Class 12 Mathematics Chapter 13: Probability

Short Answer

For a loaded die, the probabilities of outcomes are given as under: P(1) = P(2) = 0.2, P(3) = P(5) = P(6)
= 0.1 and P(4) =0.3.

The die is thrown two times. Let A and B be the events, ‘same number each time’, and ‘a total

score is 10 or more’, respectively. Determine whether or not A and B are independent.

Solution:

Given that a loaded die is thrown such that
P(1)=P(2)=10.2, P(3) =P(5) =P(6) = 0.1 and P(4) = 0.3 and die is thrown two times. Also given that:
A = same number each time and
B = Total score is 10 or more.
So, P(A)=[P(1, 1)+ P(2,2) + P(3,3) + P(4,4) + P(5, 5) + P(6, 6)]
=P(1).P(1) + P(2).P(2) + P(3).P(3) + P(4).P(4) + P(5).P(5) + P(6).P(6)
=02x02+02x02+0.1x0.1+03x03+0.1x0.1+0.1x0.1
=0.04 +0.04+0.01 +0.09+0.01 +0.01 =0.20
Now, B =1[(4, 6),(6,4), (5, 5), (5, 6), (6, 5), (6, 6)]

P(B) = [P(4).P(6) + P(6).P(4) + P(5).P(5) + P(5).P(6) + P(6).P(5) + P(6).P(6)]
=03x0.1+0.1x03+0.1x0.1+0.1x0.1+0.1x0.1+0.1x0.1
=0.03 +0.03 +0.01 +0.01 +0.01 +0.01 =0.10

A and B both events will be independent if
P(A N B)=P(A).P(B) .... (1)
And, here (A N B) = {(5, 5), (6, 6)}
So, P(A N B) =P(5, 5) + P(6, 6) = P(5).P(5) + P(6).P(6)
=0.1x0.1+0.1x0.1=0.02
From equation (i) we get,
0.02=0.20x 0.10
0.02 =0.02
Therefore, A and B are independent events.

1. Refer to Exercise 1 above. If the die were fair, determine whether or not the events A and B are
independent.
Solution:

According to the solution of exercise 1, we have
A={(1,1),(2,2),(3,3),(4,4),(5,5),(6,6)and n(6) and n(S) =6 x 6 =36
So, P(A)=n(A)n(S)=6/36=1/6

And, B = {(4, 6), (6, 4), (5, 5), (5, 6), (6, 5), (6, 6)}; n(B) =6 and n(S) =36
So, P(B)=n(B)/n(S)=6/36=1/6

Now, AN B={(5,5),(6,6)}

So, P(A N B)=2/36=1/18

Hence, if A and B are not independent, then

P(A N B) # P(A).P(B)

1/18 #1/6 x 1/6 = 1/18 # 1/36

Therefore, A and B are not independent events.



Class 12 Mathematics Chapter 13: Probability

2. The probability that at least one of the two events A and B occurs is 0.6. If A and B occur
simultaneously with probability 0.3, evaluate P(A)+P(B).
Solution:

W .k.t, A U B denotes that atleast one of the events occurs and A N B denotes that two events occur

simultaneously.

So, P(Aw B} = P(A) + P(B) -P(An B)
0.6 = P(A)+ IP(B) -
0.9 = P(A)+ P(B)
09=1-PA)+1-1XB)

- P(A)+P(B) =2-09=11

Therefore, the required answer is 1.1.

3. A bag contains 5 red marbles and 3 black marbles. Three marbles are drawn one by one
without replacement. What is the probability that at least one of the three marbles drawn be
black, if the first marble is red?

Solution:

Let red marbles be presented with R and black marble with B. Also, let E be the event that at least one of
the three marbles drawn be black when the first marble is red.

Now, the following three conditions are possible, if atleast one of the three marbles drawn be black and
the first marble is red.

(i) E1: 2" ball is black and 3™ ball is red

(ii) E2: 2™ ball is black and 3" ball is also black

(iii) E3: 2" ball is red and 3™ ball is black

The probabilities of the above events are:

534 60 5
By = . st DI e S
P(E,) = PR,).P(By/Ry)-P(Ro/R,By) === == ===
532 30 5
Big= BRY.DEB: R 2B RBY=2 2 L2 2
(Ex) = P(R,).P(B./R,).P(B,/RiBy) =525 = 336 = 56
543 6l 5
P(E) = P(R,).P(Ry/R,).B(B,/R,Ry) =222 =20 = 2
(Es) = P(R,).P(R,/R,).B(B,/RR, 576 33628

5 5 5 25
% P(E) = PEQ 4 BE )+ Py not et op =

Therefore, the required probability is 25/56.

4. Two dice are thrown together and the total score is noted. The events E, F and G are ‘a total of
4°, ‘a total of 9 or more’, and “a total divisible by 5°, respectively. Calculate P(E), P(F) and P(G)
and decide which pairs of events, if any, are independent.

Solution:

If two dice are thrown together, we have
n(S) =36
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Now, let’s consider:

E=Atotal of4={(2,2),(1,3),(3,1)} >n(E)=3

F = A total of 9 or more
={(3,06),(6,3),(5,4),(4,5), (5,5), (4, 6),(6,4), (5, 6), (6, 5), (6, 6)}

So, n(F) =10

G = A total divisible by 5
={(1,4),(4,1),(2,3),(3,2),(4,6),(6,4), (5, 5)}

So, n(G) =7

It’sseenthat ( ENF)=Qand (ENG)=0

And, (F N G)= {(4, 6),(6,4), (5,5)}

=>nFNG)=3and(ENFNG)=0

Hence, the probabilities if the events are:

P(E) = u(E) g 5
(S) ’m 12
" u(F) L0 nG) 7
AF) = sy % 1870 =06 T3
3 1 5 7 35
P(F~G) = EE-E and P(F) . (G) = 18°36 ~ 248

As, P(F N G) # P(F). P(G)
Therefore, there is no pair of independent events.

5. Explain why the experiment of tossing a coin three times is said to have binomial distribution.
Solution:

As the random variable X takes 0, 1, 2, 3, ..., n is said to be binomial distribution having parameters n
and p, if the probability is given by

P(X=r1r)="Cip'q"", whereq=1-pandr=0,1,2,3, ...

Similarly, in case of tossing a coin 3 times, we have

n =3 and X has the values 0, 1, 2, 3 with p =12, q = .

