25. Product of Three Vectors

Exercise 25A

Q.1

Prove that
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Answer :

-~

[t j okl=0 k il=[k it jl=1

Let, f,j, k be unit vectors in the direction of positive X-axis, Y-axis, Z-axis respectively.
Hence,

Magnitude of iis1= |i|=1

Magnitude of jis1= [j| =

Magnitude of k is 1

class24

To Prove :

-

i j K=0 k i
Formulae :

a) Dot Products :

iyfxi=—kkxj=-iixk=-j
c) Scalar Triple Product :
@ b ed=a.(bxe)

Now,



=1 (~1.i=1)

i j Kl=1____ eq(1)
al k 1=j.(kxi)
=jj.... (kxi=j)
=1 (~jj=1

G k fl=1__ . eq(2)
ain [k © jl=k.(ix))
=k.k (wixj=k)
o (vk.k=1)

[k iojl=1_ . class24

From eq(1), eq(2) and &
i j klI=[ k il=

Hence Proved.

Notes :

1. A cyclic change of vectors in a scalar triple product does not change its value i.e.
l@a b el=[b ¢ al=[e a bl

2. Scalar triple product of unit vectors taken in a clockwise direction is 1, and that of unit vectors
taken in anticlockwise direction is -1

i j kl=1

k j il=-1




il k jl=0k j il=0 @ kl=-1
Let, fj k be unit vectors in the direction of positive X-axis, Y-axis, Z-axis respectively.

Hence,

Magnitude of iis1= |i|=1
Magnitude of jis1= |j|=1
Magnitude of kis1= |k| =1

To Prove :

Formulae :

a) Dot Products :

ko=

-
Il
\-o
—
Il

i
iyij=jk=ki=0

b) Cross Products :

class24

c) Scalar Triple Product :

@ b el=a.(b x¢)

Answer
b k j1=1.(kxj)
=i.(-0) (vkxj=—i)
—
_ (i.i=1)

ik j1=-1 eq(1)



=k.(-k) ... (vjxi=-k)
=—k.k
-1 (vk.k=1)

[k j il=-1__ . eqa(2)

From eq(1), eq(2) and eq(3),
b k jl=[k j il=0[ &t kl=-1

Hence Proved.

class24

iple product does not change its value i.e.

Notes :

1. A cyclic change of ve

l@a b él=b ¢ a-=

2. Scalar triple product of unit vectors taken in a clockwise direction is 1, and that of unit vectors
taken in anticlockwise direction is -1

i j kl=1
[k j il=-1




Find |:a ® c], when

5=2§+j+3ﬁ.5=—i+23+ﬁ siid _E=3i+:i+21:;_
a=2i-3j+4k.b=i+2j-k _ c=3i-j+2k
c=3i-k

. 5=2§—3].5=i+:i—ﬁ —_—

Answer :

. a=2i+j+3k,b=-i+2j+k __ c=3i+j+2k

Given Vectors :

pya=2i+j+3k

To Find : @ b &l

Formulae :

class24

1) Scalar Triple Product:

Then,
a a; Qz
[@a b él=|bs by by
€ G G

2) Determinant :

a, a; Qs
b]_ bz b3 = a1 (bz.Cs - Cz.bg) i az (b].' 63 - Cl' bg) + a3 (bl.C2 - Cl.bz)
GG G G

Answer :

For given vectors,



=22x2-1x1)-1((-D)x2-3x1)+3((-1)x1-3x%x2)
= 2(3) — 1(=5) + 3(-7)

=8+ 3 =~21

=-10

~la b el=-10

 a=2i-3j+4k.b=i+2j-k _ c=3i-j+2k

class24

Given Vectors :

1)@ =2i—3j+4k

-~

yb=1+2j—k

3)E=3i—j+2k
To Find : @ b @
Formulae :

1) Scalar Triple Product:

Then,
a a; az
[@a b el=|bs by Dbg
G G G




2) Determinant :

a, a Qa;
by b, by
i C C3

= @y (by.c3 — €3.b3) — ay(by.c3— €4.b3) + a3 (by.c; — ¢1.b;)

Answer :

For given vectors,

a=2i—-3j+4k

b=i+2j—k
c=30—j+2k
2 -3 4
@ p el=]1 2 -1
3 -1 2

=22%X2-(-D)x(-1))-(-3)1x2-3x(-1)+4(1x(-1)—-3x2)
=2(3)+ 3(5) +4(-7)

