NCERT Exemplar Solutions For Class 11 Maths Chapter 4-
Principle Of Mathematical Induction

EXERCISE PAGE NO: 70
SHORT ANSWER TYPE

1. Give an example of a statement P(n) which is true for all n > 4 but P(1), P(2) and P(3) are not
true. Justify your answer.
Solution:
According to the question,
P(n) which is true for all n >4 but P(1), P(2) and P(3) are not true
Let P(n) be 2" < n!
So, the examples of the given statements are,
P(0) > 2°< 0!
i.e 1<1= nottrue
P(1) = 2t < 1!
i.e 2<1=nottrue
P(2) = 22< 2!
i.e 4 <2 =nottrue
P(3) = 2%3< 3!
i.e 8 <6 = not true
P(4) = 2% < 41
i.e 16 <24 = true
P(5) = 2° < 5!
i.e 32 <60 = true, etc.

2. Give an example of a statement P(n) which is true for all n. Justify your answer.
Solution:

According to the question,

P(n) which is true for all n.

Let P(n) be,
142+ 3 4o+ n =20

0(0+1
P(0)is0 = ( )=O;it’strue

1{(1+1
P(1)is1= % = 1;it'strue

202+1
P(2)is1 + 2= (2 );it’strue
kik+ 1)
PRIS1+2+3 + otk =——
k(k+1 k+1)(k+2

P(klis1 + 2+ 3 +-...... + k+1=%+k+1=( )2( )

= P(K) is true for all k.
Therefore, P(n) is true for all n.
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Prove each of the statements in Exercises 3 to 16 by the Principle of Mathematical Induction:
3. 4" — 1 is divisible by 3, for each natural number n.
Solution:

According to the question,

P(n) = 4" — 1 is divisible by 3.

So, substituting different values for n, we get,

P(0) = 4° — 1 = 0 which is divisible by 3.

P(1) = 4' — 1 = 3 which is divisible by 3.

P(2) = 4%> — 1 = 15 which is divisible by 3.

P(3) = 4% — 1 = 63 which is divisible by 3.

Let P(k) = 4 — 1 be divisible by 3,

S0, we get,

= 4k 1=3x.

Now, we also get that,

= P(k+1) = 41 1

=4(3x+1)-1
= 12x + 3 is divisible by 3.

= P(k+1) is true when P(K) is true

Therefore, by Mathematical Induction,

P(n) = 4" — 1 is divisible by 3 is true for each natural number n.

4, 2% — 1 is divisible by7, for all natural numbers n.
Solution:
According to the question,
P(n) = 2°" — 1 is divisible by 7.
So, substituting different values for n, we get,
P(0) = 2°— 1 = 0 which is divisible by 7.
P(1) = 23— 1 = 7 which is divisible by 7.
P(2) = 2% —1 = 63 which is divisible by 7.
P(3) = 2° — 1 =512 which is divisible by 7.
Let P(k) = 2% — 1 be divisible by 7
So, we get,
=2 _1=7x.
Now, we also get that,
= P(k+1) = 23k _1
=23(7x+1)-1
=56x +7
=7(8x + 1) is divisible by 7.
= P(k+1) is true when P(K) is true.
Therefore, by Mathematical Induction,
P(n) = 2" — 1 is divisible by7, for all natural numbers n.

5.n%—7n + 3 is divisible by 3, for all natural numbers n.
Solution:

According to the question,

P(n) = n®—7n + 3 is divisible by 3.
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So, substituting different values for n, we get,

P(0) = 03— 7x0 + 3 = 3 which is divisible by 3.

P(1) = 13— 7x1 + 3 = =3 which is divisible by 3.

P(2) = 2% — 7x2 + 3 =—3 which is divisible by 3.

P(3) = 32— 7x3 + 3 = 9 which is divisible by 3.

Let P(k) = k% — 7k + 3 be divisible by 3

S0, we get,

= k3 -7k +3=3x.

Now, we also get that,

= P(k+1) = (k+1)% - 7(k+1) + 3
=k3+3k®+3k+1-7k-7+3
=3x + 3(k? + k — 2) is divisible by 3.

= P(k+1) is true when P(K) is true.

Therefore, by Mathematical Induction,

P(n) = n®—7n + 3 is divisible by 3, for all natural numbers n.