Therefore, it is said that the experiment of tossing a coin three times have binomial distribution.

6. A and B are two events such that P(A) =1/2, P(B) = 1/3 and P(A n B) = 1/4.
Find:

(i) P(A[B) (ii) P(B|A) (iii) P(A'[B) (iv) P(A'|B")

Solution:

Given, P(A) =1/2,P(B) = 1/3 and P(A n B) = 1/4.
P(A)=1-1/2=1/2,P(B)=1-1/3=2/3
Now,

P(A" M B)=1-P(AUB)=1-[P(A) + P(B) - P(A ~ B)]

2 3 4 12 12 12

MANB) 1/4 3
PB)  1/3 4

(1) P(A/B) =
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P(AnNB) 1/4 1
P(A) 1/2 2
P(A"nB)  P(B)-P(ANB)

(i) P(B/A) =

(rify P(A'/B) =

PB)  P(B)
- 1 PAnB) _, 14 . 3.1
D(B) 1/3 1 2
; e REATGE) S12 8.3 B
(i) P(A'/BY)= P(B) = 273 = E » E = g

7. Three events A, B and C have probabilities 2/5, 1/3 and ' respectively. Given that P(An C) =
1/5 and P(B N C) =Y, find the values of P(C | B) and P(A'n C").
Solution:

Given, P(A) =2/5,P(B)=1/3 and P(C) ="

PANC)=1/5andPBNC)="%

So, P(C/B)=P(B N C)/ P(B) = (Y4)/ (1/3) =%

PA’NnC)=1-P(AUC)
=1—[P(A)+P(C)-P(ANnQO)
=1-[2/5+%-1/5]=1-7/10=3/10

Therefore, the required probabilities are ¥4 and 3/10.

8. Let Er and E: be two independent events such that p(E1) = p1 and P(E2) = p2. Describe in words
of the events whose probabilities are:

@) p1 p2 (i) (1-p1) p2 (i) 1~ (1 — p1)(1 - p2) (iv) p1 + p2 — 2p1p2

Solution:

Here, P(E1) = p1 and P(E2) = p2

0 piP2= P(E)) . P(E;) = P(E, N Ey)
So, E, and E, occur.
) (1= py)pa= P(E,)-P(E;) = P(E] NE;)

So, E; does not occur but E, occurs.
(i) 1=(1=py) (1 = p)=1-P(E,YP(E,) = 1- P(E{ N E3)
=1-[1-PE,wE)]=ME, wEl)
So, either E, or E, or both E, and E, occur.
(i) p,+pa=2pips = P(E) + P(Ls) - 20(E,). P(E,)
= P(E,) + P(E,) - 21(E, N E,)
= P(E, VE,))-2ME,nE,)
Now, its clearly seen that either E1 or E2 occurs but not both.

9. A discrete random variable X has the probability distribution given as below:

X 0.5 1 1.5 2

PX) K 12 2K2 K

(i) Find the value of &
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(ii) Determine the mean of the distribution.
Solution:

For a probability distribution, we know that if Pi > 0

]
(N Zl’-‘r=1 = k+k+2k+k=1
i=1 3 +2k—-1=0
A=+3k-k-1=0
Sk(k+ 1) = 1(k+1)=0= Gk =1)(k+1)=0
1
So, k=§anr|fc=ﬁl

Butk>0 . k= %
(¢) Mean of the distribution
E(X:I T le'p; 0.5k + 1.k% + I.5(2k3] + 2k
i=1

K 32 w0k = a2
2 2

[IJI 5(1} 4 5 23
=] +=|=|==F+==—
3 283) 9 6 18
10. Prove that

(i) P(A) = P(An B) + P(An B)

(ii) P(Aw B) = P(AnB) + P(AnB)+ P(AN B)
Solution:

i

(1) Taking R.ILS. -

R.H.S.= P(A n B) + P(A n B) B
= P(A).P(B) + P(A).P(B) = P(A)[P(B) + P(B)]
= P(A) .1
= P(A) = L.H.S. Hence proved.

(it) Taking R.H.S. _ B

R.H.S. = P(A).P(B) + P(A).P(B) + P(A).P(B)
= P(A).P(B) + P(A)[1 = P(B)] +[1 = P(A)).P(B)
= P(A)P(B)+ P(A) - P(A).P(B) + P(B)-P(A).F(B)
= P(A)+ P(B)-P(AnB)
= (A w B)=L.H.5. Hence proved.

11. If X is the number of tails in three tosses of a coin, determine the standard

deviation of X.
Solution:

Given, X=0,1,2,3
P(X=1r)="C:p"q""
Wheren=3,p="%,q="%andr=0,1,2,3
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PX=0)=Yaxx%=1/8
PX=1)=3x"%x"%x"%=3/8
P(X=2)=3x"%x'x%=3/8
PX=3)=Yaxax'2=3/8

The probability distribution table is:

X 0 1 2 3
PX) | 1/8 3/8 3/8 1/8
Now,

EX)=0+1x3/8+2x3/8+3x1/8=3/8+6/8+3/8=12/8=3/2
EX?)=0+1x3/8+4x3/8+9x1/8=3/8+12/8+9/8=24/8=3
W.k.t, Var(X) = E(X?) - [E(X)]* =3 - (3/2)*=3-(3/2)*=3-9/4 =%
Thus, the standard deviation = Var(X) = V(%) = V3/2

12. In a dice game, a player pays a stake of Rel for each throw of a die. She receives Rs 5 if the die
shows a 3, Rs 2 if the die shows a 1 or 6, and nothing otherwise. What is the player’s expected
profit per throw over a long series of throws?

Solution:

Let’s take X to be the random variable of profit per throw.
X -1 1 4

X) |12 [13 |16

As, she loses Rs 1 for giving any od 2, 4, 5.

