RD Sharma Solutions for Class 11 Maths
Chapter 27 — Hyperbola

EXERCISE 27.1

1. The equation of the directrix of a hyperbola is x —y + 3 = 0. Its focus is (-1, 1) and
eccentricity 3. Find the equation of the hyperbola.

Solution:

Given:

The equation of the directrix of a hyperbola =>x -y + 3 =0.

Focus = (-1, 1) and

Eccentricity = 3

Now, let us find the equation of the hyperbola

Let ‘M’ be the point on directrix and P(x, y) be any point of the hyperbola.

By using the formula,

e = PF/PM

PF = ePM [where, e is eccentricity, PM is perpendicular from any point P on hyperbola
to the directrix]

So,
(x—y+3)
VE+1D)2+(y—-1)2=3 e
. x-y+3)
[fx+ 1)2 —yz g YT

By squaring on both sides we get

. 22 (L |E-y+3)|\
(UI(X‘T‘l) +y-1 ) =(3 ATl m)
3% (x—y+3)*

(x+12+(y— 12 =——

[We know that (a — b)> = a> + b? + 2ab &(a + b + ¢)> = a> + b? + ¢* + 2ab + 2bc + 2ac]
S0, 2{x* + 1 +2x +y*+ 1 -2y} =9{x* + y*+ 9 + 6x — 6y — 2xy}

2x2+2 +4x +2y? + 2 — 4y = 9x? + 9y>+ 81 + 54x — 54y — 18xy

2x2+ 4 +4x + 2y~ 4y — 9x? - 9y? - 81 — 54x + 54y + 18xy =0

—7x%*-7y* - 50x + 50y + 18xy — 77 =0

7(x* +y?) — 18xy + 50x — 50y + 77 =0

~The equation of hyperbola is 7(x> + y?) — 18xy + 50x — 50y + 77 =0

2. Find the equation of the hyperbola whose

(i) focus is (0, 3), directrix is x + y — 1 =0 and eccentricity =2
(ii) focus is (1, 1), directrix is 3x + 4y + 8 = 0 and eccentricity = 2
(iii) focus is (1, 1) directrix is 2x + y = 1 and eccentricity =\3
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(iv) focus is (2, -1), directrix is 2x + 3y = 1 and eccentricity = 2

(v) focusis (a, 0), directrix is 2x - y + a = 0 and eccentricity = 4/3

(vi) focus is (2, 2), directrix is x + y =9 and eccentricity = 2

Solution:

(i) focus is (0, 3), directrix is x + y — 1 = 0 and eccentricity = 2

Given:

Focus = (0, 3)

Directrix=>x+y—-1=0

Eccentricity = 2

Now, let us find the equation of the hyperbola

Let ‘M’ be the point on directrix and P(x, y) be any point of the hyperbola.
By using the formula,

e = PF/PM

PF = ePM [where, e is eccentricity, PM is perpendicular from any point P on hyperbola
to the directrix]

So,
(x+y—1)
Va2 +(y=3)2 =20
x+y—-1)
x—0)24+ (v—-3)2=2|————
d N d VIF1

By squaring on both sides we get

2 (x+y—1) )2
/ 2 2 Al
(v(x 0)2 +(y 3))—(2 NES ‘
(x—0)*+(y—3)? _Z & ; 2

[We know that (a —b)? = a?> + b? + 2ab &(a + b + ¢)? = a? + b> + ¢? + 2ab + 2bc + 2ac]
S0, 2{x*+y>+9 -6y} =4{x>+y*+ 1 -2x — 2y + 2xy}

2x2+2y? + 18 — 12y = 4x? + 4y*+ 4 — 8x — 8y + 8xy

2x2+2y? + 18 — 12y —4x> —4y* — 4 - 8x + 8y — 8xy =0

—2x% -2y —8x—4y—-8xy+14=0

2(x*+y?—4x +2y +4xy—-7)=0

X2+ y?—4x+2y+4xy-7=0

~The equation of hyperbola is x> + y?> —4x + 2y + 4xy — 7 =0

(ii) focus is (1, 1), directrix i1s 3x + 4y + 8 = 0 and eccentricity = 2
Focus=(1,1)
Directrix =>3x+4y+8=0
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Eccentricity =2

Now, let us find the equation of the hyperbola

Let ‘M’ be the point on directrix and P(x, y) be any point of the hyperbola.