=6+ 15-28

class24

=-7

"_,.)':_ "."_‘.‘ 1_" o '.‘_"
G a=21-3jb=i+j-k __,c=3i-k

Given Vectors :

i—k

w

S
el
Il
w

ToFind:l@ b ¢l
Formulae :
1) Scalar Triple Product:

If

-~

a=a,i+a,j+azk

b= b,i+ b,j+ bk



E=Cli+ sz"‘ Cgl‘é

Then,
a; Qa, a,
@ b él=|bs by b
€ € G

2) Determinant :

a; a; a

b1 bz b3 = al(b2.03 - Cz.ba) — az (bl' C3 - Cl' ba) + a3(b1.(.‘2 - Cl.bz)
€ € €
Answer :

For given vectors,

a=2i—-3j+0k
b=i+j—k
c=3i+0j—k
) 2 -3
o & dmp class24

=2(1x (-1)— (-1 (-1) -3x(-1))+0(1x0—-3x1)

=2(-1)+3(2)+0

=-2+6

Q.3

Find the volume of the parallelepiped whose conterminous edges are represented by the
vectors

":i+j+ﬁ6:i—j+ﬁ5:i+°j—ﬁ
=—-3l+7_]+5kb——51+7_] ~3k. c=7i-5j-3k
- +3kb "1+J kc—1+k

. @ = iE 2j,¢ = 5k

ji. @
a=

Answer :



- - -

ca=i+j+rkb=i-j+kec=1i+
Given :

Coterminous edges of parallelopiped are ab,c where,

a=i+j+k
b=i—j+k
E=1+2j—k

To Find : Volume of parallelepiped
Formulae :

1) Volume of parallelepiped :

=)
=2
=
1]

are coterminous edges of parallelepiped,

class24

¢ =cyl+Cof + sk

Then, volume of parallelepiped V is given by,

a, a, a
V=I[a b éel=|1 b b;
i € C3

2) Determinant :

@ QG 43
b]_ bz b3 = a]_ (bz.Cs = Cz.ba) == az(bl. Cg = Cl' bg) + (13 (b]_.Cz = Cl' bz)
GG G G

Answer :

Volume of parallelopiped with coterminous edges

a=1i+j+k



L=yl
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>
+
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a; a; as

V=I[a b él=|b1 b b

c; € ©Cg
1 1 1
=1 -1 1
1 2 -1

=1((-1) x (—1) — 2 D-1x1 _ 1)
=1(-1) -1(-2) + 1(3) 618%%?&
=~1+2+43

=4

Therefore,

Volume of parallelepiped = 4 cubic unit

. a=-31+7j+5kb=-51+7j-3k, c=7i-5j-3k

Il

Given :

=

Coterminous edges of parallelopiped are ab,c where,

a=—31+7j+5k
b=—5i+7j—3k
¢=7i—5j—3k



To Find : Volume of parallelepiped
Formulae :

1) Volume of parallelepiped :

f & U, L are coterminous edges of parallelepiped,

—

”~

L_'=Cli+ C2j+C3k

Then, volume of parallelepiped V is given by,

a, a; Qa,
V=I[a b él=|b1 b b,
€y C Gy

2) Determinant :

class24

a; a, Qa
bl bz b3 = al (bz (b].‘ Ca -— Ci. b3) + as (brCz == Ci'bz)
€ € C3

Answer :

Volume of parallelopiped with coterminous edges

a=-31+7j+ 5k
b=—5i+7j—3k
¢=7i—5j—3k

A
[




a, a, a

V=I[a b él=|br b2 b;

€ G G
-3 7 5
=|-5 7 -3
7 -5 -3

= —3(7 x (=3) = (=5) x (~3)) = 7((=5) x (=3) = 7 X (-3))
+ 5((~=5) x (~5) = 7x7)

= -3(-36) -7(36) + 5(-24)
=108 —252+ 120

= -264

As volume is never negative

Therefore,

Volume of parallelepiped = 264 cubic unit

irilvelass24

. 5:5-—2]+3f(.5

iii

Given :

Coterminous edges of parallelopiped are ab,c where,

a=1—2j+3k
b=2i+j—k
c=j+k

To Find : Volume of parallelepiped
Formulae :

1) Volume of parallelepiped :

If 4 U © are coterminous edges of parallelepiped,



b = b,i+ byj+ byk

Then, volume of parallelepiped V is given by,

a a; Qaz
V=I[a b él=|bi b2 b;
€ € C3

2) Determinant :

a; a, a
b1 bz b3 — a1 (bz.f:3 o= Cz.ba) - az (bl' C3 - Cl' bg) + a3 (bl.C2 - Cl'bZ)
€, G G

