-x2 1—x%+x2

d i Vvi—x2—  —— 1
—“-= 121{ z 2. ﬁ=(1—xz). Vi1-X2 = =
dx 1-x*+x T (1-x2)2
du _ 1
dx V1-xZ
Differentiating v with respect to x
dv _ d [cos }2x% -1)] _ -1 d(2x* -1) -1 4
— = . = . 4x
dx e J1-(222 -1)7 T gy J1-daxt—1+4x2
dv _ —4x =N
dx VaxT-ax* 2x/1-x2  Vi-x°
dv -2
dx 1-x2
d
du _ gy
v dv
dx
1
E Ji-x2 _ -1
dv =.. 2
1-x2
du _ -1
-3 class24
-1
Ans. —
2

7. Question

Differentiate ¢in3 x With respectto nqe3 x

Answer

Given : Let u = sin® x and v = cos®x
To differentiate : sin® x with respect to cos3 x

d (x™)

Formula used : —~ 7 — p.x"1
dx
i) _
dx
dico ;
(cosx) _ - &in %
dx

The CHAIN RULE states that the derivative of f(g(x)) is f'(g(x)).g’(x)

3 3

letu =s8in“xand v = Ccos°x

Differentiating u with respect to x



du .2 __ d(sinx) . 2

— . — - X

= 3sin“ x = 3sin“xcos x
du _ 2 :

e 3sin“xcos x

Differentiating v with respect to x

dv _ 2 . d{cosx) _ 2 .

S 3cD8° X ra 3C0S“X SInXx
dv . 2 .

= 3c08“Xx sinx

du

du g,
dv d_v
dx

du 3sin® xcosx sin x |
—_— = = —fanx
dv -—3cos*xsinx —COSX

du

& = —fanx

Ans. —fan x

8. Question

Differentiate COS

Answer
i,
_ -1/ 1-X° _13x—x3
Given : Let u = COS = | and v = tan 3
1+x° 1-3x
1—-x* 3x-x’
To differentiate : cos_l 5 with respect to tan_l w—y
s 3
Formula used ; ~2n97ta0" 8 _ 4+ n 36
1-3tan®0
d (x") — n.x"1
dx
d (tan ' x) 1
dx = 1+ x?
d (cos™'x) -1

d.x \{1_ xz



The CHAIN RULE states that the derivative of f(g(x)) is f'(g(x)).g’(x)

L(E'l = vdu—udv

dx ve
R |
1] 1—-%x° o 3x—x’
Let u = COS = | and v = 1an 3
1+x~ l1-3x~
Differentiating u with respect to x
di 43 cos—? 1'*"-1 - —% d( X, —(1+ x%) -2x(1+ x*)-2x(1- x*)
dx A \[1-(1+x= 2 _lix_dx (1+x%)°=(1-x?%)? (1+x%)*
du _ —(1+x7%) —2x-2x2-2x+2x? —(1+x®) —4x 42
dx  J1+x0 +2x% —1—x% + 252 (1+ x2)2 T Jax? T (A+x2)? 0 1442
du _ +2
dx 1+x?
Forv = tan
Llet x = tan B
_q1 3x-x*
tan 1 X J(z -
1—-3x
tan~! 2= = 3tan~1x
1-3x°

Differentiating v with respect to x ,

dv_ d(3tan™'x) _ 3
dx dx 1+ x2
E_ 3
dx 1+x2
du
du _ g4/
dv .ﬂr
dx
d = 2
u 2
g
dv 3
1+Xx°
du 2
dv 3

W | 19



9. Question

3

2 [ -
Differentiate tan —— | With respect to §111 % |
A ) L1+ x”
Answer
/ 5 A , |
' ] 1+x° -1 . A ¢
Given : Let u = fan — | and v = SIIl = [
x -
' ) 1+ X
| 5 \ .
- al V1+x*=1] -1 2x )
To differentiate : tan with respect to sin = I,
X ) 1+x°
Formula used : d (%) = n.x?1
dx
d (tan™!x) 1
dxk. = 14 x2
d (sin™1x) I - 2 4
s . class

The CHAIN RULE states that

[ V1+x% -1 ] -1( 2% )

letu = tan

X

Putx =cotBor8 =cot *xyinu

2__ 2n_ _4 cosecB8-1
-1 Y1421 g V1+cot?0-1 _ 4.1
X cotB cot®
1 1-5in@ 1-sing
—q1 cosecB-1 _ - —_ il
tan £ = tan_l sin® = tan‘l —sin® = tan coS
co cotB cotB e
1-s1nB e
g W _1 1-sin
tan~! 208 = tan! .
sin@
2 8 & g 28

g
We know that 1 - siné = CGSEE + sin .

