NCERT Solutions for Class-XII Maths

Chapter-5.5

NCERT Math Class 12

Differentiate the functions given in Exercises 1 to 11 w. r. t. x.
COS X . Ccos 2Xx.cos 3x
Let Y =cCosx- COs2Xx-cos3x taklng IOg on bOth the Sides

logy = logcosx + logcos2x + logcos3x

Therefore,
1
_@:_1 .icosx+ -icos2x+ -iCOS&XT
ydx cosx dx cos2x dx cos3x dx

dy 1 . . .
= | —— (=sinx) + -(—sin2x)-2+ -(—sin3x)-3

dx y[cosx ( ) cos2x ( ) cos3x ( ) }
= P _ COsx - €082 - cos3x[—tanx — 2tan2x — 3tan3x |

X
(x—=D)(x-2)
(x =3)(x —H(x=35)

Given: J( (x-1)(x-2)

x=3)(x—4)(x-5)

Lety:\/( (x=1)(x-2) { (v 1)(x-2) )T

x—3)(x—4)(x—5) (x—3)(x—4)(x—5

Taking log on both sides, we get

(+-1)(x-2) T

x—3)(x—4)(x—5)

(x-1)(x-2) }

x—3)(x—4)(x—5)

logy= log[(

1
=logy= Elog{(

310gy=%[10g(x—1)+10g(x—2)—log(x—3)—10g(x_4)_10g(x_5)]

Now, differentiate both sides with respect to x

d 1
:>—(10gY)=—[
dx

2| dx

i10g(x—1)+%log(x—Z)—%log(x—3)—%10g(x—4)—%10};();—5)}



:d_y_z{l_'_l_l_l_l}

dx 2|x-1 x-2 x-3 x-4 x-5

_d_1 (x—1)(x-2) [1 11 11
dx 2 (x—3)(x—4)(x—5) x-1 x-2 x-3 x-4 x-5

(logx)COSX

Let y=(logrx)™", taking log on both the sides

logy =log(logx)™" = cosx - loglogx

Therefore,

1 dy d d

—— =cosx-—loglogx + loglogx - — cos

ydx dx SI0BTT 0808 dx g

:sz cosx-L-lJrloglogx-(—sinx)
dx logx x

- ;”y = (logx)* [Cosx = smxloglogx}
X

xlogx

x* — 2sin X

Given: x* — 2sinx

Lety= x* — 25inx

Lety=u-v

= u=x*and v = 25"*

For,u=x*

Taking log on both sides, we get

log u=log x*

=log u = x.log(x)

Now, differentiate both sides with respect to x

d d
E(logu) = E[X.log(x)]

1 du d d
=== x.a(logx) + logx.a(x)

= du _ u {xl + logx.(l)}

dx X

|




= au =x"(1+logx)
dx

For, v = 25inx

Taking log on both sides, we get

log v = log 2sin*

=log v = sin x. log (2)

Now, differentiate both sides with respect to x

%(bg V)= %[sin X.log(Z)]

1dv d
=>——=]log2.—(sinx
v dx g dx( )

2% = v[log2.(cosx)]

dv
dx
Because,y=u-v
dy du dv
dx dx dx

== % = x*(1+logx)+2""*.cosx .log2

=25 cosx.log2

(x+3)% (x+4). (x+5)*
Let y = (x+3)* - (x+4) -(x+5)°, taking log on both the sides
Therefore,

ldy | 1 L3 1 1
y dx (x+3) (x+4) (x+5)

:@:yh(wr“)()”s) (x+3)(x+5)+4(x+3)(x+4):|
dc | (x+3)(x+4)(x+5)

3@=y_ (x +9x+20)+ (x +8x+15)+4(x +7x+12)
dx I (x )(x+4)(x+5)

2
:%z(x+3)2-(x+4)3-(x+5)4[ Ox” +70x+133 ]
X

(x+3)(x+4)(x+5)
:%:(x+3)-(x+4)2 .(x+5)3(9x2 +70x+133)

(x+1j’“+x(“iJ



Given: (x + le + x(l%j

Lety= [x + ljx + x(l%j

X
Also,Lety=u+v

Su= (x + ljx and v = x@%j

X

for, u= (x—k l}
X

Taking log on both sides, we get

logu = log(x + lj
x

1
= logu = x.log(x+—j
X

Now, differentiate both sides with respect to x

d d 1
— =—| x.1 +—
dx( ogu) = [x og(x xﬂ

:l@—xi lo (x+lj +1o (x+lj i(x)
u dx “dx ! X g x ) dx

[rei ol
x+— |+log| x+—
X X




du ( 1){(%-1) ( 1)]
= —=|x+— > +log| x+—
dx x x°+1 X
[14&)
Taking log on both sides, we get

)

