 2).

=~ AD =BD



JO0 =32+ (y—2)2+(z+1)2=(0—1)2+ (y+ 1)2+ (z— 0)2
Squaring both sides,

(0-3)2+(y—2)2+(z+1D)?=(0—-1D*+ (y+1D*+(z—0)?
O+y2 -4y +4 + 22+ 22+ 1 =1+ y2 +2y + 1+ 22

By +2z+12=0....(1)

Also, AD =CD

JO=372+(-22+(z+1D2=/(0-27+ (y— D2+ (z— 2)?
Squaring both sides,
(0-3)2+(y—2)*+ (z+ 1)*=(0—2)*+ (y— 1D*+ (z— 2)*?

O+y2 -4y + 4+ 72+ 22+ 1=4+y2-2y+1+ 22 -4z + 4
-2y+6z+5=0...(2)

Simultaneously solving equation (1) and (2) we get
Y=31/16,z=-3/16

The point which is equidistant to the points A(3, 2, -1), B(1, -1, 0) and C(2, 1, 2) is (O,
31/16, -3/16).

Q. 16. Find the point in xy-plane which is equidistant from the points A(2, 0, 3),
B(0, 3, 2) and C(0, 0, 1).

Answer : The general point on xy plane is D(x, y, 0). Consider this point is equidistant
to the points A(2, 0, 3), B(0, 3, 2) and C(0, 0, 1).

=~ AD =BD

VE=2)2+(y-0)*+(0-3)*=J(x~0)°+ (y=3)*+ (0~ 2)°
Squaring both sides,

(x—2)2+ (y— 0)2+ (0—3)2= (x— 0)2+ (y— 3)2 + (0 — 2)?



X2—4x+4+y?+9=X>+y? -6y +9 +4
-4x = -6y ....(1)

Also, AD =CD

VE=2)2+(y=0)2+(0-3)* = J(x~0)*+ (y= 0)>+ (0~ 1)°
Squaring both sides,
(x—2)2+ (y—0)*+(0-3)2=(x—0)*+ (y— 0)*+ (0—1)?

X2—4x+4 +y?+ 9= X% +y? +1

4x=-12 ....(2)

Simultaneously solving equation (1) and (2) we get
X=3,y=2.

The point which is equidistant to the points A(2, 0, 3), B(0, 3, 2)and C(0, 0, 1) is (3, 2,
0).

Exercise 26C

Q. 1. Find the coordinates of the point which divides the join of A(3, 2, 5) and B(-4,
2, -2) in the ratio 4 : 3.

Answer : The coordinates of point R that divides the line segment joining points P (x1,
y1, 1)

and Q (x2, y2, z2) in the ratio m: n are

mx, + nX; my, +ny; mz, +nz,

m+n ~ m+n ' m+n
Point A( 3, 2,5)and B( -4, 2,-2 ), mand n are 4 and 3 respectively.
Using the above formula, we get,

4 X—4 + 3 X3 4x2+3%X2 4x—-2+3x%x5
4+3 " 4+3 7 4+3




(-1,2,1), is the point which divides the two points in ratio 4 : 3.

Q. 2. Let A(2, 1, -3) and B(S, -8, 3) be two given points. Find the coordinates of the
point of trisection of the segment AB.

Answer : The coordinates of point R that divides the line segment joining points P (x1,
y1, 1)

and Q (x2, y2, z2) in the ratio m: n are

mx, + nx, my, +ny, mz, +nz,
m+n ' m+n ' m+n

Point A( 2, 1,-3)and B( 5, -8, 3 ), m and n are 2 and 1 respectively.

Using the above formula, we get,

2X5+1x22X-8+ 1x12x3+ 1><—3)

2+1 ' 2+1 ) 2™
12 —15 3
(3' 3 '3)

(4,-5, 1), is the point of trisection of the segment AB.

Q. 3. Find the coordinates of the point that divides the join of A(-2, 4, 7) and B(3, -
5, 8) extremally in the ratio 2 : 1.

Answer : The coordinates of point R that divides the line segment joining points P (x1,
y1, 1)

and Q (x2, y2, z2) externally in the ratio m: n are

mx, — Nx, my, — ny, mz, — nz,

m—-n ° m-n ° m-n
Point A(-2,4,7 )and B( 3, -5, 8 ), m and n are 2 and 1 respectively.

Using the above formula, we get,



2X3—1xXx-22x-5—-—1%Xx42x%x8— 1x7
2—1 ' 2—1 ’ 2—1

( )

=( 8,-14,9), is the point that divides the two point A and B externally in the ratio 2:1.