1-sin@ = (casg =4 sing)2

- 2sin—-cos—- and cosB = cos<— —
2 2 2

sin
2

5 6



1 1-sinB

Substituting the above values in tan™ ,we get

cosB

(CQEE—S"DE)E

_y1-sin® _ (cos_—sin-)® -
tan~? =tan" ! —% =2y = tan™' —— .
cos B cnsz-;— sinzi- (cnmg—mni)(cusz--i-mn—z-)
1-sin® (r.:musE smg)
—1 1-sin - L
tan~* = e
cos® (cus;+smi)
s 8 .
Dividing by cos % on numerator and denominator,we get
6 .06 6
tan-1 (cnﬂg—nngl pp—— 1 —t:m% pr— tan(f— 6, m_#8
(cns—-+sin—z-} 1+tan— 2 4 2
=1
~jalented ¥ B = _4a
tan % 4 2 4 2

Differentiating u with respect to x

d(tan—lw) d(E_ cﬂt_lﬂ) 1
T e
du 1
o class24
a il ' '
v = sin™! —
1+ x?
Put x = tanB
. 2y " 1 2 tan @ 231119 2Lne_. . )
V =sin™! = sin™* ——— = gip-1 Zoosg = sin™ —§*2 = sin™" (2sin 6 cosA)
1+ x* 1+ tan®#@ -
cos<@
L _q 2% o * 1 s _
V=sin"' — =sin" (2sinf cos#) = sin™* (sin26) = 26 = 2tan™" x
T =
V=sin"' — =2tan"" x

Differentiating v with respect to x

dve 2
dx 1+ %2
du
du 4«
T

dx




i
dv 4
Ans. l
4
10. Question
~a
-1 ¥1-Xx°
Differentiate fa1 1 with respect to Cos“l(’)xq h _ xl ) when x = ().
X ) =
Answer
( 3
Given : Let u = '[al‘l_1 —l — and v = = 2
' b - - cos (2x41-Xx°)
\
\
b
1| ¥1-X"

To differentiate : tan

i e )
with respect to ¢ I(ZX\/I —x%)

X
Formula used : %xn) = C|08824
d(tan™'x) 1
dx. 1+ x2
d(cos™'x) = -1
dx  J1-x2

The CHAIN RULE states that the derivative of f(g(x)) is f'(g(x)).g’(x)

. -
- -1 ¥1-x" . - " ;
Let u = tan - and v = g I(ZX ] ~%*)

X

Substitute x = cosB in u

= -1,v1- x* = el M — -1rV sin” @
" = tan ( x ) an ( cos@ ) an ( cos#@ )
U= tan“(:in:) =tan"!(tan@) = 6

Differentiating u with respect to x



du_ -1
dg V1-x?

Substitute x = sinB in v,

v=rcos * (2xy1— x2)=cos™* (2sin6 V1 — sin?8) = cos™* (2sinf vcos28)

v =cos™? (2sin@ vcos28) = cos™* (2sinf.cos6) = cos™* (sin286)
P | e e e e
v =cos™" (sin2@) = cos™" (cos[> —28]) =5 — 26

m 11 e
v=--— 20 =-— 2sin .

M -
v=s- 2sin"tx

Differentiating v with respect to x

dv -2

E= vi-—x°

o N

o

-
|\I,_',
-

£d
|

class24

Exercise 101

1. Question

dy

Find — , when

dx
X =8t 1Y = 2at
Answer

Theorem: y and x are given in a different variable that is t. We can find g by finding -j—‘: and ;;: and

then dividing them to get the required thing.

ﬂ d(2at)
dt dt

TR (1)



Dividing (1) and (2), we get

dx 2at

dy 2a

z
t
2. Question

dy
dx

X =acos0,UY=bsinB

Find , when

Answer

dy dx

. : . ; . d :
y and x are given in a different variable that is 8 . We can find ﬁ by finding T and = and then

dividing them to get the required thing.

dy dbsinf  dsinf

d8  deé (dﬂ

=co0s6 )

class24

= Boast. ....tl1)

dx _ d(acosf) (dcnsﬂ_
ae N

do dé

Dividing (1) and (2), we get

dy o bcost (casﬁ -

dx —asinf sinf

_ —bcoth

a

3. Question

Find d_}’
dx

X = acos?® , Y = b sin‘0

, when

Answer

. - . . . d . dy dx
Theorem: y and x are given in a different variable that is 8 . We can find Ey by finding d—: and Eand

then dividing them to get the required thing.



dy _ dbsin®8

de dé
.

= bx 2s5in@ X cosB (using the chain rule ds:; # = 2s5in@x d::ﬁ = 2s5inB X cosB )
= 2bsinBcosO . ........... (1)
dx dacos®6
de  deé

. , : dcos* @ dcosb :
= a X (2cosB)x (-sinB ) (using chain rule = = 2c0sB X —— 2 cosB x (-sinB ) )

= -2asinBcosh.
Dividing (1) and (2), we get

dy 2bsinBcosb
dx —2asinBcosd

-b

a

4. Question

d
Find ._Y. , when I 2

ds classl4
X = a cos38, Y = a sin36
Answer

i : : : : dy . 4. dy dx
Theorem: y and x are given in a different variable that is 8 . We can find = by finding — and ;-éand
then dividing them to get the required thing.
dy _ dasin®8
dé dée
% i .
= ax 3 sinB x cosB (using the chain rule d‘s:; 9 = 3sin20x dj;la = 2sin4B x cosB )
= 3asin“BcosB . ........... (1)
dx dacos*8
g  df
4

= a % (3cos28)x (-sinB ) (using chain rule dc:; 9 = 2c0s8x d::a = 2 cosB x (-sinB ) )

= -3asinBcos?8.