= logv= (l +lj.logx
X

For, v= x

logv =logx

Now, differentiate both sides with respect to x

d d 1
—( =—||1+—=|.1
dx(ogV) dx{( xj ng}

2
X

b ¢ dv :x[l+i]{—logx+x+l}

~ @ :x(HiJ [x+l—logx}
dx 4

%
Because,y=u+v
dy _du  dv
dx dx dx

o 2 _ l+l —
=2 (e H 1]+10g(x+1ﬂ+x( J{l_lg}
dx x x +1 x X

(log x)* + x'°gx
Let u=(logx)" and v = x'=*, therefore, y=u+v

Differentiating with respect to X, we get
dy _du v
dx dx dx

Here, u =(logx)”, taking log on both the sides
logu = xloglogx , therefore,



l@ x- —10 logx + loglo ix
u dx dx glogy glogx dx

1 1 1
=x-——-—+loglogx-1=—-+loglogx
logx x logx

du .| 1+1logx-loglo
= (logn)' | T80
dx logx

= (logx)"" (1+logx - loglogx)
and, v = x'=*, taking log on both the sides
logv =logxlogx, therefore,

lﬂ lo i10 +1o i10
Vx| B gy BB o8

1 1
=logx-—+logx - —
x x

dv 2logx loex | 2logx w1
= | = e 21 3
dx [ X } * [ X } ( ng) ( )

Putting the value of U from (2) and ? from (3) in equation (1), we get
X

dx

? = (logx)™! (1+logx - loglogx) + x'**~* (2logx)
29

(sin x)* + sin™! \/;

Given: (sinx)* + Sil’l_lx/;

Lety= (sinx)* +sin™' Jx
Lety=u+v

= u=(sinx)*and v=sin"' Jx

for, u=(sinx)"

Taking log on both sides, we get
logu =log(sin x)"

= logu =x.logsinx

Now, differentiate both sides with respect to x
i(logu) = %[x.log(sin 0]

- i% =x. dilog(sm x)) + log(sin x). ix( )

du 1 d
= —=u| x.———(sinx) + log(sin x).(1
. u{x Snx v (sin x) + log(sin x) ( )}



= d_u =(sinx)" {.L.cosx +log(sin x).(l)}
dx sin x

= % = (sinx)" [x.cot x + logsin x|
X

for, v= sin”! \/;

Now, differentiate both sides with respect to x

ﬂ = i[siif1 \/;]

dx  dx
:>dv_; d(\/;)

1
d 1-x 2(Jx)
dv 1

E_2 x—x°

Because,y=u+v
dy du dv

dx dx dx

= % = (sinx)" [x.cot x + logsin x| +

1
2\/)c—x2

Xsin X 4 (sin X)cos X

COSx

Let 5 = x> and v=(sinx)™" therefore, y=u+v
Differentiating with respect to X, we get
dy_du dv

dx dx dx

Here, u = x*™, taking log on both the sides

logu = sinxlogx, therefore,

ldu . d d . .1 sinx
—— =sinx- —logx + logx - — sinx = sinx - — + logx - cosx = —— + logxcosx
u dx dx dx x x
du e | SINX el [
i x [— + logxcosx} =yt (sinx + xlogxcosx)... (2)
X X

Cosx

and , v=(sinx)" ", taking log on both the sides logy = cosxlogsinx

Therefore,

1 dv d . . d 1 . .
—— =cosx-— logsinx + logsinx - — cosx = cosx - ——cosx + 1ogsmx(—smx)
v dx dx dx sinx

dv

dx

= v[cosxcotx — sinxlogsinx | = (sinx)***" (cosxcotx — sinxlogsinx)...(3)



Putting the value of Z_” from (2) and ? from (3) in equation (1), we get
X X

dy

dx

cosx (

= x""" (sinx + xlogxcosx ) + (sinx) ™ (cosxcotx — sinxlogsinx)

2
x +1
xXCDSX +

x> =1
2
. +1
Given: x**" +x2—
x =1
2
+1
Lety= x™*" + x2
x =1
Lety=u+v
2 +1

Su=x"and v=

x2 -1

XCOSX

For, u=x
Taking log on both sides, we get
logu =log x™**

=log u = x.cos x.log x

Now, differentiate both sides with respect to x

d d
—(ogu) =—/|x.cosx.logx
dx( &w) dx[ E ]

:ld—u—cosxlo xi(x)+xlo xi(cosx)+x cosxilo x)
u dx o8 “dx o8 “dx ’ “dx &

du . 1
= — =u| cosx.logx + x.log x(—sin x) + x.cos x.| —

X x
du XCOSX .
== [cos x.log x — x.log x.sin x + cos x|
X
du XCOSXx :
==X [cos x(1+logx)—x.log x.sin x]
x
2
x“+1
For, v=—
x° -1

Taking log on both sides, we get

logv =log X +1
xr-1

= log v=1log (x*+ 1) —log (x* - 1)
Now, differentiate both sides with respect to x

%(log V)= %[log(x2 + 1) —log(x? — 1)]




11.