So,P(X=-1)=1/6 +1/6 +1/6 =3/6 ="

PX=1)=1/6+1/6=2/6=1/3 [Since, die showing 1 or 6]

P(X=4)=1/6 [Since, die shows only a 3]

Thus, the player’s expected profit = Zpixi
=-1x%+1x1/3+4x1/6=-1/2+1/3+2/3=%=Rs0.50

13. Three dice are thrown at the same time. Find the probability of getting three two’s, if it is
known that the sum of the numbers on the dice was six.
Solution:

Given that the dice is thrown three times

So, the sample space n(S) = 6°> =216

Let E1 be the event when the sum of number on the dice was 6 and E2 be the event when three 2’s occur.
Er={(1,1,4),(1,2,3),(1,4,1),(2,1,3),(2,2,2),(2,3,1),(3,1,2), (3,2, 1), (4, 1, 1)}

n(E1) =10 and n(E2) = 1 [Since, E2=(2, 2, 2)]

Thus, P(E2/E1) = P(E1 N E2)/P(E)) = (1/216)/(10/216) = 1/10.

14. Suppose 10,000 tickets are sold in a lottery each for Re 1. First prize is of Rs 3000 and the
second prize is of Rs. 2000. There are three third prizes of Rs. 500 each. If you buy one ticket,
what is your expectation.

Solution:

Let’s take X to be the random variable where X = 0, 500, 2000 and 3000
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X 0 500 2000 ] 3000
P(X) | 9995/10000 | 3/10000 | 1/10000 | 1/10000

9995 3 i |
LX) = 0% + 500 % + 2000 = + 3000
EX)= 9% {5500 10000 10000 * 10000

1500 2000 3000 6500 13 "
-+ + = ———==— =065

10000 10000 10000 10000 20

15. A bag contains 4 white and 5 black balls. Another bag contains 9 white and 7 black balls. A

ball is transferred from the first bag to the second and then a ball is drawn at random from the

second bag. Find the probability that the ball drawn is white.

Solution:

Let’s take W1 and W2 to be two bags containing (4W, 5B) and (9W, 7B) balls respectively.
Let E1 be the event that the transferred ball from the bag W1 to W2 is white and E2 the event that the
transferred ball is black.
And, E be the event that the ball drawn from the second bag is white.
So, the probabilities are:
P(E/E1)=10/17, P(E/E2) = 9/17
P(E1) = 4/9 and P(E2) = 5/9
Now, P(E) = P(E1).P(E/E1) + P(E2).P(E/E2)
=4/9x 10/17 +5/9 x 9/17 = 40/153 + 45/153 = 85/153 = 5/9
Therefore, the required probability is 5/9.

16. Bag I contains 3 black and 2 white balls, Bag II contains 2 black and 4 white balls. A bag and a
ball is selected at random. Determine the probability of selecting a black ball.
Solution:

Given that:
Bag 1 has 3B, 2W balls and Bag 2 has 2B, 4W balls.
Let E1 = The event that bag 1 is selected

E> = The event that bag 2 is selected

And, E = The event that a black ball is selected
Now, the probabilities are:

3
%

P(E,) = L, P(E,) = é, P(E/E ) == and F[Efﬁg]:

L

P(E) = P(E,),P(E/E, ) + P(E,).P(E/E,)
1 3 1 1 3 1 9+5 14 7
+— = F== =—=—
2523 10 6 30 30 15
Therefore, the required probability is 7/15.

17. A box has 5 blue and 4 red balls. One ball is drawn at random and not replaced. Its colour is
also not noted. Then another ball is drawn at random. What is the probability of second ball being
blue?

Solution:
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Given that the box has 5 blue and 4 red balls.
Let’s consider E1 be the event that first ball drawn is blue and E2 be the event that first ball drawn is red.
And, E is the event that second ball drawn is blue.
Now, the probability of E is:
P(E) = P(E,).P(E/E,) + P(E,).P(E/E,)
5 4 4 5 20 20 40 5
= —X—F—X—=——=—=
9 8 9 8 72 72 712 9
Therefore, the required probability is 5/9.

18. Four cards are successively drawn without replacement from a deck of 52 playing cards. What
is the probability that all the four cards are Kings?
Solution:

Let E1, E2, E3 and E4 be the events that first, second, third and fourth card is King respectively.
A E mEsn By Ey)

= . H H ! [;IH EI!
F(E|)'P{E2!‘E!}.P[E]EJ nEE}}IP[EEI I""‘IE: ﬁEJI"‘IEd]]

4 3 2 1 24 1 1
= — W W W — =

52 5150 49 52:51.5042  13.17-25.49 _ 27075
Therefore, the required probability is 1/27075.

19. A die is thrown 5 times. Find the probability that an odd number will come up exactly three
times.
Solution:

Here,p=1/6+1/6 +1/6="%2=>q=1-"2="%andn=5

Now,

P(x=r1)="Crp' q" "=°C3 (1/2)}(1/2)>3
=[5!/(3!121)].(1/2)*(1/2)* = 10.1/8.1/4 = 5/16

Therefore, the required probability is 5/16.

20. Ten coins are tossed. What is the probability of getting at least 8 heads?
Solution:

Here we have,n=10,p="%2andq=1-"%2="%
P(X>8)=P(x=8)+P(x=9)+P(x=10)

" [%)“(%)'9"3+ an“[é]‘-‘[%)ﬂn-e _+ g [%)“'[%J“
5076 - Q-

45.(%JHI + I['I.[:':—I]u1 +[%]“I = [%Jm.{el:? + 10+ 1)

1]
i (7
56 L_) =55 a=rt_
(ﬁ T T T
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Therefore, the required probability is 7/128.

21. The probability of a man hitting a target is 0.25. He shoots 7 times. What is the probability of
his hitting at least twice?
Solution:

Here, we haven=7,p=0.25=25/100=Yandq=1-Y4a=%
P(X>2)=1-[P(X=0)+P(X=1)]

S CBIGRCIRIO]
[ @16

i 1_(3]"[E]= 79 10 790
1) \1) 409 4 16384
16384 - 7290 9094 4547
T T lesst 16384 8192

Therefore, the required probability is 4547/8192.

22. A lot of 100 watches is known to have 10 defective watches. If 8 watches are selected (one by
one with replacement) at random, what is the probability that there will be at least one defective
watch?

Solution:

Given: Total number of watches = 100 and number of defective watches = 10
So, the probability of selecting a detective watch = 10/100 = 1/10

Now,

n=8p=1/10andq=1-1/10=9/10,r> 1
P(X>1)=1-P(x=0)=1-3Co (1/10)°(9/10)* %=1 —(9/10)®

Therefore, the required probability is 1 — (9/10)8.

23. Consider the probability distribution of a random variable X:
X 0 1 2 3 4
PX) |0.1 0.25 0.3 0.2 0.15

Calculate: (i) V(X/2) (ii) Variance of X.

