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EXERCISE 1.2

1. Show that the relation R defined by R = {(a, b): a— Db is divisible by 3; a, b € Z}is an
equivalence relation.

Solution:

Given R={(a, b): a— b is divisible by 3; a, b € Z} is a relation

To prove equivalence relation it is necessary that the given relation should be reflexive,
symmetric and transitive.

Let us check these properties on R.

Reflexivity:

Let a be an arbitrary element of R.

Then,a—a=0=0x3

= a - ais divisible by 3

class24

= (b,a) ERforalla,beZ

So, R is symmetric on Z.
Transitivity:

Let (a, b) and (b, c) ER

= a-bandb - caredivisible by 3
= a—b=3pforsomep€e’Z
Andb-c=3qforsomeq€Z
Adding the above two equations, we get
a-b+b-c=3p+3q
=>a-c=3(p+q)

Here,p+q€Z

= a - cis divisible by 3

= (a,c)ERforalla,ceZ
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So, R is transitive on Z.
Therefore R is reflexive, symmetric and transitive.
Hence, R is an equivalence relation on Z.

2. Show that the relation R on the set Z of integers, given by
R ={(a, b): 2 divides a — b}, is an equivalence relation.

Solution:

Given R ={(a, b): 2 divides a — b} is a relation defined on Z.

To prove equivalence relation it is necessary that the given relation should be reflexive,
symmetric and transitive.

Let us check these properties on R.

Reflexivity:

Let a be an arbitrary element of the set Z.

Then,a €ER

class24

= (b-a)/2 =-
Here,-p€Z
= 2 dividesb - a

= (b,a) ERforalla,b€Z

So, R is symmetric on Z

Transitivity:

Let (a, b) and (b, c) ER

= 2 divides a-b and 2 divides b—c

= (a-b)/2 =p and (b-c)/2 =g forsomep,q€Z
Adding the above two equations, we get
(a-b)/2+(b-c)/2=p+q

= (a-c)/2=p+q

Here, p+q€Z

= 2 dividesa-c
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= (a,c)eRforalla,c€Z

So, R is transitive on Z.

Therefore R is reflexive, symmetric and transitive.
Hence, R is an equivalence relation on Z.

3. Prove that the relation R on Z defined by (a, b) € R <> a - b is divisible by 5 is an
equivalence relation on Z.

Solution:

Given relation R on Z defined by (a, b) ER < a - b is divisible by 5

To prove equivalence relation it is necessary that the given relation should be reflexive,
symmetric and transitive.

Let us check these properties on R.

Reflexivity:

Let a be an arbitrary element of R. Then,
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Here,-p€Z [Since p € Z]
= b - ais divisible by 5

= (b,a) ERforalla,b€eZ

So, R is symmetric on Z.

Transitivity:

Let (a, b) and (b, c) ER

= a - bis divisible by 5

= a-b=>5pforsomeZ

Also, b - ciis divisible by 5

= b-c=5qforsomeZ

Adding the above two equations, we get
a-b+b-c=5p+5q
=a-c=5(p+q)
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= a - cisdivisible by 5

Here,p+q€Z

= (a,c)ERforalla,cez

So, R is transitive on Z.

Therefore R is reflexive, symmetric and transitive.
Hence, R is an equivalence relation on Z.

4. Let n be a fixed positive integer. Define a relation R on Z as follows:
(a, b) € R <> a-bis divisible by n.
Show that R is an equivalence relation on Z.

Solution:

Given (a, b) ER © a - bis divisible by n is a relation R defined on Z.

To prove equivalence relation it is necessary that the given relation should be reflexive,
symmetric and transitive.

class24

Let (a, b) ER

Here, a - b is divisible by n
=a-b=npforsomep€eZ

= b-a=n(-p)

= b - ais divisible by n [pEZ=>-pEZ]
= (b,a) ER

So, Ris symmetric on Z.

Transitivity:

Let (a, b) and (b, c) ER

Here, a - b is divisible by n and b - c is divisible by n.
= a-b=npforsomepe’Z

And b-c=nqforsomeq€Z
a—-b+b-c=np+nq
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=a-c=n(p+q)

= (a,c) ERforalla,cez

So, R is transitive on Z.