11.

ld 1 d 1 d
~a et E et

:dv—v.[ L (25)-— .(2x)}

5_ w2 +1

. dv _(xz +1J‘_2x(x2 _1)—2)6()(2 +1)

E_ x* -1
3@_ x* +1 —4x
dc \x*-1) (x* +1)(x2 —1)

dv [ —4x }
v __ax
dx | (x*-1)?

Because,y=u+v

dy_du dv
dx dx dx
dy . 4x

= = =x"""[cos x(1+logx)—x.logx.sinx|—| ————
- [cos x(1+logx) - x.log ] sz_l)z}

]
(x cos x))C + (xsin x);

!
Let u = (xcosx)* and v = (xsinx)*, therefore, y=u+v

Differentiating with respect to X, we get
ey, 2
dx dx dx

Here, u = (xcosx)", Taking log on both the sides

logu = xlog (xcosx) , therefore,

1 du d d
= L8 =2 logxcosx) + logxeosx) - -
=x- (oo (—xsinx + cosx) + log(xcosx) -1 = —xtanx + 1+ log (xcosx)

du .
o (xcosx)"[ 1 - xtanx + log (xcosx) |

= (xcosx)” [1 — xtanx + log(xcosx)] (2)

1
and, v = (xsinx)*, Taking log on both the sides

logy = 1 log (xsinx), therefore,
X



12.
12.

%%=i-Elog(xsinx)+log(xsinx)-%%

1 1 . ) 1
= — - ——(xcosx +sinx) + log (xsinx)| ——

X xsinx x
dv | xcotx+1-log(xsinx)
— =y
dx X

1 .
~—| xcotx+1-log(xsinx
:(xsmx){ > g( )}
x

Putting the value of Z_u from (2) and ? from (3) in equation (1), we get
X X

@ _ (xcosx)” [1 — xtanx + log(xcosx)J + (xsinx)* .
X

[ xeotx +1-log xsinx)
dx

Find % of the functions given in exercises 12 to 15.
dx

x¥+y*=1
Given: x¥ +y*=1
Lety=x¥+y*=1
Letu=x¥and v =y*
Then,=ut+v=1

du dv
= o % - =0
For,u=x*
Taking log on both sides, we get
Logu =log x¥
=log u =y.log(x)
Now, differentiate both sides with respect to x

d d
E(logu) = a[y.log(x)]
1du

& {y,%(logx) + logX-%(y)}

u dx

:@—u l+lo x(ﬂj
dx y'x g% dx

= du =x'| 2L+ logx.(ﬂj
dx X dx

For, v=y*
Taking log on both sides, we get
Log v =log y*

10



=log v =x.log(y)

Now, differentiate both sides with respect to x

d d
a(log V) = E[X.log(y)]

so, xy[l+logx.(ﬂj}+yx{E.ﬂ+logy}=0
dx y dx

= (Xy log x +xy™" ).%+(yxy71 +y" logy) =0

:>(xy log x +xy"_1).% :—(yxy_1 + " logy)

dy (yxyf1 +y* logy)

dx (xylogx+xyx_1)

13. y*=xY
13. y ' =x’

Taking log on both the sides, xlogy = ylogx, therefore,

xoilo +lo 'ix— oilo +lo A4
dx & & dx Y dx & & dxy

:x-ld—y+logy-1:y-l+logx-d—y
ydx X dx
:Q(i—longzz—logy
dx\ y X
:>d_y x — ylogx =y—xlogy
dx y x

dy _ y(y—xlogy)
dx  x(x—ylogx)

14. (cos x)Y = (cos y)*
14. Given: (cos x)¥ = (cos y)*
Taking log on both sides, we get

11



15.
15.

16.

16.

log (cos x)¥ =log (cos y)*
=y log (cos x) = x log (cos y)
Now, differentiate both sides with respect to x

y.%log(cosx) + log(cosx).%y = x.%log(cosy) + log(cosy).%x

! (cosx)+10g(cosx) dy:x L (cosy)+log(cosy) Zx
X

“cosx dx dx cosy dx

co);x .(—sinx) + log(cosx).% = coZy .(—siny).% + log(cosy).(l)

dy( x.siny
dx\ cosy

ﬂ(

+ log(cosx)j = . sin ¥ +log(cosy)

COSXx

x.tan x + log(cos x)) = y.tanx +log(cos y)

dy y.tanx +log(cos y)
dx x.tanx +log(cos x)

Xy = e(X_Y)
(x-»)

xy=e
Taking log on both the sides, logr+logy =(x— y)loge = logx +logy =(x- y), therefore,
11 dy dy

_+_._=1_
X y dx dx

:dy —+1 (=1- lzﬂ _1+y =x_—1:>Q=y(x—l)
dx\ y x dx y X dx  x(y+1)

Find the derivative of the function given by f (x) = (1 +x) (1 +x?) (1 +x*) (1 +x%) and
hence find f'(1).