Solution:

Given:

X 0 1 2 3 4
PX) |01 025 |03 |02 |0.15
We know that: Var(X) = E(X?) - [E(X)]?
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(f] L]
where E(X) = 3% and E(X)= 2,
=1 =1
E(X) = 0%0.1+1%025+2%03+3%0.2+4x%0.15
=0+0.25+0.6+0.6+0.6=2.05
EQOG) = 0x0.1+1x025+4x03+9x02+16x0.15
=0+0.25+1.2+ 1.8 +2.40 =5.65

0 V(%) oo

]

%[5.&5 ~(2.05] = %IE.E-E — 4.2025]

% % 1.4475 = (0.361875

o O
[ Vv [5] = IV(X}}

(i) Var(X) = 1.4475
24. The probability distribution of a random variable X is given below:
X 0 1 2 3
PX) |k k/2 k/4 k/8

(i) Determine the value of 4.

(ii) Determine P(X < 2) and P(X > 2)
(iii) Find P(X <2) + P (X >2).
Solution:

(1) Wk.tP(0)+P(1)+P2)+P3)=1
= k+k/2+k/4+k/8=1
(8k +4k + 2k + k)/8 =1
15k=8
Hence, k = 8/15
() PX<2)=P(X=0)+P(X=1)+P(X=2)
=k+k/2+k/4=Tk/4="T7/4x 8/15=14/15
And P(X>2)=P(X=3)=k/8=1/8x8/15=1/15
(1) PX<2)+P(X>2)=14/15+1/15=(14 + 1)/15=15/15=1

25. For the following probability distribution determine standard deviation of the random
variable X.

X 2 3 4
PX) | 0.2 0.5 0.3
Solution:

We know that: Standard deviation (S.D.) = VVariance

So, Var(X) = E(X?) - [E(X)]
EX)=2x02+3x05+4x03=04+15+12=3.1
E(X)=4x02+9x05+16x03=08+45+48=10.1
= V(X)=10.1-(3.1)*=10.1 —-9.61 = 0.49
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Therefore, S.D. = ¥0.49 = 0.7

26. A biased die is such that P(4) = 1/10 and other scores being equally likely. The die

is tossed twice. If X is the ‘number of fours seen’, find the variance of the
random variable X.
Solution:

Here, random variable X =0, 1, 2

1 9
L P@=1-—=—
R = @ 1010
9 9 8
PX=0) = PH.PE=—x—=——
X =0)= PP = 15215 = 100

- — 9 ] 1 .9 18
BX=1)= P{4).P(d)+P(4).P(4) = ﬁxm*'ﬁx]—”:ﬁ
P(X=2)=P(4).P(4)=1/10x 1/10=1/100
X 0 1 2
P(X) 81/100 | 18/100 | 1/100

Now, we know V(X) = E(X?) — [E(X)]?
: 81 18 2 20 1
B = D=t — ———=—
100 100 100 100 5

i
L(Xj—[jxﬂq.] Eq..;xL I
100 100 100 100 50
L] 1y 11 1 m
Var(X [—J ot 018
W-515) T B 5

Therefore, the required variance = 0.18.

27. A die is thrown three times. Let X be ‘the number of twos seen’. Find the

expectation of X.

Solution:
Here, we have X =0, 1, 2, 3 [Since, die is thrown 3 times]
Andp=1/6,q=5/6
555 125
. =) = 2 ) PO O
& P(X =0) = P(not 2).P(not 2) . P(not 2) 666216

P(X=1) = P(2).P(not 2) .P(not 2) + P(not 2) .P(2) .P(not 2) + P(not 2).P(not 2) .P(2)
155 515 551 25 25 25 75
666 666 666 216 216 216 216
P(X =2) = P(2).P(2) .P(not 2) + P(2) . P(not 2) . P(2) + P(not 2) . P(2) . P(2)
r 13,151 . 511 85 09 ;8 13
666 666 6606 216 216 216 216
111
P(X=3) = PQ).PR).PQ)= ¢ c= 52
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I

Now, E(X) = z 1)

= UXE-H £+2x£+3xL
216 216 216 216

+?5+3ﬂ+ 3 _?5+30+3 108 _1
216 216 216 216 216 2
Therefore, the required expression is %5.

28. Two biased dice are thrown together. For the first die P(6) = 1/2, the other scores being equally
likely while for the second die, P(1) = 2/5 and the other scores are equally likely. Find the
probability distribution of ‘the number of ones seen’.

Solution:

1
Given that: for the first die, P(6) = < and P(6)=1-

NI-—'
ml—

= P(1) + P(2) + P(3) + P(4) + P(5) = %

But, P(1) = P(2) = P(3) = P(4) = P(5)
OAPI-lmFl—i d P(T)=1-- =
(1) (=g ! (D) 78

2 =
For the second die, P(1) = 'g and P(1)=1 .._E. =

;Elﬁ

U

Let X be the number of one's seen

o X DRl 2

9
— Pe=0= Bl RRdl=—=2=-"_ 54
= . (,) E,) Y 0

P(X=1) = P{D)-P(1) + P(1)-P(T)
Ion (T

27

PR Y
10°5 50 50

1 2

= —.—=—=0.04
P“) Pf,” 1075 50
Therefore, the requlred probability distribution is
X 0 1 2
P(X) 0.54 0.42 0.04

2 13 18+3 21
__,

P(X =2)

29. Two probability distributions of the discrete random variable X and Y are given below.
X 0 1 2 3
PX)|1/5 (2/5 [1/5 |1/5
Y 0 1 2 3
Py) | 1/5 [3/10 | 2/5 |1/10
Prove that E(Y?) =2 E(X).
Solution:
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The probability distribution of random variable X is
X 0 1 2 3
PX)|1/5 |2/5 |1/5 |1/5
We know that,

EC)= 3 PX

i=]

E(X)0.1/5+1.2/5+2.1/5+3.1/5=0+2/5+2/5+3/5=7/5
For the second probability distribution of random variable Y,
Y 0 1 2 3
Py) | 1/5 |3/10 | 2/5 | 1/10
E(Y?)=0.1/5+1.3/10+4.2/5+9.1/10