By using the formula,

e = PF/PM

PF = ePM [where, ¢ is eccentricity, PM is perpendicular from any point P on hyperbola
to the directrix]

So,

V."(X_j_)z 5 [};_ 1)2 — 2 M

V32+42

(3x + 4y + 8]
9+ 16

\,‘.
By squaring on both sides we get
2
= 3x+4y +8
=D G=1p) = (2[2es))
(VG D217 o

VEx-1)2+(y-1)2=2

(xADE R 2y HEL
[We know that (a — b)? = a? + b?> + 2ab &(a + b + ¢)? = a> + b? + ¢? + 2ab + 2bc + 2ac]
25{x* +1-2x + y?+ 1 -2y} =4{9x*> + 16y*+ 64 + 24xy + 64y + 48x}
25x2 +25 — 50x + 25y% + 25 — 50y = 36x> + 64y + 256 + 96xy + 256y + 192x
25x%+ 25 — 50x + 25y* + 25 — 50y — 36x* — 64y? — 256 — 96xy — 256y — 192x =0
11x% = 39y2 — 242x — 306y — 96xy — 206 = 0
11x? + 96xy + 39y* + 242x + 306y + 206 = 0
~The equation of hyperbola is11x? + 96xy + 39y? + 242x + 306y + 206 = 0

(iiii) focus is (1, 1) directrix is 2x + y = 1 and eccentricity =\3

Given:

Focus=(1, 1)

Directrix =>2x +y=1

Eccentricity =V3

Now, let us find the equation of the hyperbola

Let ‘M’ be the point on directrix and P(x, y) be any point of the hyperbola.
By using the formula,

e = PF/PM

PF = ePM [where, ¢ is eccentricity, PM is perpendicular from any point P on hyperbola
to the directrix]

So,
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(2x+y—1)
422+ 12
(2x+vy—1)

i

JE—-1)2+(y-1)2=43

JE—1)2+ (y—1)2=43
By squaring on both sides we get

(J@—nf+@—nﬂ3=@@

)2

3(2x+y—1)°
(-1 + (y - 12 - 2BV ZD
[We know that (a — b)?> = a? + b? + 2ab &(a + b + ¢)> = a> + b? + ¢? + 2ab + 2bc + 2ac]
5{x2+1-2x+y>+ 1 -2y} =3{4x> +y*+ 1 +4xy -2y — 4x}
5x2+5—10x + 5y* + 5 — 10y = 12x> + 3y* + 3 + 12xy — 6y — 12x
5x2+5-10x +5y* + 5 - 10y — 12x* = 3y* =3 — 12xy + 6y + 12x =0
— T2+ 2y +2x =4y — 12xy +7=0
Tx2+12xy —2y? —2x +4y-7=0
~The equation of hyperbola is7x? + 12xy — 2y* — 2x + 4y— 7 =0

(2x+y—1)

V5

(iv) focus is (2, -1), directrix is 2x + 3y = 1 and eccentricity = 2

Given:

Focus = (2, -1)

Directrix =>2x + 3y = 1

Eccentricity = 2

Now, let us find the equation of the hyperbola

Let ‘M’ be the point on directrix and P(x, y) be any point of the hyperbola.
By using the formula,

¢ = PF/PM

PF = ePM [where, ¢ is eccentricity, PM is perpendicular from any point P on hyperbola
to the directrix]

So,

Jx—2)2+(y+1)2=2

(2x+3y—1)
N
(2x+3y—1)