Q. 4. Find the ratio in which the point R(S5, 4, -6) divides the join of P(3, 2, -4) and
Q(9, 8, -10).

Answer : Let the ratio be k:1 in which point R divides point P and point Q.

mx,+NX, My,+ny, mMzZ,+Nnz,

Using ( ), we get,

m+n ' m+n ~ m+n

Here m and n are k and 1. The point which this formula gives is already given, i.e.
R(5,4,-6) and the joining points are P(3, 2, -4) and Q(9, 8, -10).

kx9+ 1 x3 kx8+ 1x2kx-10+ 1x—4
k+1 ' k+1 ' k+1

(54,—6) =

Taking any point and finding the value of k, we get

__kx9+1x3
B k+1

5k +5=9k +3

4k =2

K 1
2
Therefore, the ratio be 1:2.

Q. 5. Find the ratio in which the point C(S5, 9, -14) divides the join of A(2, -3, 4) and
B(3, 1, -2).

Answer : Let the ratio be k:1 in which point R divides point P and point Q.

mx,+nx; my,+ny, mz,+nz,

Using ( ), we get,

m+n ' m+n ' m+n

Here m and n are k and 1. The point which this formula gives is already given, i.e.
R(5,9,-14) and the joining points are P(2, -3, 4) and Q(3, 1, -2).



kx3+1x2kx1+1x-3kx—-2+1x4

(5.9 -14) = (77— K+ 1 ’ K+ 1

Taking any point and finding the value of k, we get

B kx3+1x2
B k+1

5k +5=3k+2

2k =-3

K 3
T2

Since, the ratio is -3:2. hence the division is external division.
The external division ratio is 3:2.

Q. 6. Find the ratio in which the line segment having the end points A(-1, -3, 4)
and B(4, 2, -1) is divided by the xz-plane. Also; find the coordinates of the point of
division.

Answer : Let the plane XZ divides the points A(-1, -3, 4) and B(4, 2, -1) in ratio k:1.

. ¢ mx, +nx my-+n mz,+nz
Hence, using section formula (——=—=, 22731 D227 e get
m-+n m-+n m-+n

kx4+ 1 x—-1kx2+1x-3 kx—-1+1x4
k+1 ’ k+1 ' k+1

On XZ plane, Y co- ordinate of every point be zero, therefore

kx2 + 1x-3
k+1 B

2k-3=0

B |

K:

The ratio is 3:2 in XZ plane which divides the line joined from points A and B.



Q. 7. Find the coordinates of the point where the line joining A(3, 4, 1) and B(5, 1,
6) crosses the xy-plane.

Answer : Let the plane XY divides the points A(3,4,1) and B(5, 1, 6) in ratio k:1.

mX, +NX; My,+Nny, Mz,+Nnz,

Hence, using section formula | ), we get

m+n ' m+n m+n

kx5+1x3 kx1+ 1x4kx6+ 1x1
k+1 ' k+1 ' k+1

On XY plane, Z co- ordinate of every point be zero, therefore

kx6 + 1><1_
k+1 -

6k+1=0

The ratio is 1:6 externally in XZ plane which divides the line joined from points A and B.

Q. 8. Find the ratio in which the plane x - 2y + 3z = 5 divides the join of A(3, -5, 4)
and B(2, 3, -7). Find the coordinates of the point of intersection of the line and the
plane.

Answer : Let the plane x — 2y + 3z = 5 divides the join of A(3, -5, 4) and B(2, 3, -7) in
ratio k:1.

The point which will come by section formula will be in the plane. Putting that in the
plane equation will give the point coordinates. The points are A(3, -5, 4) and B(2, 3, -7).

Using section formula,

(mxz +nx, my,+ny, mz, +nz,_)
m+n ' m+n ' m+n :
we get

»

_(k X2+ 1x3 kx3+1x-5 k><—7+1><4)
B k+1 ’ k+1 k+1

Putting this point in the plane equation, we get



2k+ 3 (3k—5)+3(—7k — 4)_
k+1 k+1 k+1 /

2k+3-6k+10-21k+12=5k+5
-25k + 25 =5k +5

-30k = -20

Q. 9. The vertices of a triangle ABC are A(3, 2, 0), B(S, 3, 2) and C(-9, 6, -3). The
bisector AD of ~ A meets BC at D, find the fourth vertex D.