6. 3°" — 1 is divisible by 8, for all natural numbers n.
Solution:
According to the guestion,
P(n) = 3°" — 1 is divisible by 8.
So, substituting different values for n, we get,
P(0) = 3° — 1 = 0 which is divisible by 8.
P(1) = 32— 1 = 8 which is divisible by 8.
P(2) =3* - 1 =80 which is divisible by 8.
P(3) = 3°— 1 =728 which is divisible by 8.
Let P(k) = 3% — 1 be divisible by 8
S0, we get,
= 3% _1=8x.
Now, we also get that,
= P(k+1) = 32k _1
=32Bx+1)-1
=72x + 8 is divisible by 8.
= P(k+1) is true when P(K) is true.
Therefore, by Mathematical Induction,
P(n) = 32" — 1 is divisible by 8, for all natural numbers n.

7. For any natural number n, 7" — 2" is divisible by 5.
Solution:

According to the question,

P(n) = 7" — 2" is divisible by 5.

So, substituting different values for n, we get,

P(0) = 7° — 2° = 0 Which is divisible by 5.

P(1) = 7t — 2 = 5 Which is divisible by 5.

P(2) = 7% — 2% = 45 Which is divisible by 5.

P(3) = 7° — 2% = 335 Which is divisible by 5.

Let P(k) = 7% — 2% be divisible by 5
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S0, we get,
= 7k -2k =5x.
Now, we also get that,
= P(k+l): 7k+1 _ 2k+l
=(5+2)7k—2(2)
=5(7%) + 2 (7= 24
=5(7%) + 2 (5x) Which is divisible by 5.
= P(k+1) is true when P(K) is true.
Therefore, by Mathematical Induction,
P(n) = 7" — 2" is divisible by 5 is true for each natural number n.

8. For any natural number n, X" —y" is divisible by x — y, where x integers with x #y.
Solution:

According to the question,

P(n) = x"—y" is divisible by x — y, x integers with x #y.

So, substituting different values for n, we get,

P(0) = x° — y? = 0 Which is divisible by x — y.

P(1) =x —y Which is divisible by x —y.

PQ) =x-y?
= (x +y)(x—y) Which is divisible by x—y.
PE) =Xy

= (x—y)(x?+xy+y?) Which is divisible by x—y.
Let P(k) = x* — yX be divisible by x —y;
S0, we get,
= XK -y = a(x—y).
Now, we also get that,
= P(k+1) = Xk+1 _ yk+1
= X*(x=y) + y(x*~y")
= xX(x—y) +y a(x—y) Which is divisible by x —y.
= P(k+1) is true when P(K) is true.
Therefore, by Mathematical Induction,
P(n) X" — y" is divisible by X — y, where x integers with x # y which is true for any natural
number n.

9. n® —n is divisible by 6, for each natural number n > 2.
Solution:

According to the question,

P(n) = n®—nis divisible by 6.

So, substituting different values for n, we get,

P(0) =0%—0=0 Which is divisible by 6.

P(1) =13 -1 =0 Which is divisible by 6.

P(2) =22 -2 =6 Which is divisible by 6.

Let P(k) = k3 — k be divisible by 6.

So, we get,

= k3 -k = 6x.
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Now, we also get that,

= P(k+1) = (k+1)% — (k+1)

(k+1)(K*+2k+1-1)

k3 + 3k? + 2k

= 6x+3Kk(k+1) [n(n+1) is always even and divisible by 2]
= 6x + 3x2y Which is divisible by 6.

= P(k+1) is true when P(K) is true.
Therefore, by Mathematical Induction,
P(n) = n® —nis divisible by 6, for each natural number n > 2.

10. n(n? + 5) is divisible by 6, for each natural number n.
Solution:

According to the question,

P(n) = n(n? + 5) is divisible by 6.

So, substituting different values for n, we get,

P(0) = 0(0? + 5) = 0 Which is divisible by 6.

P(1) = 1(1% + 5) = 6 Which is divisible by 6.

P(2) = 2(2% + 5) = 18 Which is divisible by 6.

P(3) = 3(3% + 5) = 42 Which is divisible by 6.

Let P(k) = k(k? + 5) be divisible by 6.

So, we get,

= k(k? + 5) = 6x.

Now, we also get that,

> P(k+1) = (k+1)((k+1)? + 5) = (k+1)(k*+2k+6)
=k3+3k*+8k+6
= 6x+3k*+3k+6
= 6x+3k(k+1)+6[n(n+1) is always even and divisible by 2]
=6x + 3x2y + 6 Which is divisible by 6.

= P(k+1) is true when P(K) is true.

Therefore, by Mathematical Induction,

P(n) = n(n? + 5) is divisible by 6, for each natural number n.

11. n? < 2" for all natural numbers n > 5.
Solution:

According to the question,

P(n) isn?< 2" for n>5

Let P(k) = k? < 2 be true;

= P(k+1) = (k+1)?