ZT9

JE—2)2+ (y+1)2=2

By squaring on both sides we get

. " (2x + 3y — D[\’
(Vax—27+G+D2) =(2 = D
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2
(x—2)+(y+1)? = 4(2X+1? D

[We know that (a — b)?> = a? + b? + 2ab &(a + b + ¢)> = a> + b? + ¢? + 2ab + 2bc + 2ac]
13{x?+4 —4x +y>+ 1+ 2y} =4{4x> + 9y* + | + 12xy — 6y — 4x}

13x% + 52 - 52x + 13y? + 13 + 26y = 16x* + 36y* + 4 + 48xy — 24y — 16x
1352+ 52 — 52x + 13y2 + 13 + 26y — 16x% — 36y% — 4 — 48xy + 24y + 16x = 0
—3x%2—-23y?* - 36x+ 50y —48xy + 61 =0

3x% +23y? + 48xy + 36x — 50y—- 61 =0

~The equation of hyperbola is3x* + 23y? + 48xy + 36x — 50y— 61 =0

(v) focus is (a, 0), directrix is 2x - y + a = 0 and eccentricity = 4/3

Given:

Focus = (a, 0)

Directrix=>2x-y+a=0

Eccentricity = 4/3

Now, let us find the equation of the hyperbola

Let ‘M’ be the point on directrix and P(x, y) be any point of the hyperbola.
By using the formula,

e = PF/PM

PF = ePM [where, ¢ is eccentricity, PM is perpendicular from any point P on hyperbola
to the directrix|

So,

4|(2x—vy+a)
(v a2 _ 2 —
V-2t (y-02=2 e
4|(2x—y+a)

By squaring on both sides we get

(J(X_ )2 + (},)2)2 - (% (b{_—%—i_a)

2
&)
16(2x—y +a)?
a2 2 _
(x—a)*+(y) 9% T

[We know that (a — b)> = a> + b? + 2ab &(a + b + ¢)> = a> + b? + ¢? + 2ab + 2bc + 2ac]

45{x* + a® - 2ax + y*} = 16{4x*> + y* + a> — 4xy — 2ay + 4ax}

45x? + 45a% — 90ax + 45y = 64x> + 16y? + 16a% — 64xy — 32ay + 64ax

45x? + 45a% — 90ax + 45y — 64x* — 16y? — 16a*> + 64xy + 32ay — 64ax =0

19x? — 29y? + 154ax - 32ay - 64xy - 29a> =0

~The equation of hyperbola is19x* — 29y? + 154ax - 32ay - 64xy - 29a> =0
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(vi) focus is (2, 2), directrix is X + y =9 and eccentricity =2

Given:

Focus = (2, 2)

Directrix=>x+y=9

Eccentricity = 2

Now, let us find the equation of the hyperbola

Let ‘M’ be the point on directrix and P(x, y) be any point of the hyperbola.
By using the formula,

e = PF/PM

PF = ePM [where, ¢ is eccentricity, PM is perpendicular from any point P on hyperbola
to the directrix]

So,

(x+y-9)
(x—2)2+(v—2)2=2|—-
VG2 G- =2

(x+y—-9)
(x—2)2+4+(v—-2)2=2|———
sy I+l

By squaring on both sides we get

2 [ |Gty =9’
(*«.X(X +2)2+(y= 2)2) = (2 TD

2
(-2 4 (y-22 = YD)

[We know that (a — b)> = a> + b? + 2ab &(a + b + ¢)> = a> + b? + ¢? + 2ab + 2bc + 2ac]
X2+ 4 —4x+y*+4 -4y =2{x*+y*>+ 81 + 2xy — 18y — 18x}

X2 —4x +y?> + 8 — 4y = 2x% + 2y? + 162 + 4xy — 36y — 36x

x?—4x +y? + 8 — 4y — 2x%? - 2y* — 162 — 4xy + 36y + 36x = 0
—x?—y?+32x + 32y +4xy — 154 =0

X2 +4xy +y?> —32x - 32y + 154 =0

~The equation of hyperbola isx? + 4xy + y? —32x — 32y + 154 =0

3. Find the eccentricity, coordinates of the foci, equations of directrices and length of
the latus-rectum of the hyperbola.