Dividing (1) and (2), we get



dy _ 3asin® fcosB
dx —3asinBcos?*#

—s5iné

cosf

= -tan@

5. Question

Find d}f
dx

X =a(l -cosB), Y =a(b + sin 8)

, when

Answer

d dx
Y and — and

d
..Theorem: y and x are given in a different variable that is 8 . We can find .:i_i by finding 20 28

then dividing them to get the required thing.

dy _ da(@+siné)
de de

= 3% (14CO80 ) ...coccoius (1)
dx da(l—cosb)
de de

= BSNE. (2)

class24

Dividing (1) and (2), we @

ﬂ _a(l+co8)
dx  asin®

1+costB

siné

2cos*(8/2)

= T ) — 2 T G
25in(8/2)c0s(6/2) ( 1+cosB=2cos-6/2 and sinB = 2sin(8/2)cos(6/2))

= cot(B/2)

6. Question
dy
dx

X=alogt, Y=Dbsint

Find , when

Answer

d d dx
Theorem: y and x are given in a different variable that is t. We can find Ey by finding d—:: and - and

then dividing them to get the required thing.



dy dbsint

dt  dt
—T ¢ (o 5|~ (O, (i3
dx d(alogt)
dt dt

a
= 7 e (2)

Dividing (1) and (2), we get

dy bcost
E_ aft

_ bt cost

Qa

7. Question

dy

— , when

dx

Find

Theorem: y and x are g mc24 variable thQ! q\§§ %4 by fmdmg and — and

then dividing them to get:
ay . d(e® +sint)
dt dt

= et + cost ... (1)(__3)

d_x B d(logt + cost)
dt dt
1

o sint. ... «£2) {

d !ogt

1
al

Dividing (1) and (2), we get

dy € +cost

E B -E--sint

_ t(e*+cost)
1-tsint

8. Question



dy

Find — , when
dx
X =cos B + cos 28, Y = sin 8 + sin 26
Answer
> : : ; : dy s AR dx
Theorem: ¥ and x are given in a different variable that is 8 . We can find = by finding - and d—gand

then dividing them to get the required thing.

dy _ d(sinf+sin28)

de d6

= cosB + cos26x2 .......... (1) (using chain rule ds;:w = 0520 X %?-
dx d(cos6 + cos28)

a6 de

= -sin® -2sin20 ................ (2) (using chain rule - c::ZH = SIn26 X %q

Dividing (1) and (2), we get

dy cosB+2cos26

dx —(sinf +Zsin295

class24

9. Question

dy
dx

X=/sin20 V= Jcos.’ie

Answer

Find , when

: . : : ; d G d dx
Theorem: y and x are given in a different variable that is 6 . We can find Ey by finding d—; and Eand

then dividing them to get the required thing.

dx _ dvsin28@

48 de

_ 2cos28 (ILSIH chain rule d Vsin26 . 1 % dsinZE)
2\sin286 g d8  2vsin26 de

dx cos28

_— I ——— o

de Vsin28 (1)

dy d(Vcos26)

de de

_ —2sin26 (using chain rule dVsin26 _ 1 " dsinZB)
Zv’rcnszﬂ 9 dég . 2\"51‘7129 dé



Dividing (2) and (2), we get

sianN cos26
cos280/Vsin26

dy__
dx

Vsin? 26
Vcos328

= -( tan28)3/2
10. Question

dy
dx

Izea(sinﬁ+cose),y=ea(sinﬁ-ﬁcasﬁ)

Find — , when

Answer

Theorem: y and x are given in a different variable that is 8 . We can Fnd by fmding s ancl E;:-md

dx dé
then dividing them to get the required thing.

ay _ d &Y (sinf-cos6)
ae dé

class24

d
) = u%+v—}

= % (cosB + sin@ ) + (sind “cos8)ef .. ..(1) {by using product rule,

dx d e°(sind + cos6)
d6 do

D u-g_-+ v—}

= e% (cosB - sinB ) + e® (sinB +cosB ) ............... .(2) {by using product rule,

Dividing (1) and (2), we get

dy e? (25in8)
dx &% (2cos8)

=¥ang .

11 . Question

dy

— , when

dx
X =a(cosB8+6sinB ), Y=a(sinb -6 cos B)

Find

Answer



Theorem: ¥ and x are given in a different variable that is 6 . We can find % by finding % and % and

then dividing them to get the required thing.
dy _ da(sinf-6cosb)

de dé
: : a(uv) dv e .. e )

= a(cosB - (-0 sin® + cosO )) {by using product rule, = u-d: + v i while differentiating 6cos0 }
= alisin® ) ......... (1)
dx d a(cosf + 6sing)
de de

; ; ; d(uw) dv du ; , = .5
= a(-sinB +0 cosB +sinB ) {by using product rule, — u-d—x- ;i vﬂ while differentiating 6cost }

= aX Ocos0 .......... (2)

Dividing (1) and (2), we get

dy ax@sinf
dx axBcosb
= tanB ANS

12. Question

Find d}’

, when

Answer

, . . d — d dx
Theorem: ¥ and x are given in a different variable that is t . We can find d—i by finding d—: and = and

then dividing them to get the required thing.

3atrs
& (1+2%)
. dt
(1+t3)6at-3at(2t) L p du _dv
= ~———————— {by using divide rule, dlu/v) _ Ygy “¥g3 )}
(1+¢2) dx p2

~ 6at+6at?—6at?
(1+4£%)°

6at
=g (1)




3at
dx d (1 & tf)

dt ~ deé
» - du dv
. SEHET )00 Snepan) {by using divide rule, &%/¥) _ Vgy ~ gy }
(1+12)2 dx 2

~ 3a+3at®-6at?
(1+¢2)2

3a-3at*
= e A2
(1+£2)2 L4)

Dividing (1) and (2), we get

dy _  eat/(1+t)"
dx 3a(1-t%)/(1+t%)2
2t

-~ (1-¢?)