Answer :

Volume of parallelopiped with coterminous edges

a=i-2j+3k

o
Il
B
-
+
Sy
|
=9

class24

a, a, ag

V=I[a b él=|b1 by b;

& € ©5
1 —2 8
=12 1 -1
0 1 1

=1(1x1-1x(-1))-(-2)(2x1-0x(-1))+ 3(2x1-0x1)

=1(2) +2(2) + 3(2)



=2+4+6
=12

Therefore,

Volume of parallelepiped = 12 cubic unit

iv. @ = 6i,b = 2j,é =5k
Given :

Coterminous edges of parallelopiped are ab,c where,

a=6i
b = 2j
¢ =5k

To Find : Volume of parallelepipe

Formulae :

class24

Where,

Then, volume of parallelepiped V is given by,

a; a; Qa
V=I[a b él=|b1 b b;
€ € C3

2) Determinant :

a, Q; Qa3
b]_ bz b3 = al(bz.CS — Cz.b3) = az (bl' 63 = Cl. ba) + ag(bl.CZ = Cl.bz)
€ € G




Answer :

Volume of parallelopiped with coterminous edges

6i + 0j + 0k

b

Il

0i + 2j + Ok

I|
--)
"'-l)
U'l
=

c

class24

=6(2x5—-0x0)—0(0x5—0x0)+ 0(0x0—0x2)
=6(10)+ 0+ 0
= 60

Therefore,

Volume of parallelepiped = 60 cubic unit

Q.4

Show that the vectors a, b.c are coplanar, when

5= __]+3l\b—~21+3_| 4k c-1—3_|+‘5k
3_]+Lb "1—_] k c—7_]+3k
+2kb-1+2_| 3k c=31~—4:i+71~{



Answer :

—_—

a=i-2j+3k, b=-2i+3j-4k __ c=i-3j+5k

Given Vectors :
a=1—2j+3k
b=—2i+3j—4k

E=1—3j+5k

™

To Prove : Vectors a,b,

are coplanar.

iel@d b é=0
Formulae :
1) Scalar Triple Product:

If
a=a,i+aj+ask

b = b,i+ b,j+ byk

class24

-~

E=Cli+ sz"‘ Cak

Then,
a a Qaz
@ b él= b1 bz bs
€, C G

2) Determinant :

a; Qa; a;
by by bs|=a,(b,.c3— c3.b;) —ay(by.c3— cy.b3) + az(by.c; — cy.b,)
€, C C3

Answer :

For given vectors,

a=1—2j+3k

S
|

—2i +3j — 4k

™)
I
—
I
w
3
+
o
&



1 -2 3
@ b él=|-2 3 -4
1 -3 5

=1383x5—-(-3) X (—4)) - (-2)((-2)x5—1 % (—4))
+3((-2)x (-3)—-3x1)

= 1(3) + 2(-6) + 3(3)

=3=12 49

Hence, the vectors ab,c are coplanar.

Note : For coplanar vectors (T,B, E,
l@a b él=0
" a=1+3j+k.b=2i—-j-k — c=7j+3k

Given Vectors :

class24

a=1+3j+k
b=2i—j—k
c=7j+3k

To Prove : Vectors ab,c are coplanar.

ie.lda b el=0
Formulae :

1) Scalar Triple Product:
If

E= ali+ a2j+ a3§

b= b,i+ b,j+ bk



a; a, a
[@a b él=|bs by b
e, € ©g

2) Determinant :

a; a; a
€, G G
Answer :

For given vectors,

a=i+3j+k
b=2i—j—k
c=7j+3k
1 3 1
@ b él=2 -1 -1
0 7 3
=1((-1)x3-7x (- —-0x (- 1))+1(2><7 5&1))
=1(4) - 3(6) + 1(14) QSS
=4-18 + 14

Hence, the vectors ab,c are coplanar.

Note : For coplanar vectors ab,c

@ b él=0
g a=21-j+2kb=1+2j-3k _ ,c=31-4j+7k
Given Vectors :

a=2i—j+2k

i+2j—3k

o
|

31— 4j+ 7k

II

£



To Prove : Vectors @ D, € are coplanar.

ield b él=0
Formulae :

1) Scalar Triple Product:

Then,
a a Qz
@ b él=|bs Db, by
G, G G

2) Determinant :

a; a a

b1 bz b3 =qQa (bZ' (brfg £ a %- 1-b2)
€, C; €3 ’ ﬂ g 2n
Answer :

For given vectors,

B 2 —1 2
@ b él=[1 2 -3
3 —4 7

=22 x7-(-3)X(-4) - (-1)(A%x7-3%(-3))+2(1x (—4) -3 x 2)
= 2(2) + 1(16) + 2(-10)

=4+ 16 -20




Hence, the vectors @& D, € are coplanar.