(i) 9x* — 16y = 144

(i) 16x* — 9y* = -144

(iii) 4x* — 3y* =36

(iv) 3x> —y* =4

(v) 2x* - 3y*=5
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Solution:

(i) 9x* — 16y* = 144

Given:

The equation => 9x% — 16y” = 144
The equation can be expressed as:

9x* 1léey® .
144 144
%2 2
2y
16 9

%2 2
2y
42 32

The obtained equation is of the form

¥ _y_

a2  b?

Where, a2 =9,b>’=16i.c.,a=3 and b=4

Eccentricity is given by:

Foci: The coordinates of the foci are (0, +be)
(0, £be) = (0, £4(5/4))
=(0,£5)

The equation of directrices is given as:
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5x+16=0

The length of latus-rectum is given as:
2b%/a

=2(9)/4

=9/2

(ii) 16x% —9y? = -144

Given:

The equation => 16x? — 9y? = -144
The equation can be expressed as:

9y?  16x?
144 144

2 XE

y: X
16 9

XZ 2

L G
32 .»_1_2.
The obtained equation is of the form
%2 }_.z

=2 rh !

Where, a’ =9, b’ = 16i.e,a=3andb=4

Eccentricity is given by:
2

i1}

e= 1+

]
=
+
ol e| 3

|0

Foci: The coordinates of the foci are (0, +be)
(0, £be) = (0, +4(5/4))
= (0, £5)

The equation of directrices is given as:
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The length of latus-rectum is given as:
2a%/b

=2(9)/4

=9/2

(iiii) 4% — 3y*=36

Given:

The equation => 4x? — 3y* = 36
The equation can be expressed as:
4x%  3y°

— e al
36 36
XZ 2
2y
9 12
XZ }FE

==y
32 (V12)?

The obtained equation is of the form

%2 Fz
2 !

Where, a2=9,b?>=121i.e.,a=3 and b=12

Eccentricity is given by:

f z
e = 1+b—
=

1z
=, 11+—
g

—

_ (21
~ Vg

[
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(£ae,

O%H

21
)= (£V21, 0)

The equation of directrices is given as:

ta
No=

The length of latus-rectum is given as:

2b’*/a
=2(12)/3
=24/3
=8

(iv) 3x*—y*=4

Given:

The equation => 3x> —y* =4

The equation can be expressed as:
3x2  y2

- =1
4 4

X y_,
a7

3
Xy
(3)2 (2)?
V3
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The obtained equation is of the form
xZ }I,Z 1

a2 b2

Where, a=2/V3 and b =2

Eccentricity is given by:

Foci: The coordinates of the foci are (fae, 0)

(+ae, 0) =£(2/\3)(2) =+4/\3
(+ae, 0) = (413, 0)

The equation of directrices is given as:

a
X==1
2
2
=¥ = iﬁ
2
N 1
=2xXx=+—
V3
= \,,."'EX= +1
V3x+1=0

The length of latus-rectum is given as:

2b’/a
= 2(4)/[2/\3]
=43

(V) 2x2-3y*=5

Given:

The equation => 2x? — 3y? =5
The equation can be expressed as:
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2x%  3y? .
5 5
:{2 },2
575!
2 3
XE },2

E) 2 E) 2
V2 V3

The obtained equation is of the form

xZ }I,Z

a® b2

Where, a = V5/42 and b = V5/13

Eccentricity is given by:

H
+
|

(=

1]
(]

1
=
+

ra | oo | o

Il
==
+

|
=

L | B

(+ae, 0) = (£5/V6, 0)

The equation of directrices is given as:
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a
X=71-
e
Vb
{2
=X= iﬁ
V5
V3
1
= X=1+T—
V6
= 6x = +1
V6xF1=0

The length of latus-rectum is given as:

2b%/a

2
2 (Y5

Sl

(]
x
(S]]

Sl

2]

2V
3

4. Find the axes, eccentricity, latus-rectum and the coordinates of the foci of the

hyperbola 25x* — 36y” = 225.