=0+3/10+ 8/5+9/10 =28/10 = 14/5
Now, E(Y?) = 14/5 and 2 E(X) = 2.7/5 = 14/5
Therefore, E(Y?) = 2E(X)

30. A factory produces bulbs. The probability that any one bulb is defective is 1/50 and they are
packed in boxes of 10. From a single box, find the probability that

(i) none of the bulbs is defective

(ii) exactly two bulbs are defective

(iii) more than 8 bulbs work properly

Solution:

Let’s assume X to be the random variable denoting a bulb to be defective.
Here,n=10,p=1/50,q=1-1/50 = 49/50
We know that, P(X =r)="C:p'q" '
(1) None of the bulbs is defective, i.e.,r =0
P(x = 0) = 'Co (1/50)°(49/50)'° - = (49/50)'°
(11) Exactly two bulbs are defective
So, P(x =2) = 1°C2 (1/50)*(49/50)1° 2

= 45.49%/50'° = 45 x (1/50)!° x 498
(ii1) More than 8 bulbs work properly
We can say that less than 2 bulbs are defective
P(x<2)=P(x=0)+Px=1)

() (&) ) (5)- (&) +3(5)
B (E3-3)3)-2

31. Suppose you have two coins which appear identical in your pocket. You know that one is fair
and one is 2-headed. If you take one out, toss it and get a head, what is the probability that it was a
fair coin?

Solution:
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Let’s consider
E:1 = Event that the coin is fair
E> = Event that the coin is 2 headed
And H = Event that the tossed coin gets head.
Now,
P(E1) =", P(E2) = %, P(H/E1) = ', P(H/E2) = 1
Using Baye’s Theorem, we get
P(E;).P{H/E
P(E,/H) = 55 LU
(Ey).P(H/E,) + P(E;).P(H/E,)

11 1 1
2°2 4 _4_1
1 1 .71 159

e el +
2.2 4 2 4
Therefore, the required probability is 1/3.

32. Suppose that 6% of the people with blood group O are left-handed and 10% of those with
other blood groups are left-handed 30% of the people have blood group O. If a left-handed person
is selected at random, what is the probability that he/she will have blood group O?

Solution:

Let’s assume

E1 = The event that a person selected is of blood group O
E2 = The event that the people selected is of other group
And H = The event that selected person is left handed
Now,

P(E1) = 0.30 and P(E2) = 0.70

Further, P(H/E1) = 0.06 and P(H/E2) =0.10

Using Baye’s Theorem, we have

P[ E ] : P(E,).P(H/E)
P(E;).P(H/E,) + P(E,).P(H/E,)
0.30 x 0.06 0.018 0018 _ 9

T 030%0.06+070x0.10 0018 +0.070 0.088 44
Therefore, the required probability is 9/44.

33. Two natural numbers r, s are drawn one at a time, without replacement from the set S={1, 2,
3, .,n}.Find P[r<p|s <p], where peS.
Solution:

Given, S={1,2,3,...,n}

So, P(r<p/s<p)=P(P N S)/ P(S)
=p—-1/mnxn/(n-1)
=(-1/(n-1)

Therefore, the required probability is (p - 1)/(n - 1).
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34. Find the probability distribution of the maximum of the two scores obtained when a die is
thrown twice. Determine also the mean of the distribution.
Solution:

Let X be the random variable scores when a die is thrown twice.

X=1,2,3,4,5,6
AndS={(1,1),(1,2),(2,1),(2,2),(1,3),(2,3),(3,1),3,2),3,3),(3,4),3,5), ..., (6,6)}
So,

P(X=1)=1/6.1/6=1/36

P(X=2)=1/6.1/6+1/6.1/6 +1/6.1/6 =3/36

P(X=3)=1/6.1/6+1/6.1/6 +1/6.1/6 +1/6.1/6 +1/6.1/6 =5/36

Similarly,

P(X=4)=7/36; P(X=5)=9/36 and P(X =6)=11/36

Hence, the required distribution is

X 1 2 3 4 5 6
P(X) | 1/36 | 3/36 | 5/36 | 7/36 | 9/36 | 11/36

"
Now, the mean E(X)= Z Xipi
i=1
i 3 5 7 9 11
= IX—+2X— 43X —+4X—+5X—+06xX—
36 36 36 36 36 86

I 8lsa @8 145 66 161

36 3636 36 36 36 36
Therefore, the required mean = 161/36.

35. The random variable X can take only the values 0, 1, 2. Given that P(X =0)=P (X=1) =p and
that E(X?) = E[X], find the value of p.
Solution:

Given, X=0,1,2and P(X=0)=P (X=1)=p
LetP(X)at X=21sx
>ptptx=1=>x=1-2p

Now, we have the following distribution:

X 0 1 2
PX) |p p 1-2p
So,

EX)=0p+1p+2(1-2p)=p+2-4p=2-3p

And, EX?)=0p+1p+4(1-2p)=p+4—-8p=4-"Tp
Also, given E(X) = E(X?)

2-3p=4-"Tp

4p=2

p="

Therefore, the required value of p is '%.
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36. Find the variance of the distribution:

X 0 1 2 3 4 5

P(x) 1/6 5/18 2/9 1/6 1/9 1/18
Solution:
We know that,
Variance(X) = E(X?) — [E(X)]?
Now. "

E(X) = 2, Pi%i
i=1

5 2
=Ux-1—+1x-i+2;<:+3xl+-'ixl+5xi-
6 18 9 6 .
5 4 3 4 5 54+8+9+8+5 35
=0+—+—+—+—+ = =—
18 9 6 9 18 18 18
5 2
Dxl+lxi+4x2+9xl+lﬁx-l—+25x -
6 18 9 6 9 18

5 8. 9 16 25 5+16+27+32+25 105

= ——t—F—t+—=

18 9 6 9 18 18 18

var i 1690 — 1225 665
~var@= S8t 18 T 324 34

Therefore, the required variance is 665/324.

E(X?)

37. A and B throw a pair of dice alternately. A wins the game if he gets a total of 6 and B wins if
she gets a total of 7. It A starts the game, find the probability of winning the game by A in third
throw of the pair of dice.