Answer : The given co-ordinates: A(3, 2, 0), B(5, 3, 2) and C(-9, 6, -3)

Now, AB = \[(5-8)2#+(3—2)2+(2-0)2=V3F+1+4=3

Also, AC= /(—9-3)2+(6—-2)2+(—3—-0)2= 144+ 16 + 9 = 13

AB 3
Now, we have, — = —
AC 13

By the property of internal angle bisector,

AB BD
AC CD

BD 3
Therefore, o=



Applying the section formula, we get,

3X5-9X13 3xX3+6x13 3xX2-3x13
DVNJﬂ=( : , )
3+13 3+13 3+13

D(x, Y. 2) = (35 5eroe

16 16" 16

Q. 10. If the three consecutive vertices of a parallelogram be A(3, 4, -3), B(7, 10, -3)
and C(5, -2, 7), find the fourth vertex D.

Answer : the vertices of the parallelogram be A(3, 4, -3), B(7, 10, -3) and C(5, -2, 7),
and the fourth coordinate be D(a,b,c).

the property of parallelogram is the diagonal bisect each other. Therefore,

diagonal AC and BD will bisect each other, and the bisecting point will be equal to the
two diagnals. By using section formula, we get

mx,+NX, mMy,+Nny; MZ,+NZ;

( :

m+n m+n '~ m+n “ where mand nare 1 and 1.

Finding the coordinate of mid point of diagonal AC,

1 X5+ 1 xXx31x—-2+1x41x7+ 1x-3
1+1 ' 1+1 ’ 1+1

=(4,1,2)

Now, Finding the coordinate of mid point of diagonal BD,

(1 Xa+ 1x7 1xb+ 1x10 1><c+1><—3)
1+1 ' 1+1 ' 1+1

_(a+7b+10 c—3)
N2 2 2

Equating the two mid points, we get



a+7 b+10 c-3

(412) = (5553 1hus,
4=a+7
2
b + 10
T2
c—3
T2
Therefore,
8=a+7
a=1
b+10=2
b=-8
and
c=7

therefore the pointis ( 1, -8, 7).

Q. 11. Two vertices of a triangle ABC are A(2, -4, 3) and B(3, -1, -2), and its
centroid is (1, 0, 3). Find its third vertex C.

Answer : Since the centroid of a triangle

- ’ ’

3 3 3

The points are A(2, -4, 3) and B(3, -1, -2), and its centroid is (1, 0, 3). And let its third
vertex C(a,b,c).

Using the formula, we get

243+ a—-4—-1+b 3—-1+c
3 ' 3 ' 3




54+4a-5+b 2+ c
3" 3 ' 3

Equating it with the coordinates of centroid, we get

. 5+ a
3

a=-2

—5+b

3

b=-5

and,

2+c_ 4

3

c=7

therefore, the point is (-2,-5,7)

Q. 12. If the origin is the centroid of triangle ABC with vertices A(a, 1, 3), B(-2, b, -
5) and C(4, 7, c), find the values of a, b, c.

Answer : Since, centroid of a triangle is found by

(x2+xl+ Xy Vot¥Vi+y, 2Zp+zZ;+ zg)

r r

3 3 3

The points are A(a,1,3) and B(-2, b, -5), and its centroid is (0, 0, 0) and its third vertex
C(4,7,c).

Using the formula, we get

-2+4+al1+7+b 3-5+c
3 ' 3 ' 3

= (

2+ a8+b -2+ ¢
3 " 37" 3

Equating it with the coordinates of centroid, we get



therefore, a= -2, b= -8, ¢c=2.

Q. 13. The midpoints of the sides of a triangle are (1, 5, -1), (0, 4, -2) and (2, 3, 4).
Find its vertices.

Answer : The midpoints of the sides of a triangle are (1, 5, -1), (0, 4, -2) and (2, 3, 4).
Let its vertices be A(x1,y1,21), B(x2,y2,22), C(x3,y3,23) .
The mid point of AB is (1,5,-1), therefore

X, + X4

Mid point of AC is (2,3,4), therefore



Mid point of BC is (0,4,-2), therefore

X; +X;

now, adding the equations 1,4 and 7, and divide it by two we get,
X1+X2+x3=3

now subtracting 1, 4, 7 individually, we get

x1=3,x2=-1Tand x3=1

now, adding the equations 2,5 and 8, and divide it by two we get,

yi+y2+y3=12



now subtracting 1, 4, 7 individually, we get
yi=4,y2=6andys=2

now, adding the equations 3,6 and 9, and divide it by two we get,
z1+z2+z3=1

now subtracting 1, 4, 7 individually, we get
z1=5b,z2=-7Tandz3=3

therefore, the coordinates are A(3,4,5), B(-1,6,-7) and C(1,2,3).