Given: f(x) = (1 +x) (1 +x?) (1 +x% (1 +x¥)

Taking log on both sides, we get

log f(x) =log (1 +x) + log (1 +x2) +1log (1 +x*) + log (1 +x%)

Now, differentiate both sides with respect to x

%logf(x) =ilog(l+x)+dilog(l +x2)+%log(l+x4)+%log(l +x8)

d 1 d 1 d
:>f o ]_Ea )+1+x2.£(1+x2)+1+x4.£(1+x4)+1+x8.a(1+x8)
> £/(x)= f(x){ﬁ+ (s (a0) e (o )}

12



17.

17.

:>f'(X)=(1”)(“xz)(1”4)(1”8){1; ' 13);2 ’ 1?;4 ' lix:cg}

=0 o 20 A SO
=)= 2443

L

= f'(1)=120

Differentiate (x> — 5x + 8) (x> + 7x + 9) in three ways mentioned below:
(1) by using product rule

(i1) by expanding the product to obtain a single polynomial.

(i11) by logarithmic differentiation.

Do they all give the same answer?

Let y =(x2 —5x+8)()c3 +7x+9

(1) Differentiating using product rule

dy [ d/ ; 3 d/, ,

E—(x —5x+8)d—x(x +7x+9)+(x +7x+9)&(x —5x+8)

=(x2 —5x+8)(3x2 +7)+(x3 +7x+9)(2x—5)
=(3x4 +7x% —15x° —35x +24x° +56)+2x4 —5x° +14x% —35x +18x —45

=5x" —20x> +45x% —52x +11

(i1) Differentiating by expanding the product to obtain a single polynomial
y =(x2 —5x+8)(x3 +7x+9)

=x" +7x° +9x% —5x* —=35x% —45x+8x> +56x+ 72

=x° —5x* +15x° = 26x? +11x+ 72

Q:ixs —Six4 +151x3 —26ix2 +llix+i72
dx dx dx dx dx dx dx

=5x" —20x° +45x> —=52x +11
(ii1) Logarithmic differentiation
y =(x2 —5)c+8)()c3 +7x+9)

Taking log on both sides, logy = log(x* —5x+8)+log(x* +7x+9)

13



18.

18.

l.ﬂ: 1 -i(x2—5x+8)+

1 d
L s —(x2—5x+8) & -—(x3+7x+9)

(x3+7x+9) dx
dy 1 1 2
= (2x-5)+ ——-(3 7

dx  x*-5x+8 ( g )+x3+7x+9 ( o )

1
Yy
dy (2x—5)(x3 +7x+9)+(3x2 +7)(x2 —5x+8)

a7 (x2—5x+8)(x3+7x+9)

2x* +14x? +18x—5x° —=35x —45+3x* —15x° +24x* +7x* —=35x+ 56
(x2 —5x+8)()c3 +7x+9)

5x° =20x° +45x* —52x +11
(x2 —5x+8)(x3 +7x+ 9)

:%:(xz —5x+8)(x3 +7x+9)

:>%==5x4—20x3 +45x* —52x+11
X

Hence, all the three answers are same.

If u, v and w are functions of x, then show that
d du dv w
—(M.V.W) =—vVvWwWtu.— w+uv.—
dx dx dx dx
in two ways — first by repeated application of product rule, second by logarithmic
differentiation.
dw

Toprove: i(u,v.w) = ﬂv.w + u.ﬂ.w +uv.—
dx dx dx dx

Lety=u.v.w=u.(v.w)
by applying product rule differentiate both sides with respect to x

P _ du 4
dx_( ).dx+u. x(vw)
dy du d d
=== —tuv.—(w)+w.—
dx ( ) dx ! [v dx(w) v dx(v)}
P _ du dw @
== (v.w). o +(uwv). +(u.w).dx
Taking log on both sides, we get
as, y=u.v.w

log y = log (u.v.w)
logy=logu+logv+logw
Now, differentiate both sides with respect to x
d d d d
2 (logy)="1 2 2
= dx( 0gy) —-logu+—-logv+—-logw
14
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=
=
:_

15

RO | FPRESRO | DPRORO | DPRORO | DPRRORUO | DPRROROOIo | DPRROROOI | DPRROROOI | DPRROROOI | DPRRORUOI | DPRROROUI | DRSO | OO ISR

sivmersti b

urmersten b

PN U