13. Question

Find d)’

, when

class24

Answer

dy dx

Theorem: y and x are given in a different variable that is t . We can find I: by finding e and S and

then dividing them to get the required thing.

2t
E = d{l-i-tz}
dt At

2)a du dv
= M {by using divide rule, d(u/v) _ Jdx " Yax}
(14t2)2 dx e

_ 2422 —4¢2
(1+t%)?




P du dv
= (1+67)(20)-(1-%)(2¢) {by using divide rule, 8&/v) _ Ygy ~¥5 }
(1+£%) dx 2

 —2t-2t3-2¢t+2¢3
(1+t2)2

Dividing (1) and (2), we get

dy _ 2-2¢2 J(1+¢2)°
dx -4t f(1+t2)°

_ t7-1
- (2t)

14. Question

Find .g.
dx

, when

Answer

class24

variable that is t . We can find % by finding — and — and

Theorem: y and x are give
dt dt

then dividing them to get the'r

t
Let us assume u= jJ(th)

dy _ dsin™'(u)
dt dt

__ 1 du
T N@a-u?) " dt

1 V1+£2 x1-t(2¢/2V(1+¢2)) du dv
( {by using divide rule, 2/v) _ Ygy " ¥5 1
<

= X
Va-w?) (Viee) dx :

Putting value of u

V(1+t2) 1
o X -
! (14¢2)(2)
1
e (1)

Let assume v= Ja+t3)



dx d(ms v)
dat dv dt

= T = [y TV {by using divide rule, &(%/v) H}
Ve T\ (1)) Vs Fren "Tdx |

Putting value of v

tV(1+82)

3
tx(1+£2)2

u’(1+t3)

(1+t=)2

Dividing (1) and (2), we get

dy _ 1 x(1+t2)
dx  1+4t° 1

=1

15. Question

class24

sin”t, show that _—cott

dx

If X =2 cost - 2 cos3t,

Answer

d dx
4 and — and

d
Theorem: y and x are given in a different variable that is t . We can find dz by finding — e s

then dividing them to get the required thing.

dy _ d(sint-2sin®t)
dt dt

= cost - 6 sin°t x cost ...........(1) (using chain rule)

dx d(2cost — 2cos "¢)
dr dt

= -2sint + 6cos?t X sint ................ (2) (using chain rule)

Dividing (1) and (2), we get

dy  cost(l-6sin®t)
dx  2sint (3cos®t-1)

. t(ar'+ cost)
1—tsint




16. Question

1+]03Tandy_ 3+2logt dy _

IFxX= = .
t- t dx
Answer
. . ; : . dy dx
Theorem: ¥y and x are given in a different variable that is t . We can ﬁncl by flndlng and = and

then dividing them to get the required thing.

dy _ d(3+2logt)/t

dt dt
_ ( ) (3+2109t))(1 d(u/v) Uﬂ—HE
= {by using divide rule, = Mdx__dy
te dx =
1+2logt
= S s (1)
dx d(1+ logt)/t?
dt dt
d d
" tz(%)_(zuzt logt) ey using divide.rule, 404/v) _ u——I" i )
e _ dx v2
2logt+1 d | |
e ofSROE) [/ Class24
Dividing (1) and (2), we get '
dy _ —(1+2 logt)/t*
dx —(1+2 logt)/t3
= 1.
17. Question
. dy T
IfX=a(0@-sinB),Yy=a(l -cosB), find —atb=_.
dx 2

Answer

. : . : _ d Ty d dx
Theorem: ¥ and x are given in a different variable that is 8 . We can find f by finding d: and Eand
- o

then dividing them to get the required thing.
dy _ da(1-cosé)

de dé

= asing ... (1)

dx da(8—siné)

d6 d6




=all=cos8) ... (2)
Dividing (1) and (2), we get

dy asing
E B ax(1l—cosB)

Putting 8= n/2

sin(mn/2)
1—cos(m/2)

= 1.

18. Question

d 36
If X =2 cosB - cos 20 and Y = 2 sin 6 - sin 20, show that ._Y.=tan s——
dx 2
Answer
. : : : : dy .. dy dx
Theorem: ¥ and x are given in a different variable that is 8 . We can find - by finding = and ﬁand

then dividing them to get the required thing.

dy d(2sin8-sin28)
de de

class24

= 2cosB - 2co0s26 ........H(

dx d (2cos@ — cos
de de
= =2sinB@ + 2sin20 ..........(2)

Dividing (1) and (2), we get

dy 2cosf-2cos2b
dx  2sin26-2sinb

_ cosB—-cos26

sin28—-sinf

cos6—(2cos*6-1)

25infcosf—sind

{sin2t = 2sintcost} {cos2t = 2 cos*t — 1}

By factorising numerator, we get

(1 —ﬂnsa)[cnsﬂﬁb

z.ﬂnﬂ(casﬂ-i}

_ 1-cos8 _ cosB+ {l—casﬁ'
~ 2sinf casﬂ—z sinf

= tan(3))



tan(@) _ (2(1-tan*(Z ))+(1+tan*(Z )
1 2(1—tan?(Z ))—~(1+tan?(2))

Foe simplicity let's take 68/2 as x.