Solution:

Let’s take A1 to be the event of getting a total of 6

A1=12,4),(4,2),(1,5),(5, 1), (3, 3)}

And, B1 be the event of getting a total of 7

B1=1{(2,5),(5,2),(1,6),(6, 1), (3,4), (4, 3)}

Let P(A1) is the probability, if A wins in a throw = 5/36

And P(B)) is the probability, if B wins in a throw = 1/6

Therefore, the required probability of wining A in his third throw
R PP e e 2 B

= P(A)).P(B;).P(A;) = 36 6 36 7776

38. Two dice are tossed. Find whether the following two events A and B are independent:
A={(xy) :x+y=11} B={(x,y): x#5j

where (x, y) denotes a typical sample point.

Solution:

Given, two events A and B are independent such that A = {(x,y) :x+y=11} B={(x,y) : x# 5}
Now,
A={(5,6), (6, 5)}
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B={(1,1),(1,2),(1,3), (1, 5),(1,6), (2, 1), (2,2), (2,4), (2, 5), (2, 6), (3, 1), (3, 3), (3, 4), (3, 5), (3, 6),
(4,2),(4,3),(4,4), (4,5),(4,6),(5,1),(5,2), (5, 3), (5, 4), (5, 5), (5, 6), (6, 1), (6, 2), (6, 3), (6, 4), (6,
5), (6, 6);

n(A)=2,n(B)=30and n(A N B)=1

So, P(A) =2/36 =1/18 and P(B) = 30/36 = 5/6

Now,

P(A).P(B)=1/18.5/6 =5/108 and P(A N B) 1/36

As P(A). P(B) #P(A N B)

Therefore, events A and B are not independent.

39. An urn contains m white and n black balls. A ball is drawn at random and is put back into the
urn along with k& additional balls of the same colour as that of the ball drawn. A ball is again
drawn at random. Show that the probability of drawing a white ball now does not depend on £.
Solution:

Let’s consider A to be the event of having m white and n black balls
E1 = First ball drawn of white colour

E> = First ball drawn of black colour

E3 = Second ball drawn of white colour

i N
© PE) = and P(E.) =
(Ef) —— (E2) WE+ 1

N+ k 1 PIE. /E i
rw+n+.icdnL (3’1' 3]_!Fi‘+”+llf

P(E, )i P(Es/E; )+ P(E,). P(E;/E>)
" m+k y n m

- 3
m+n m+En+k m+n m+un+k

i m+k 7
= +
m+n+k|m+n m+n

i M+ +k N
T m4n+k|l m4n | om+n

Therefore, the probability if drawing a white ball does not depend upon k.

P(E;/E;)
Now, I'(Es)

Long Answer

Three bags contain a number of red and white balls as follows:

Bag 1 : 3 red balls, Bag 2 : 2 red balls and 1 white ball

Bag 3 : 3 white balls.

The probability that bag i will be chosen and a ball is selected from it is i/6, i =1, 2, 3. What is the
probability that

(i) a red ball will be selected? (ii) a white ball is selected?

Solution:

Given:
Bag 1 : 3 red balls,
Bag 2 : 2 red balls and 1 white ball
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Bag 3 : 3 white balls

Now, let E1, E2 and E3 be the events of choosing Bag 1, Bag 2 and Bag 3 respectively and a ball is
drawn from it.
And, we have
P(E1) = 1/6, P(E2) = 2/6 and P(E3) = 3/6
(i) Let E be the event that red ball is selected
A P(E) = P(E,).P(E/E, )+ P(E,).P(E/E; )+ P(E5).P (E/E;)
13 22 3 0 i 4 7

63 636 18 18 18
(i) Let F be the event that a white ball is selected
s P(F) = 1-E) [P(E) + P(F)=1]
1.1
18 18

Therefore, the required probabilities are 7/18 and 11/18.

40. Refer to Question 41 above. If a white ball is selected, what is the probability
that it came from (i) Bag 2 (ii) Bag 3
Solution:

Referring the Question 41, here we will use Baye’s Theorem
P(E. ). P(F/E,)

WP (E2/F) = BE) P(F/E, )+ P(E,) . P(E/E, ) + P(E3) P (F/Es)
2 1 2
d T I 18 _ 2
1.ﬂ+%.1+é.1 £+§ -
6" 63 6 18 6

P(E,). P(F/E;)

(if) P(E5 /F) “P(Ey). P(F/E, ) + P(E;) . P(F/Es ) + P(Es) . P(F/E;)
3, 3
= 6‘- — 6- —EXE:i
1,.21.8, 2.3 § 0 0

6 63 6 18 6
Therefore, the required probabilities are 2/11 and 9/11.

41. A shopkeeper sells three types of flower seeds Ai, A2 and As. They are sold as a mixture where
the proportions are 4:4:2 respectively. The germination rates of the three types of seeds are 45%,
60% and 35%. Calculate the probability

(i) of a randomly chosen seed to germinate

(ii) that it will not germinate given that the seed is of type A3,

(iii) that it is of the type A2 given that a randomly chosen seed does not germinate.

Solution:

Given that: A1: A2: As=4:4:2
So, the probabilities will be
P(A1)=4/10, P(A2) = 4/10 and P(A3) = 2/10,
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Where A1, A2 and A3 are the three types of seeds.
Let E be the event that a seed germinates and E be the event that a seed does not germinate

EY 45 E 60 EY 35
L O L) WL (-
{A,] 100 P[Az] 100 2d [A,J 100

E 55 E 40 E 65
Q W= | = —, Pl —| = — ; o IR | (...
and I{Al] 100 [A:] 100 and [ {A;] 00

; WEY = P __E_‘_ t] E 3 > ,_E_
() P(E) I{AI}.F‘[Ai ]+P{A:].I (A: ]+I{A3}.I [As]
4 45 4 60 2 35

107100 107100 10100
180 240 70 _ 490

- + = =049
1000 1000 1000 1000
P X 35 65
P(E/A3) = 1-P(E/A3)=1-——=——=065

(i) Using Bayes’ Theorem, we get
e P(A,).P(E/A,)
" R s 2
P{A,/E) P{A,).l‘(Eﬂ’AI}+I’(A3).l’(E.:’AE)+I"{A3].P(E;A3]
4 40

10°100

45 4 40 2 6

107100 10 100 10100
160

1000 | 160 -Iﬁu_]ﬁ—ﬂﬁH
220 160 130 ~ 220+160+130 510 51

1000 1000 1000
Therefore, the required probability is 16/51 or 0.314.

42. A letter is known to have come either from TATA NAGAR or from CALCUTTA. On the
envelope, just two consecutive letter TA are visible. What is the probability that the letter came
from TATA NAGAR.