Solution:
Given:

The equation=> 25x* — 36y? = 225
The equation can be expressed as:

25x%  36y?
225 225
XE },2

@ @

-
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2 2

X y

32 5

)
The obtained equation is of the form
xZ }I,Z

a2 b2

Where,a=3 andb=15/2

5 =

Eccentricity is given by:

Foci: The coordinates of the foci are (fae, 0)
(+ae, 0) = =3 \5\/61/6) =+61/2
(xae, 0)=(xV61/2, 0)

The equation of directrices is given as:

The length of latus-rectum is given as:
2b%/a
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25
6

-~ Transverse axis = 6, conjugate axis =5, ¢ = \61/6, LR = 25/6, foci = €= \61/2, 0)

5. Find the centre, eccentricity, foci and directions of the hyperbola

(i) 16x> — 9y* + 32x + 36y — 164 =0
(i) x> —y*+4x=0

(iii) x> -3y’ —2x=8

Solution:

() 16x> —9y? +32x + 36y — 164 =0
Given:

The equation => 16x> — 9y? + 32x + 36y — 164 =0

Let us find the centre, eccentricity, foci and directions of the hyperbola

By using the given equation
16x>— 9y’ +32x + 36y — 164 =0

16x2+32x + 16— 9y> + 36y — 36— 16 +36 — 164 =0
16(x2+2x+ 1)~ 9(y> — 4y +4) — 16 +36— 164 =0

16(x2 +2x+ 1) = 9(y2 — 4y + 4) — 144 =0

16(x+1)>=9(y —2)> =144
16&+1F_9@—2F__

144 144
x+1)? (y—2)?

5 16 !
(x+1)?* (y—2)?

32 B 42 =1

Here, center of the hyperbola is (-1, 2)
So,letx+1=Xandy—-2=Y

The obtained equation is of the form
xz }rZ 1

az b2

Where,a=3 and b=4

Eccentricity is given by:
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Foci: The coordinates of the foci are (+ae, 0)

X=45andY=0
x+1=4x5andy—-2=0
x=+5—-1landy=2
x=4,-6andy=2

So, Foci: (4, 2) (-6, 2)

Equation of directrix are:

= 5X=49

=5X+9=20

= 5(x+1)F9=0
=5bx+5+9=0
=5x+5—-9=0and5x+5+9=0
5x—4=0and5x+14=0

=~ The center is (-1, 2), eccentricity (e) = 5/3, Foci = (4, 2) (-6, 2), Equation of directrix =

5x—4=0and 5x+14=0

(ii) x2 - y* +4x=0
Given:
The equation => x> —y* +4x =0

Let us find the centre, eccentricity, foci and directions of the hyperbola

By using the given equation
x*—y?+4x=0



RD Sharma Solutions for Class 11 Maths
Chapter 27 — Hyperbola

xX?+4x+4-y*—-4=0

Here, center of the hyperbola is (2, 0)

The obtained equation is of the form

(x+2y-y*=4
(x+2)° y* _,
4 4

(x+2)* y?

TR T
So,letx+ 2=X
Xy
a® b*

Where,a=2and b=2

Eccentricity is given by:

g=,1+

Il

[Ty

+
£ 5 n.l|l:j-
[ ] [ ]

9

Foci: The coordinates of the foci are (fae, 0)
X=+2V2andY=0
X+2=+2\2and Y =0
X=%22-2and Y =0

So, Foci = (£ 2V2 - 2, 0)

Equation of directrix are:

=x+2FV2=0

X+2-2=0andx+2+2=0
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= The center is (-2, 0), eccentricity (e) = V2, Foci = (-2+ 2V2, 0), Equation of directrix =
X+2=%+\2