Therefore R is reflexive, symmetric and transitive.
Hence, R is an equivalence relation on Z.

5. Let Z be the set of integers. Show that the relationR={(a, b):a,b € Zanda+b is
even}is an equivalence relation on Z.

Solution:

GivenR={(a, b):a,b €Zand a + b is even}is a relation defined on R.

Also given that Z be the set of integers

To prove equivalence relation it is necessary that the given relation should be reflexive,
symmetric and transitive.
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=a+bisev

= b +ais even

= (b,a) ERforalla,b€Z

So, R is symmetric on Z.

Transitivity:

Let (a, b) and (b, c) ER

= a+bandb+careeven

Now, leta+ b =2x forsomex €Z
Andb+c=2yforsomey€Z

Adding the above two equations, we get
A+2b+c=2x+2y
=a+c=2(x+y-b), whichisevenforallx,y,b€Z
Thus, (a,c) ER

So, R is transitive on Z.
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Therefore R is reflexive, symmetric and transitive.
Hence, R is an equivalence relation on Z

6. m is said to be related to n if m and n are integers and m - n is divisible by 13. Does
this define an equivalence relation?

Solution:

Given that m is said to be related to n if m and n are integers and m — n is divisible by 13
Now we have to check whether the given relation is equivalence or not.

To prove equivalence relation it is necessary that the given relation should be reflexive,
symmetric and transitive.

LetR={(m,n):m,n €EZ: m-nisdivisible by 13}

Let us check these properties on R.

Reflexivity:

Let m be an grhi element of Z.
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Here,p €Z
=>n-m=13(-p)

Here,-p€Z

= n - mis divisible by 13

= (n,m)ERforallm,nez

So, R is symmetric on Z.

Transitivity:

Let (m, n) and (n, o) ER

= m-nandn-o are divisible by 13
=>m-n=13pandn-o0=13qforsomep,q€Z
Adding the above two equations, we get
m-n+n-o0=13p +13q

> m-0=13(p+q)

Here,p+q€Z
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= m - o is divisible by 13

= (m,0) ERforallm,0€Z

So, R is transitive on Z.

Therefore R is reflexive, symmetric and transitive.
Hence, R is an equivalence relation on Z.

7. Let R be a relation on the set A of ordered pair of integers defined by (x, y) R (u, v)
if xv = y u. Show that R is an equivalence relation.

Solution:

First let R be a relation on A

It is given that set A of ordered pair of integers defined by (x, y) R (u, v) if xv=y u

Now we have to check whether the given relation is equivalence or not.

To prove equivalence relation it is necessary that the given relation should be reflexive,
symmetric itive.

ent of the set A.
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Let (x, Y that (x, y) R (u, v). Then,

XV=yu
SVX=Uuy
S uy=vX

= (u, V) R(x, y)

So, R is symmetric on A.

Transitivity:

Let (x, y), (u, v) and (p, g) €R such that (x, y) R (u, v) and (u, v) R (p, 9)
=>xv=yuanduq=vp

Multiplying the corresponding sides, we get
XVXUQ=yuxvp

=Xq=yp

= (x, y) R (p, q)

So, R is transitive on A.

Therefore R is reflexive, symmetric and transitive.
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Hence, R is an equivalence relation on A.

8. Show that the relation Rontheset A={x € Z; 0 < x <12}, given by R ={(a, b): a=b},
is an equivalence relation. Find the set of all elements related to 1.

Solution:

Givenset A={x € Z;0<x<12}

Also given that relation R ={(a, b): a = b} is defined on set A

Now we have to check whether the given relation is equivalence or not.

To prove equivalence relation it is necessary that the given relation should be reflexive,
symmetric and transitive.

Reflexivity:

Let a be an arbitrary element of A.

Then,a €ER

very element is equal to itself]
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Transitivity:
Let (a, b) and (b, c) ER
=a=bandb=c

=>a=bc
=>a=c
= (a,c) ER

So, R is transitive on A.

Hence, R is an equivalence relation on A.
Therefore R is reflexive, symmetric and transitive.
The set of all elements related to 1 is {1}.
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