Solution:

Let E1 be the event that the letter comes from TATA NAGAR,

E2 be the event that the letter comes from CALCUTTA

And, E3 be the event that on the letter, two consecutive letters TA are visible

Now,

P(E1) =, P(E2) =, P(E3/E1) = 2/8 and P(E3/E2) = 1/7

For TATA NAGAR, the two consecutive letters visible are TA, AT, TA, AN, NA, AG, GA and AR
So, P(E3s/E1) = 2/8

And, for CALCULTTA the two consecutive letters visible are CA, AL, LC, CU, UT, TT and TA
So, P(E3/E2) = 1/7

Now, using Baye’s Theorem we have
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P(E, /E P(Ey) . P(E;/E,)
(B1/53) = ey P(E, /) + P(E,). P(E, /Ey)
1 2 I |
a8 o 8 _ 8 _V
T T o 1. X 7#& %4
e e
'8 2% B8 14 S8

Therefore, the required probability is 7/11.

43. There are two bags, one of which contains 3 black and 4 white balls while the other contains 4
black and 3 white balls. A die is thrown. If it shows up 1 or 3, a ball is taken from the Ist bag; but
it shows up any other number, a ball is chosen from the second bag. Find the probability of
choosing a black ball.

Solution:

Let E1 be the event of selecting Bag 1 and Ez be the event of selecting Bag 2.
Also, let E3 be the event that black ball is selected
Now,
P(Ei)=2/6 =1/3 and P(E2) =1—-1/3=2/3
P(Es/E1) = 3/7 and P(E3/E2) = 4/7
So,
P(Es) = P(E1). P(E3/E1) + P(E2). P(E3/E2)
=1/3.3/7+2/3.4/7=3 +8)/21 =11/21
Therefore, the required probability is 11/21.

44. There are three urns containing 2 white and 3 black balls, 3 white and 2 black balls, and 4
white and 1 black balls, respectively. There is an equal probability of each urn being chosen. A
ball is drawn at random from the chosen urn and it is found to be white. Find the probability that
the ball drawn was from the second urn.

Solution:

Given, we have 3 urns:

Urn 1 = 2 white and 3 black balls

Urn 2 = 3 white and 2 black balls

Urn 3 =4 white and 1 black balls

Now, the probabilities of choosing either of the urns are
P(U1)=P(U2) =P(Us3)=1/3

Let H be the event of drawing white ball from the chosen urn.
So,

P(H/U1) = 2/5, P(H/U2) = 3/5 and P(H/U3) = 4/5

By using Baye’s Theorem, we have
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P(U,). P(H/U;)

3f N =
P(Uz/H) P(U, ).P(H/U, )+ P(U,).P(H/U, )+ P(U5).P (H/U,)
13 1
- 3'5 ___ 5 15 1
12 13 1472 3 4745 3
3'5 35 35 15715 15

Therefore, the required probability is 1/3.

45. By examining the chest X ray, the probability that TB is detected when a person is actually
suffering is 0.99. The probability of an healthy person diagnosed to have TB is 0.001. In a certain
city, 1 in 1000 people suffers from TB. A person is selected at random and is diagnosed to have
TB. What is the probability that he actually has TB?

Solution:

Let Ei = Event that a person has TB

E> = Event that a person does not have TB

And H = Event that the person is diagnosed to have TB.

So,

P(E1)=1/1000 = 0.001, P(E2) = 1 — 1/1000 = 999/1000 = 0.999
P(H/E1) = 0.99, P(H/E2) = 0.001

Now, using Baye’s theorem we have

P(E;) . P(H/E,)

~ P(E, /1T}=
(5, /1) P(E;) .P(H/E,) + P(E,) . P(H/E,)

0.001 % 0.99 (.99
~ 0.001 % 0,99 +0.999 x 0.001  0.99 + 0.999
0.990 990 110

T 0990+0999 1989 221
Therefore, the required probability is 110/221.

46. An item is manufactured by three machines A, B and C. Out of the total number of items
manufactured during a specified period, 50% are manufactured on A, 30% on B and 20% on C.
2% of the items produced on A and 2% of items produced on B are defective, and 3% of these
produced on C are defective. All the items are stored at one godown. One item is drawn at random
and is found to be defective. What is the probability that it was manufactured on machine A?
Solution:

Let’s consider:

E1 = The event that the item is manufactured on machine A
E> = The event that the item is manufactured on machine B
Es = The event that the item is manufactured on machine C
Let H be the event that the selected item is defective.

Thus, by using Baye’s theorem we have

P(E1) = 50/100, P(E2) = 30/100, P(E3) = 20/100
P(H/E1) = 2/100, P(H/E2) = 2/100 and P(H/E3) = 3/100
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P(E,).P(H/E,)+P(E;).P(H/E, )+ P(E;).P (H/E;)
S0 2
- x_
100 100
50 2 30 2 20 3
Kb K b — X
100 100 100 100 100 100
10 100 _10_5

“100+60+60 220 22 11
Therefore, the required probability is 5/11.

& P(Ey/H) =

47. Let X be a discrete random variable whose probability distribution is defined as follows:
]k(.r+1_rfm.r= 1.2.3.4
2kx  forx=3.6.7

P(X=x)=
lﬂ otherwise

where k& is a constant. Calculate
(i) the value of £ (ii) E (X) (iii) Standard deviation of X.
Solution:

(1) Given, P(X=x)=k(x+ 1) forx=1,2, 3,4

So, PX=1)=k(1+1)=2k
PX=2)=k(2+1)=3k
PX=3)=k(3+1)=4k
PX=4)=k(4 +1)=5k

Also, P(X =x)=2kx forx =5, 6,7
P(X=5)=2k(5)= 10k
P(X=6)=2k(6) =12k
P(X=7)=2k(7)= 14k

And, for otherwise it is 0.

Thus, the probability distribution is given by

X 1 2 3 4 5 6 7 Otherwise

P(X) 2k 3k 4k Sk 10k 12k 14k 0

We know that,
> P(X,) =1

i=1

So, 2k + 3k + 4k + 5k + 10k + 12k + 14k = 1
= 50k =1

=k=1/50

Therefore, the value of k is 1/50.