_ tanx  2-2tan® x+1+tan®x
2 2-2tan® x—1—-tan®x

__tanx _ 3-tan®x
2 1-3tan®x

_ 3tanx-tan®x 3tanx-tan®x

= = tan3x

1-3tan=x 1-3tan<x

tan3x g
e x:—
2 v

_ tan 3—5)
= 2
2

19. Question

sin” t o cos” t dy
Jcos 21 :!c

Answer

If X =

class24

ferent variable that is t . We can find :—i by finding — and — and

Theorem: ¥ and x are giver
dt dt

then dividing them to get the required thing.

(sin®t)
-y — d(w_conr))
J dt
. .3 f(—sin2t) du dy
_ veeszfi3sin” xcost)—sin t( JCosat )) {by using divide rule, 4(&#/v) _ Vgy ~ ¥}
cos2t ax v?
2tx(3sin? txcost )+sin? tx(2sintcost : :
= — AN Vv Zm et {sin2t = 2sintcost}
(cos2t)z
in® t cost(3cos2t+2sin® t
(cos2t)z

sin® ¢t cost(3—4sin® t)
= 2
(cos2t)2

sint cost (3sint—4sin® t)

- {sin3t = 3sint — 4sin®t}
2(cos2t)z

sin2txsin3t

= W ke A1)

3
(cos2t)z



cos?t

d

dy _ ~cos2t
dt dv
- - L 3 (""'ﬂﬂzr} du dv

_ VeosZi(3cos® ex(—sint)—cos® ¢ ——=)) {by using divide rule, (&/v) _ gy ¥z }

cos2t dx &
" casth(-zcnsztxsint)-i-:nsz tx(2sintcost) {SiTIZt - ZSiﬂtCOSt}

(cos2t)z

2t sint(—3cos2t+2cos’t
e teiwacentiions b) trosat = 2008°t — 1)
(cos2t)z

cos” t sint(3—4cos°t)

2 3
(cos2t)z
: 3cost—4cos®
= w {cos3t = 4cos®t — 3cost)
(cos2t)2
sin2txXcos3t
o S il L)

2(cos2t)z

Dividing (1) and (2), we @

sin2tx<cosat

2
dy _ _ 2(cos2t)2

x
dx sSinzrx<xsinat

3
(coszt)2

class24

= —cot3t

20. Question

If X = (2 cos B8 - cos 20) and = (2sin 8 - sin 28), find 3

Answer

here we have to find the double derivative, so to find double derivative we will just differentiate the
first derivative once again with a similar method.
dy dx

d
Theorem: ¥ and x are given in a different variable that is 86 . We can find Ey by finding % and Eand

then dividing them to get the required thing.

.t_iz d (2s5sin8—-sin28)
de de

= 2cos8 - 2cos20 ...........(1)



dx d (2cos6 — cos26)
de dé
= -25inB + 2sin28 .......... (2)

Dividing (1) and (2), we get

dy cosf-cos2f
dx  sin26-sinb

= tan(gz-—e) {as shown in question no. 18}

Let == f'
dz
dx? o

= To find " we will differentiate " with 6 and then divide with equation (2).

dy
id.’: _dtan( )
de df

sec?(29)

_2._
1

Now divide by equation

class24

dzy 3SEC2( )
dx2 4

(sin
Putting 68 = n/2

d’y 3
il e

3
5

21. Question

-

—-—

IfX=a(B8-sinB), Y =a( 1+cos 8), find

o vt

dx

Answer

here we have to find the double derivative, so to find double derivative we will just differentiate the
first derivative once again with a similar method.

dy dx

Theorem: ¥ and x are given in a different variable that is 86 . We can find f—; by finding — and Eand

then dividing them to get the required thing.



ﬂ __da(l+cosb)

8  df

= —asing ...........(1)

E_ d a(é — siné )
de dé

= a(l-cosl ) ......... A2)

Dividing (1) and (2), we get

d}r —asinég
dx ax(1-cos6)

-
_Z 100 g g - - -
"“(z]c;“z_) {sin2t = 2sintcost} {cos2t = 1 — 2sin* t}

2 sin?-—
2

= -cot (6/2)

= To find " we will differentiate " with © and then divide with equation (2).

dy 20
e - cosec (z_) o 1
de 2 a(l—-cosf)

=3
= 2a sinz(g)x(z sinz(gﬁ [

Weriee24
= -}a cosec* (g)
Exercise 10]

1. Question

Find the second derivate of :

(i) x** (ii) 5%

(iii) tan x (iv) cos™ix

Answer

(i) x11

Differentiating with respect to x
f(x) = 11x11-1

f'(x)=11x10

Differentiating with respect to x

f(x) = 110x10-1



f’(x)= 110x°

(ii) 5%

Differentiating with respect to x
f'(x)= 5X loge 5 [ Formula: aX = aX logga ]
Differentiating with respect to x
0= logaS - 5% logeS

= 5%(loge5)?