Note : For coplanar vectors b, E,
l@a b el=0
Q.5

Find the value of A for which the vectors a.b.c are coplanar, when

5=(2f-j+ﬁ).6=(i+23+3ﬁ) o E=(3E+kj+5ﬁ)

L a=A-10j-5k.b=-7i-5j __, c=i-4j-3k

ael Jek Fenla )k eeti-funk

Answer :

1. _5 =(2i-j+1’<).6=(i+2}+31’&)_ » ¢ =(31+2+5k)

Given : Vectors @ D, € are

class24
a=2i—j+k

b=1+2j+3k

¢ =31+ Aj +5k

To Find : value of A
Formulae :
1) Scalar Triple Product:

If

a=a,i+aj+ak

Then,
a, a, a,
@ b él=|bs by by
€ G G



2) Determinant :
a, a Qa;
by b, by
i C C3

— al(bz.f:a e Cz.ba) = az (bl‘ 03 - Cl. bg) 0 it a;(bl.C2 - Cl.bz)

Answer :

As vectors @ D, € are coplanar

~la b él=0_. .. . eq1)

For given vectors,

) 2 -1 1
@ b él=[1 2 3
3 1 5

=2(2x5-3%2)—(

X3)+1(1x4—3x2

=2(10—-31)—-4+1 CiGSé24
=20—6A—4+1-6
[@ b el=10-54 eq(2)

From eq(1) and eq(2),
10—-54=0
~54=10

2A=2

L a=2Ai-10j-5k.b=-7i-5j_  c=i-4j-3k

I

Given : Vectors @, b, are coplanar.

Where,



¢=1—4j—3k

To Find : value of A
Formulae :
1) Scalar Triple Product:

If

-~

a_= a{i-l- azj'l‘ agk

— Fad

E=ci+cj+csk
Then,
a; a; Qa
[ﬁ b él= b1 bz bs
C; € €3

2) Determinant :

a a Qaz
by b, by
€ G C3

== f.11 (bz.

*ycRIss2

Answer :

L=yl

As vectors @ D, C are coplanar

“la b él=0__  eq1)

For given vectors,

E=i—4j— 3k
A —-10 -5
[ b él=|-7 -5 o0
1 —% -3

=A(-5)x (-3)—0x(—4))— (-10)((-7)x (-3) —0x 1)
+(-5)((-7) x (—4) —1x (-5))

= 2(15) + 10(21) — 5(33)



=151 +45

[@a b el=154+45 eq(2)

From eq(1) and eq(2),

154 +45=0

~ 154 =45

- - - - -

i a=1—-j+kb=2i+j-k __,c=Ai-j+Ak

Given : Vectors b, are coplanar.

Where,
a=i-j+k
b=2i+j—k
E=A—j+Ak

class24

To Find : value of A

Formulae :

1) Scalar Triple Product:
If

-~

a=a,l+a,j+azk

Then,
a;, Qa, Qa;
[@a b él=|bs by by
€ C GC;

2) Determinant :

a; Q; a
bl bz b3 = al (b2-03 - CZ‘bB) - az (bl‘ 03 - 61. bg) + ay (bl.CZ - Cl'bz)
€ C G



Answer :
As vectors @ D, € are coplanar

~la b é&l=0___ eq(1)

a=i—j+k
b=2i+j—k
E=Al—j+Ak
1 -1 1
@ b él=]2 1 -1
A -1 2

=1(1xA-(-D)x(-1D))-(-D2xA-(-1)xAD)+1(2x(-1)—4Ax1)
=11-1)+1BD) + 1(—1-2)
=1~ 1+3x-2-=1

=31-3

l@a b el=31-3
From eqg(1) and eq(2),

31-3=0

class24

H5=(zi‘-j+1‘&).5=(i_3j_sfc)

result.

and o= (-3i 4 -k) " find [5 b E] and interpret the

Answer :

Given Vectors :

a=2i—j+k

o
I

i—3j— 5k



c=31—4j—k

To Find : @ b

Formulae :

1) Scalar Triple Product:

If

€=ci+cj+cy
Then,
a
[@a b él=|b
€y

2) Determinant :

a a Qaz
by b, by
€ € G5

Answer :

For given vectors,

a=20—j+k
b=i—3j—5k
cE=31—4j—k
2
@ b el=1
3

¢l

= al (bz.