(i1) Now, the probability distribution is
X 1 2 3 4 5 6 7
P(X) | 2/50 | 3/50 | 4/50 | 5/50 | 10/50 | 12/50 | 14/50
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E(X)=1x2/50+2x3/50+3x4/50+4x5/50+5x10/50+ 6 x 12/50 + 7 x 14/50
=2/50 + 6/50 + 12/50 + 20/50 + 50/50 + 72/50 + 98/50
=260/50
=26/5=52

(ii) We know that the standard deviation (SD) = VVariance

Variance = E(X?) — [E(X)]?
E(X2) = 1Kt X 4 O X 4 16Xt 25 XD | BEX 2= 449X o
50 50 50 50 50 50 50
i 12 36 80 25D+ 32+ﬁ36 1498

50 50 50 50 50 50 50
1493_(@)3
50 5

1498 676 14981352 146 S
50 25 50 - e

= J292 =17 (approx.)

Now,
Variance (X)

48. The probability distribution of a discrete random variable X is given as under:

X 1 2 4 2A 3A 5A
P(X) 12 1/5 3/25 1/10 1/25 1/25
Calculate:

(i) The value of A if E(X) = 2.94
(ii) Variance of X.
Solution:

(1) We know that:
E(X) = 2, DX,
i=1

E(X) = ']xl+2xl+4xi+2!\xi4-3f\xi+5!\x—
s 5 25 10 25 25
204 = _+?+E+£ E A
5 25 B 25 5

13A

13A
294 = 0.5+ 0.4 +048+ —— = 1.38 +
)
S T o B a LA
st T T

1.56 % 25
A= ——=012x25
13

=

~A=3
(i1) Now, the distribution becomes

X

1

2

4

6

15

P(X)

1/2

1/5

3/25

1/10

1/25

1/25
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EX?)=1x%+4x1/5+16x3/25+36x 1/10 + 81 x 1/25+225x 1/25
=Y +4/5+48/25 +36/10 + 81/25 + 225/25
=05+08+192+3.6+3.24+9=19.06

Variance (X) = E(X?) — [E(X)]?

=19.06 —(2.94)> =19.06 — 8.64 = 10.42

49. The probability distribution of a random variable x is given as under:
J Jor for x=1.2.3

P(X=x) _ 4 2kx forx=4.5.6

0 otherwise

where k is a constant. Calculate

(i) E(X) (ii) E (3X?) (iii) P(X > 4)

Solution:

The probability distribution of random variable X is given by:

X 1 2 3 4 5 6 Otherwise
P(X) k 4k 9k 8k 10k 12k 0

We know that

Y P(X) =1

i=1

So,k+4k +9k + 8k + 10k + 12k =1

44k =1

k=1/44 1t

(i) B(X) = ZII‘EX.J

=1xk+2x4k+3x9% +4x8k+5x10k+6x 12k
k+ 8k + 27k + 32k + 50k + 72k = 190k

=190 x 1/44 = 95/22 = 4.32 (approx.)

(i) E(X?) = 3(k + 4 x 4k + 9 x 9k + 16 x 8k + 25 x 10k + 36 x 12K)
=3(k + 16k + 81k + 128k + 250k + 432k) = 3(908k)
=3 x 908 x 1/44 = 2724/44 = 61.9 (approx.)

(i) P(X>4)=P(X=4) + P(X=5) +P(X =6)

=8k + 10k + 12k = 30k
=30x 1/44=15/22

50. A bag contains (2n + 1) coins. It is known that n of these coins has a head on both sides
whereas the rest of the coins are fair. A coin is picked up at random from the bag and is tossed. If
the probability that the toss results in a head is 31/42, determine the value of n.

Solution:

Given, n coins are two headed coins and the remaining (n + 1) coins are fair.
Let E1: the event that unfair coin is selected

E2: the event that the fair coin is selected

E: the event that the toss results in a head
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So,

P(E1)=n/(2n+ 1) and P(E2) = (n+ 1)/ (2n +1)

P(E/E1) =1 (As it’s a sure event)

P(E/E2) =2

~.P(E) = P(E,).P(E/E,) + P(E,).P(E/E,)
o nel 11 [,.n-rrl]

= A+ — =
2n+1 Zn+1 2 2n+1 2
- 1 [21:+n+]]_ 3n+1
S 2n+1 2 S 224 1)
31
But, P(E) = 9 — (given)
3n+1 31
s o
2(2n+1) 42
In+1 - 31
2n+1 21
63n + 21 = 626+ 31
sS=10

Therefore, the required value of n is 10.

51. Two cards are drawn successively without replacement from a well shuffled deck of cards.
Find the mean and standard variation of the random variable X where X is the number of aces.
Solution:

Let’s consider X to be the random variable such that X =0, 1, 2
Now, let E = the event of drawing an ace
And, F = the event of drawing non — ace
So,
5 P(E) = i and P’{L,’n--t—{:i
> 48 47 188

Now, ch u; = PEPE ==

I W W
BiX =1y=FE) PET DR PE] = L2, 38 2 25
R=1=R R RN = %8 T S 2

4 1
=T = ——
P{X =2) = PELPE) = e =57

We have Distribution Table:

X 0 1 2
188 32 1

P(X — == —

) 221 221 221
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34 2
Now, Mean E(X)=0x @-ﬁl 32 EXL=£+i=—=—
221 221 221 221 221 221 13

a 188 32 1 32 4 36

E K"' = —_— —_— = 4 s a—

(X9 = 0x 221 +x 221 x 221 221 221 221

. Variance = E(X») - [E(X))

_35(2}_35 4 468-68 400
221 \13/ 221 169 13x221 2873

! 400
Standard deviation = 2873 =(.377 (approx.)

52. A die is tossed twice. A ‘success’ is getting an even number on a toss. Find the variance of the
number of successes.
Solution:

Let’s consider E to be the event of getting even number on tossing a die.

? Pn‘\E}=E land P(E) = 1—l .2
N 6 2 2 2

Here X=10,1,2
PX=0) = P(E].P("E_} =

B
"

P | =

Il
Lo ]

| =
e | =

P(X = 1)= P(E).P(E)+P(E). P{E]=%

|-—l-l'~.l!¢—‘
|-JI-—1
ey

11
P(X=2) = PE)P(E)= 5.5 =

Hence, the probability distribution table is
X 0

e |-

1
P(X) 1

BN |
I‘-J