(iil) tan x

Differentiating with respect to x
f'(x)= sec?x

Differentiating with respect to x

f"(x)= 2secx . secx tanx

= 2sec?x tanx

(iv) cos 1x

Differentiating with respect to X

—1
f'(x) =
V1 —x2
Differentiating with respect to x
1! - —a
f (){) — T X 3 X — 22X
(1—x2)2
—X

= 3

(1-x3)2

2. Question

Find the second derivative of:
(i) X sin X

(ii) e2X cos 3x

(i) x3 log x

Answer

Differentiating with respect to x

f'(x)= sinx + Xcosx

class24



Differentiating with respect to x
f”(x) = cosx +cosx — xsinx

= -SiNX + 2cosX

(i) e?* cos 3x

Differentiating with respect to x
f'(x) = 2e*cos3x + e**(-sin3x).3
= 2e%Xcos3x - 3e%Xsin3x

Differentiating with respect to x

f’(x) = 2.2e**cos3x + 2e?*(-sin3x).3 - 3.2e**sin3x - 3e%*cos3x.3
= 4e%Xcos3x - 6e%*sin3x - 6e%%sin3x - 9e%*cos3x

=-12e2Xsin3x - 5e4Xcos3x

(iii) %3 log x

Differentiating with respect to x

f(x) = 3x“logx + -x:

f'(x) = 3x%log x + x*

Differentiating with respect to x

— 3x*
f'(x) = 6xlogx + T+ 2X

= 6X log X + 3x +2X

= 6X log X +5x
3. Question
2
» d7y
If Y = x + tan x, show that cos< . - 20+ 2% = 0.
dx.ﬁ

Answer
y = X + tan X, = tan x = y-x.... (i)

Differentiating with respect to x

dy 2.
&—1+sec X

Differentiating with respect to x



d?y
ﬂ? = 28ecX .secxtanx
d2

— 2
== = 4secx tanx

2
_, 4%y _ 2tanx

dx= cosZ x

2

= COS%x ::Tz = 2 tan x [putting value of tan x from (i) ]

dz
= cos®x ;ﬁ = 2y — 2%

dz
=¥ COS“X Ix%'—Zy+ 2x =

4. Question

If Yy =2sinXx+ 3 cos x, s how that Yy + {=D.

Answer

Differentiating with respect tt

. = 2 3 si
__ — x
e COSX sinx |

Differentiating with respect to x

d%y .
— = —2S8InX—3CO0SX

Hence Proved

5. Question
If Y = 3 cos (log x) + 4 sin (log x), prove that xz‘yz + X0 =1 = 0,
Answer

Differentiating with respect to x

1 1
y, = — 3sin(log x); + 4cos(logx) :



=y, = SAdnfleg) v camagn [ we can also write this as xyy = -3sin(log x ) +4cos(log x )

X

Differentiating with respect to x

X (—3 cos(logx) % — 4 sin(logx )%) — (—3sin(logx) + 4 cos(logx))
xz

-'—:- (3cos(logx) — 4sin(logx)) — (y;X)

’3 =

= X%V,

2 -
=X Y2 = ¥ T W¥N"
= X%y> + Xy1 +y =0
Hence Proved

6. Question

d

5,
If y = e cos x, show that J = 2e*sin x .

dx

‘.,_
-

Answer

Differentiating with respect to X

dy dy
= —@~*COoS XX

dx dx

dy _—
= B — —_

= ee ™ cosx— e

- -
= ﬁ = —e *(cosx + sinx )

Differentiating with respect to x

d?.
Eﬁ = e *(cosx +sinx ) — e ™(—sinx + cosx)
d’y -X
el =g (cosx +sinx— (—sinx) — cosx)
dz g
= E:g: e *(sinx + sinx)
2
4 %ﬁ' = 2e *sinx

Hence proved

7. Question



g,

E_J

If Y = sec x - tan x. show that (cos x)

dx

bo| =t
I
Ly
Mo

Answer

Differentiating with respect to x

dy
— = secxtanx — sec?x
dx

Differentiating with respect to x

d®y |
=5 secx tanx X tanxX + secx X sec°x — 2secx X secxtanx

dz
= -d:;’-' = secxtan®x + sec3®x — 2sec®xtanx

dZ
= ﬁ= secx (tan’x + sec®x — 2secxtanx)

1 dzy_

(secx — tanx)?

class24

Hence Proved

8. Question

2
If Y = (cosec x + cot x), prove that (sin x) d { - yz =0

dx

Answer
dy 2
— = —C0SeC XCOtX — CcosSec”Xx
dx
Differentiating with respect to x
d’y _ : " L
-~ cosec Xxcot“ X + cosec®x+ 2cosecx X cosecxcotx

d’y 2 2
= —— = cosecx (cot“x + cosec“Xx+ 2cosec XCotx)
. (cotx + cosecx)?

cosec x dx=

—

= sinx— = y?

dx*



dz
=5 smzv:dj!‘;r y*=0

Hence proved

9. Question

If Y = tan'1, show that (1 + x2)

Answer

Differentiating with respect to x

dy 1

dx 1+ x2

- 24y _
(1+x )dx—

Differentiating with respect to x

d*y dy
2_ — | —
L1+x") +2:«;i =0

Hence Proved

class24

10. Question

d
If Y = sin (sin x), prove th an ) y —~ + Y cos®x = 0.
dx dx
Answer
Differentiating with respect to x
— = C0S(sinXx) cosx
- = cos(sinx)
Differentiating with respect to x
d’y . |
i —sin(sinx) cosx cos X — sinxcos(sinx)
dy

=9Y_ _veos?x — sinx —-

dx? y COS X
=&Y _ycos?x—tanx Y

dx? y dx

dz

dy
v=s — + ycos®x + tanx-——- =



Hence Proved

11. Question
If Y = a cos (log x) + b sin (log x), prove that x*Y> + xU; + Y = 0.
Answer

Differentiating with respect to x

. 1 . :
y, = — asin(logx) - [ can also be written as -xy;= a sin (log x) ]
X
Differentiating with respect to x

—x acos(logx) % + asin(logx)

Yz = 2

2
= X%y, = =y — Xy,
= X%y, + Xy; + y=0
Hence Proved

12. Question

Find the second derivative of e3 si

class24

Answer

Differentiating with respect to X

ds
é = 3e3*sin 4x + 4e3*cos4x

Differentiating with respect to x

dz

7 Ex%’ = 9e3*sin4x + 12e3*cos4x + 12e3*cos4x — 16e3*sin 4x

dz
= Ef = 24e3*cos4x — 7e**sinx

iy dy 3x
il (24 cosx — 7 sinx)

13. Question

Find the second derivative of sin 3 X cos 5x.