(iii) x> - 3y?—-2x =18
Given:
The equation => x* — 3y? — 2x = 8
Let us find the centre, eccentricity, foci and directions of the hyperbola
By using the given equation
x?—3y?-2x=38
x?-2x+1-3y>-1=38
(x—-12-3y*=9
(x—1)* 3y?
9 9
x-1D* y°
¥ (V3)
Here, center of the hyperbola is (1, 0)
So,letx—1=X
The obtained equation is of the form
x2 | y?
=T}
Where,a=3 and b = \3

1

1

Eccentricity is given by:

f 2
2= 1+"!J—2
=

=1+

1 I
pary
+

wl=| olw

')m|mr.ul+\~

]
ks
P

b

m |

Foci: The coordinates of the foci are (+ae, 0)
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X=+2V3and Y =0

X-1=+2V3and Y =0
X=2+2V3+1land Y=0
So, Foci = (1 £ 23, 0)

Equation of directrix are:

d
X=+-
e
X=+ 3
=X=4+—
2\.-@
3
X=+ ?
=X=4+—
2\.-"'5
=
X—im+l
=]
“TRE

- The center is (1, 0), eccentricity (e) = 2V3/3, Foci = (1 £ 213, 0), Equation of directrix

X = 14£9/2+3

6. Find the equation of the hyperbola, referred to its principal axes as axes of
coordinates, in the following cases:

(i) the distance between the foci = 16 and eccentricity = \2
(ii) conjugate axis is S and the distance between foci =13
(iii) conjugate axis is 7 and passes through the point (3, -2)
Solution:

(i) the distance between the foci = 16 and eccentricity = \2
Given:

Distance between the foci= 16

Eccentricity =2

Let us compare with the equation of the form

2 y?
2 bz

Distance between the foci is 2ae and b? = a*(e? — 1)
So,

2ae =16

ae=16/2

a2 =38

a=8/\2
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a? = 64/2

=32
We know that, b? = a*(e* - 1)
So, b2 =132 [(V2)* - 1]

=322-1)
=32
The Equation of hyperbola is given as
XE FE
[ — 1
32 32
x?—y?=32

= The Equation of hyperbola is x> — y> = 32

(ii) conjugate axis is 5 and the distance between foci= 13
Given:

Conjugate axis = 5

Distance between foci= 13

Let us compare with the equation of the form

xz YZ

=T L

Distance between the foci is 2ae and b?> = a%(e’ — 1)

Length of conjugate axis is 2b

So,

2b=15

b=5/2

b’ =25/4

We know that, 2ae =13
ae = 13/2

a’e’ =169/4

b? =a%(e? - 1)

b2 = a2e? — g2
25/4=169/4 — a?
a’?=169/4 —25/4
= 144/4
=36

The Equation of hyperbola is given as

xz z
¥

az b2
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= 25x% — 144y? = 900
= The Equation of hyperbola is 25x? — 144y? = 900

XZ 2
v _,
36 %
4
X2 4y? .
36 25
25x7% — 144y?
900 B

(iii) conjugate axis is 7 and passes through the point (3, -2)
Given:

Conjugate axis =7
Passes through the point (3, -2)
Conjugate axis is 2b

The Equation of hyperbola is given as

Since it passes through points (3, -2)

So,
2b=7
b="7/2
b2=49/4
%2 2 N
= Tt
(3" (-2)*
= 2 — E
4
9  4(4)
az 49
9 16
az 49
1+ 16
Y 49
9 49+ 16
az 49
9 65
az 49
, 49 o
= = —
T 65

a’=441/65
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The equation of hyperbola is given as:

XE 2

~-5=1

az b2

al=441/65 andb?=49/4
XE },2

R
65 4
65x%  4y?

= - =1
441 49
65x7 — 36y?

441 a
= 65x% — 36y% = 441

1

= The Equation of hyperbola is 65x> — 36y? = 441