=k®+2k+1

2k+1 - 2(2k) > 2k2

Since, n>>2n + 1 for n >3

We get that,

k2 + 2k + 1 < 2k?

= (k+1)2 < 2(k+1)

= P(k+1) is true when P(K) is true.

Therefore, by Mathematical Induction,
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P(n) = n? < 2" is true for all natural numbers n > 5.

12.2n < (n + 2)! for all natural number n.
Solution:

According to the question,
P(n)is2n<(n +2)!

So, substituting different values for n, we get,
P(0) = 0 < 2!

P1)=>2<3!

P(2) = 4 < 4!

P(3) = 6 < 5!

Let P(k) = 2k < (k + 2)! is true;
Now, we get that,

= P(k+1) = 2(k+1) ((k+1)+2))!
We know that,

[(k+1)+2)! = (k+3)! = (k+3)(k+2)(k+1)eeeererrnn 3x2x1]
But, we also know that,
=2(k+1) x (k+3)(k+2)....cevennnnns 3x1 > 2(k+1)

Therefore, 2(k+1) < ((k+1) + 2)!

= P(k+1) is true when P(K) is true.

Therefore, by Mathematical Induction,

P(n) =2n < (n + 2)! Is true for all natural number n.

13. Vn <11 + 172 + ... 1/\n, for all natural numbers n > 2.
Solution:

According to the question,

- .1 1. o< — 1+ L
lf{n)lsﬁ<ﬁ+¢§+"""""+\.-3’112ZP(H)ISVH{:\.-”1+\.3+"""""
—:n=2
v Il

- 11 )

P(2) isV2<—=+—== 1414 < 1.707 It's true
V1o A2
P(3) isy/3 < ! + ! + L 1.732 < 2.2841It'st
is vy —+—=+—== 1. . s true
Vi V2 3
ke 1L 2ot
LetP(k) vk < sttt Istrue

Adding Vk + 1 — vk on both sides.

1 1 1
= Vk+vk+1-vVk<—+—+........+—=+Vk+ 1k
v v v \,q \,E \,l"l_{ v v
T 1 W1 -
_._\.m_\”_{=(mk+l mk)(mk—i—l—i—mk}: 1 - 1
(\-R+1+\-’T{) (\-k+1+\-"l_{) Vk+1

1 1 1 1
—
= Vk+1l< —+—+. ... .+ —+ —
\.q \.@ \.”_{ vk+1

= P(k+1) is true when P(K) is true.
Therefore, by Mathematical Induction,


https://byjus.com/?utm_source=pdf-click
https://byjus.com/?utm_source=pdf-click

NCERT Exemplar Solutions For Class 11 Maths Chapter 4-
Principle Of Mathematical Induction

Vn < 1/N1 + 1/42 + ... 1/\n, for all natural numbers n > 2

14.2+4+ 6 + ...+ 2n = n? + n for all natural numbers n.
Solution:
According to the question,
P(n)is2+4+6+...+2n=n+n.
So, substituting different values for n, we get,
P(0) =0 =02+ 0 Which is true.
P(1) =2 =12+ 1 Which is true.
P(2) =2+ 4 =22+ 2 Which is true.
P(3)=2+4+6=232+2 Whichis true.
LetP(K) =2 +4+ 6+ ...+ 2k =k? + k be true;
So, we get,
= Pk+1)is2+4+6+..+2k+2(k+1)=k>+k + 2k +2
= (k% + 2k +1) + (k+1)
=(k+1)*+ (k+1)
= P(k+1) is true when P(K) is true.
Therefore, by Mathematical Induction,
2+4+6+...+2n=n?+nis true for all natural numbers n.

15. 1+ 2+ 22+ ...2"=2"1_1 for all natural numbers n.
Solution:
According to the question,
P(n)isl+2+22+ .. 2"=2"1_1,
So, substituting different values for n, we get,
P(0) =1=2%1—1 Which is true.
P(1)=1+2=3=2"—1 Which is true.
P(2)=1+2+22=7=2%'—1 Which is true.
P(3)=1+2+2%+2%=15=2%1—1 Which s true.
Let P(k) =1+ 2+ 22+ ... 2K=2%1_1 e true;
So, we get,
= P(k+1)is 1+ 2+ 22+ . 2K+ 2kl = okl _ 1 4 Dkl
=2x2K1 1
= 2(k+1)+1 -1
= P(k+1) is true when P(K) is true.
Therefore, by Mathematical Induction,
1+2+22+ ... 2"=2"1_1is true for all natural numbers n.
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