Answer

1
y=3 [sin(5x + 3x) + sin(5x — 3x)]



1'8+1'2
y = 5sindx+; sin2x

Differentiating with respect to x

Y _ 2 cos8x+ ~cos?
dx — 3 C088x+ Jcosax

d
=#d—i'- 4 cos 8% + COs 2X

Differentiating with respect to x

d®y
@ = —328In8x — 2sin 2x

Hence Proved

14. Question

If Y = e, prove that (cos?x) d Y. - (1+ sin 2x). d}’
dx dx

Answer

Differentiating with resp

d

class24

= sec’xetanx

dy
= cos? xa—e

Differentiating with respect to x

(cos’x) —= ¥ — (2cos XSinx)—y = gec*x o™ ™x
dx? dx
- (cos?x) ¥ _sin2x Y - &
dx2 dx  dx

dy . . dy d
= (cos?x) dxi-' SIHZXi*i= 0

= (cos? x) - (sin2x + 1)

Hence Proved

15. Question



~ logx :

d%y _ (2logx-3)

If Y = , show that

X dx;} x3

Answer

Differentiating with respect to x

1:-: —1
z XX —logx

=&

x 2

dy 1-logx

ﬁ_=

dx x*

Differentiating with respect to x

—1

iy X x? — 2x(1 - logx)
dx2 x*
- d®y  -x-2x(1-logx)

dx® x*
_, d°y _ -1-2+2logx

dx2 x3
- d®y _ (2logx-3)

dx2 x?

Hence proved

16. Question

v,

d7y . dy

If Y = e®X cos bx, show that

Answer

Differentiating with respect to x

—

dx-  dx

class24

+ (a2 + b?%) = 0.

d
& = ae**cosbx — be**sinbx
dx
BX 32 ax dy
be**sinbx = ae**cosbx— —
dx
Differentiating with respect to x
dzy 2 .ax ax ax 2 paX
i a‘e**cosbx — abe* sinbx — abe**sinbx — b“e**cos bx
d2y :
- S ¥ _ 323 cosbx — 2abe®**sinbx — b%?e**cosbx

dxz



dzy_ ( ax dy) ZadXx
- a’e®™cosbx — 2alae®™cosbx o b“e®*cosbx
d*y 2 2 .ax
Hey— Y *cosbx - 2a‘e cosbx+2a§— b<e* cosbx~
d’y 2 .ax dy
= a‘e*™cosbx — b*e*cosbx + 2a =
A — (a2 + b?)(e*cosbx) + 2a%Y
dx? dx
d%y 2
ﬁﬁ_-(a +b)y+ 23

42
dxf 22 +(a + b?)y=0

Hence Proved

17. Question

d*y _dy

-X——-a%y = 0.

dx-  dx

If Yy = e@€05"1X _ 1 < x £ 1, show that (1 - x?)

Answer

Taking log on both sides C| G SS 24
log y = acos 1x log e |
log y = acos™1x

Differentiating with respect to x

1 dy —2
y ydx 1 — x?

d _aeacns'ix

dx . vi1-x2
Differentiating with respect to x

2 .acos tx
ace -1 2X

2 X V1 —x2— 3e %" "¥x
d°y _ J1-—x2 2v1 — x2
dx? (1-—x2)

cos ™ 1x

d*y -1 axe
= (1 — xz R 32 ecos X
( ) =




Hence Proved

18. Question

dzy

.
-

If x = at? and Y = 2at, find

dx

Answer

Differentiating with t

dx—Zatdy—Za
dt 7 dt

dy -—1dt
dx2  t2 dx
=}d2;r_ -1}( k1

dx? 163

19. Question

Ifx=a(B-sinB)and Y = a(l - cos 0), find

Answer

Differentiating with respect to 6

dx dy

i a(1 —cosB) i asin®
dy dy dx

dx de ~dé

_dy _ _ asin®

dx  a(l-cos8)

at t = 2.

class24

yat9= .
dxj-



dy sin ©

= —

dx 1—-cosB

Differentiating with respect to x

d’y cosO(1—cosB)—sin“8 dé

—_—— ——— e Y —

dx? (1 —cos0)? dx
1 ﬂ' ~ cosB-cos®B-sin® O o 1
dx? (1—cosB)= a(l1-cosB)
d* -1 1
POl O o il

dx? (1-cosB)= " a(l1—cosB8)

d*y —(1-cos8) " 1
dx? (1-cos8)®* a(l-cosB)

dy -1
dx? a(1-cos0)?

d%y -1
iy TR m———
dx*  a(1-(-1))
=3 d_ﬁ_r e -1
dx? 4a

20. Question

class24

If Y = sin (log x), prove

Answer

Differentiating with respect to

y — —_—
- cos(logx) -

e cos(logx)