- |
=3
—4

1
-5
=1

*ycRIss2

=2((-3)x (1)~ (-9 x (=5)) = (=1)((-1) x1 =3 x (-5))

+1((—4) x1-3x(-3))

=2(-17) + 1(14) + 1(5)

=-34414+5

=-15



(-12i+2k).(3j-K)

The volume of the parallelepiped whose edges are '

(21+)-15k)

and

is 546 cubic units. Find the value of A.
Answer :
Given :

1) Coterminous edges of parallelepiped are

—12i + Ak

a

>

af—§

S
|

f=2i+j— 15k

|

2) Volume of parallelepiped,

V = 546 cubic unit

class24

To Find : value of A

1) Volume of parallelepip

If @, b,¢ are coterminous edges of parallelepiped,

&

b=bi+b,j+ b,

Then, volume of parallelepiped V is given by,

a a, a
V=I[ag b él=|b1 by b
€; € C3

2) Determinant :

a, G az
b1 bz bg — ai(b2.03 == Cz.ba) = az(bi. 63 == Cl‘ ba) + aa(bl.CZ = Cl.bz)
€ € G



Given volume of parallelepiped,
V = 546 cubic unit ......... eq(l)

Volume of parallelopiped with coterminous edges
—121 + Ak
j—k

+j— 15k

vl
L7

a

S
I
w

a1}
I

3]

~5

V=I[a b él=

-12 0 1
0 3 -1
Z2 1 =i

class24

=—12(3% (—15) -1 X (—1)) -0+ 2A(0x1—-3 % 2)

=528—-0-61
=528—61
=V = (528—61) cubic unit ........eq(2)

From eq(1) and eq(2)
528 — 641 =546

~—61=18




Show that the vectors 5:(i+33+1’&) B :(2‘{_3_1’&) and E:(7j:i+3f{)

the same plane.

are parallel to

{HINT: Show that
Answer :

Given Vectors :

a=1i+3j+k
b=2i—-j—k
E=7j+3k

™y

To Prove : Vectors @ b, are parallel to same plane.
Formulae :

1) Scalar Triple Product:

If
= a,i+ af +ask C|C|3524
b = b,i+ b,j+ byk
E=cyi+cj+csk
Then,
a; a, Qa
@ b E]=b1 bz b3
€ € G

2) Determinant :

a a az
by b, by|= ay(by.c3 — ¢3.b3) — ay(by.c3 — ¢y.b3) + az(by.c; — ¢4.by)
i G G

Answer :

Vectors will be parallel to the same plane if they are coplanar.

For vectors ab,c to be coplanar, [ﬁ b E] =0

Now, for given vectors,

a=1+3j+k



S
|
[
—
|
W
I
=

E=7j+3k
1 3 1
@ b él=2 -1 -1
0 7 3

=1(3x(-1)—7% (1)) — 3(2x3-0%X(-1))+ 1(2x7—0x (-1))

= 1(4) - 3(6) + 1(14)

=4-18 + 14
=8
~la b el=0

Hence, given vectors are parallel to the same plane.

Q.9

(ai+aj+ck 1
If the vectors '

(ci+cj+bl::)

and be coplanar, show that c2 = ab.

Answer :

Given : vectors @ D, € 5 C|GSS24

a=ai+aj+ck

b=i+k

Il

c=ci+cj+bk
To Prove : ¢ = ab
Formulae :

1) Scalar Triple Product:

If

-~

a=a,i+a,j+azk

b = b,i+ b,j+ byk

€ =c,i+c,f+csk

Then,



a; a, a
@ b él=|bs by b
€, € G

2) Determinant :

a a, Qa;
bl b2 b3 = a]_(bz.fg - Cz.bg) S az (bl' 63 - C1. ba) + ag(bl.CZ == Cl.bz)
€6, G G

Answer :

As vectors @ D, € are coplanar

~la b el=0__ eqq)

For given vectors,

a=ai+aj+ck
b=i+k
¢=ci+cj+bk
a a ¢
@ 5 d=|t 0 class24
=a(0xb—cx1)— )+ c(1xc—0xc)

=a.(-c)-a.(b-c)+ c(c)
=-ac-ab+ac+c?

=-ab + c?

~la@a b él=-ab+c? s Ba2)
From eq(1) and eq(2),
-ab+c2=0

Therefore,

c?=ab

Hence proved.

Note : Three vectors @ D & € are coplanar if and only if

[@ b él=0