Differentiating with respect to x

@y = sin(logx)%x — cos(logx)

dx? X"
2 4%y
-~ sin(logx) — cos(logx)
axz = Y dx



dz dy
S dx2+y+x;—0

Hence Proved

21. Question

v ol 7
Sl X o
show that (1 - x2) d 3xd_y- 4 = 0,

Y .
V1-x- dx*  dx

Answer

J1—x2y=sin"'x

Differentiating with respect to x

dy 2Xy 1
J1—x* -
dx 2y1-x2 1-x2

" 2
o x)dx Xy =

Differentiating with respect to x

dy
dx

d%y
(1-x%) 2 2X

class24

= (1-— xz)——Bxdx

Hence Proved

22. Question

If Y = e* sin x, prove that d Y - 2 dy+ 2 =1.
dx-  dx

Answer

y = e*sinx

Differentiating with respect to x

— = e*sinx+ e*cosx
dx

e
ECOSX—dx e” SInx

Differentiating with respect to x



d?y
— = e*sinx + e*cosx + e*cosx— e*sinx

dxz
dz
ﬂd—x%= 2e*cosx
=-"-d—2—3—29—y-— 2e*sinx
dx2 “dx
d*y dy
=N eyt B
dx? dx 2}’
Wy S S
ae Ca T YT

23. Question

If x = a(cose+logtan;

Answer

class24

dy sinb®

— = aco0s0 x
dx acos<0

dy
E = tan®B

Differentiating with respect to x

d? do
L - sec?f—

dx? dx

d%y /—)2 sin 0
= —
dx? ( 2) X acos- 8

Jand 1Y = a sin 6, show that the value of d y at 68 =



E=2xai)f
NG
L &y _ 2v2

dx? a

24. Question

d* d-
If x =cost+ logtan —, Y = sin t then find the values of ;": and g
2 dt-  dx”
Answer
5 I
- int + —fsec 2 dy t
— = — N — = COS
: 1
= -—sSint + —
sint
- —sin*t+ 1
B sint
class24
~ sint
dy .
— = COS
dt

Differentiating with respect to t

2

- 9Y _ _sint [Puttingt=n /4 ]

a2

=
LY
dt=

.
42
dy dyxdx
dx dt = dt
dy _
=== = COStX —
dy _
=>dx—tant

Differentiating with respect to x

Y _ coc2t3 [puttingt = n /4 ]

2
dx? dx



25. Question

2 / 2
If Y = x*, prove that d 3 s l d_}’} -—-i =0,
dx* Y ldx

Answer

y = x*

Taking log on both sides
log y = X log x

Differentiating with respect to x

1dy _ :
i 1 +logx .. (i)

class24

i
o y(1+ logx)

Differentiating with respect to

d’y y dy - | i
s + (1 +logx) s [putting value of (1 + log x) from (i) ]

dx? X vy \dx
' A
e d_?) — 0
d«? x y \dx

Hence Proved

26. Question

p

¥ + 2x (x2 + 1) d_y=2.
dx* dx

If Y = (cot™1 )2, then show that (xZ + 1)?

Answer
y = (cot™1x)?

Differentiating with respect to x



dy —2cot™*x
dx  1+x2

= —2cot ™ x = (1 +x2)g

Differentiating with respect to x

d’y 2+ 4x cot™lx
dx2 (1 +x2)2

-
:*(1+xz)2:x§ 4xcot™ix =2
- 328y o f A
(1+x%)22 2x( (1+x )dx)_ 2

- 2y 4%y 2y dy _
(1+x )dx=+ 2x(1+x )dx-— 2

Hence Proved

27. Question

m
IrY = {x +\lx2+1} .

Answer

dx Vx2+1
dx x<+1

dy =
[dxw!x3+1—my]

Differentiating with respect to x

dy 2_ _2xmy
m—y 14+x=—
= dz? dx szz+1

dx? (1+x2)



d*y dy

= (1+x%) 3 =my—x—
:'(1+x2)—+ x¥ — m?y=0

dx Y

Hence Proved

28. Question

)
If Y = log [x + x+x}x"+a"il then prove that (x?2 +32)d5’+ ¥ .0

dx

Answer

2X
1% —
ﬂ U 2vxT+ a?

- X4+ vxE+ 3*

S anZ
:‘dy_ 2Jx+a+2xx 1

dx 2./ x2+ a2 X+ x2+a2

dy 1

- E_K - v x%4a?

= (x° +az)—+ x—-=0

Hence Proved

29. Question

1
Ifx =a(cos® +08sinB )and Y = a(sin 6 - 6 cos 6), show that Y = i
d

Answer

Differentiating with respect to 6

dx dy

0 =a(—sin® +sin® + 08 cosh) — 6 = a(cosb — cosO +0sinb)



dx dy

f»-d—e-=a9cosﬂf*55=aﬁsin9
dy dy dx
dx de  deé

dy aBsin B sin B

= — = i —

dx aBcosB cosB

Differentiating with respect to x

d2y de
— = sec’0 X —
dx dx
dzy 2
= —
dx* sec”t X aBcosh
- d?y . V" sec®
dx® 28

2 3
=bd3r sec” 0

E af
Hence Proved
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30. Question

| 2

If x =acos 6 + bsin B and no -bcos B, show that yl d7y _xd_y+‘y =
dx-  dx
X

Answer

dx . y

E=-asm9+ bcos 6 i acosf8 + bsinB

dy dy dx

dx df  dé

:?ﬂ_ acosB+ bsin®B

dx —asinB8+bcosB

dv
2 e A
::»l"'iI Yy _ Y *ix

dx? y*



2
yzd—-+ xd—r— y=0

Hence Proved
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