22. Vectors and Their Properties

Exercise 22
1. Question

Write down the magnitude of each of the following vectors:

B.b=5i-4j-3k
:}’L;_Lj_ig
V3 V3T

{ﬁl+ QJ—'JEL.)

Answer

Tip - For any vector3 = ad+ avj + azﬁ the magnitude |3]| = ’axz + ayz +a,2

A3 =i+2j+5k

~ |3 = 12422452
= /30 units

—4j -3k
“|3] = 52+ 42 +32

= 5v2 units

- 1.
C.a=—=1-
V3

D.3 = V2i +V3j—V5k

- JD + (V3 + (VB
= munits

2. Question

Find a unit vector in the direction of the vector:

A (31+4]-5k)
B. (31-2j+6k)

c.(i+f()



D. (21 + _| + 2k)
Answer

) N ) ) - ayi+ayj+ak
Tip - For any vector3z = a1+ a,j+a k the unit vector is representedas @ = T——
* z \l‘ax-+ay2+az-

A.3 = 31+ 4j-5k

31+ 4j — 5k

V3Z+ 42 +52

3 4 5 .
k

-

= i+ -
52 5v2 52
B.3 = 31— 2j+6k

3i—2j + 6k
V32 + 22 + 62

C3a=1i+k
) i+k
S d =
12 + 12
1 1.
= —i+—k
2 2

D.3 = 2i+j+2k

2i+j+ 2k

_2. 12
=3T3l 73

3. Question
If 5 = ( 21 — 4_| + ‘ik) then find the value of A so that }._5 may be a unit vector.

Answer
3 = 2i—4j+5k
~ A3 = 2\ —4Aj + 5ak

For a unit vector, its magnitude equals to 1.

Tip - For any vector3 = ad+aj+ azf( the magnitude |3| = ,axz + ayz +a,2

~ A3l = J(2)2+ (402 + (502 = 1

=245)2 = 1

colzzi !

45 ~ (3v5)°




!
137

4. Question

DA =

If a =(.—iq +_|—l\) and B = (21—J+2k) then find the unit vector in the direction of (5 - B)

Answer

i=-i+j—-k

b =2i—j+2k
i+b

ayi+ayj+azk

Tip - For any vector3 = a i+ a,j+ a,k the unit vector is representedas @ = T .,
X Y r Jax"*'ay""'az"

~(3+D)
i+k

VIZ+ 12

1 -
= —(i+k

5(+K)
5. Question
If 5 =(3i +j—5}‘;) and B :(i+2j —l!() then find a unit vector in the direction of (5 —l_) )
Answer
3 = 3i+j-5k

b=1+2j—k

ol

-
~a—

(3i+j—5k)—(i+2j—k)

= 21—]—4k

. - axi+ayi+azﬁ

Tip - Forany vector3 = a_ i+ a,j+ a,k the unit vector is represented as a="FT"""-"
x y 2 “rax~+ay2+az~

»(3-D)

2i—j—4k
V22 + 12+ 42

1 -
= E(Zi—j—élk)

6. Question

If a :(; "‘2]_31::) and b= (’2i+ 4j +9f;) then find a unit vector parallel to (5 —B)



Answer
i=1+2j-3k
b = 2i+4j+ 9k

~a+b

(1+2j—3k)+(21+4j+9k)

3i + 6] + 6k
axi+ayi+azi£

Tip - For any vector3 = a i+a,j+a k the unit vector is represented as @ = 77— —
x v z lag?+ay?+az?

(5+E)
31 + 6] + 6k
V32 + 62 +62

= +—(31+6j+6k)

= WD =

-

= ig(i+ 2]+ 2k

7. Question

Find a vector of magnitude 9 units in the direction of the vector (—2i - _] - Qk)_

Answer

Let A be an arbitrary constant and the required vector is —2j + Aj + 24k

Tip - For any vector3 = a,d+ ay]‘+ a.zﬁ the magnitude |3| = ,axz + ayz +a,2

~J @22+ (M)2+(20)2 =9

=231 =9
=2A =3
The required vectoris —gj + 3§ + 6k

8. Question

Find a vector of magnitude 8 units in the direction of the vector (51 — _] + Ek )

Answer

Let A be an arbitrary constant and the required vector is 531 — j + 22k

Tip - For any vectorg = a i+ avj + azf( the magnitude |3]| = ’axz + ayz +a,?2

~J(BA)2+ (M)2+(20)2 = 8

=301 = 8

DA =

S
=]



The required vector is — (5i —j + 2k)
V30

9. Question

Find a vector of magnitude 21 units in the direction of the vector ( ji — Sj + 61:; )

Answer

Let A be an arbitrary constant and the required vector is 2)j — 3] + 62k

Tip - For any vector3 = a,d+ avj"' azﬁ the magnitude |3]| = ’axz + ayz +a,2

«J@NT+ (302 + (6M)? = 21

=2 7h = 21

> =3

The required vector is (61 — 9 + 18k)

10. Question

if a=(i-2j).b=(2i-3]) and ¢ =(2i +3k). find (a +D +c).

Answer

wl

=1-2j

(=}

= 21— 3

-~

= 21+ 3k

o

~3i+b+e

= (1—2j) + (21— 3j) + (21 + 3k)

= 51— 5]+ 3k

11. Question

If A(-2, 1, 2) and B(2, -1, 6) are two given points, find a unit vector in the direction ofﬁ_
Answer

A=(-21,2)

B=(2-1,6)

~ AB

= 2-(-DR+{(-D -1} + {62}k
= 4i—2j+4k

ayitayj+azk

Tip - For any vector3 = a i+a,j+a k the unit vector is represented as @ = 77—
x v z qrax“+ay‘+az~

« AB

41— 2j + 4k
Ve +22+42
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12. Question

Find the direction ratios and direction cosines of the vector 5 = ( 51— 3j + 4}{).

Answer
3 = 51— 3+ 4k

Tip - For any vector3 = ad+ avi"' azﬁ the direction ratios are represented as (ay , ay ,a,) and the direction

ay ay az

cosines are given by (. 2 2.2 (.2 2, 2
lag®+ay+az? vax~+ay-+az-
v

]
= 2 =
Jax +ayZ+a

The direction ratios are (5,-3, 4)

. . . 5 -3 4
The direction cosines are

V524324427 /524324427 /52432442

5 -3 4
T 5V2'5v2'5V2
1 -3 4
ROCEE

13. Question

Find the direction ratios and the direction cosines of the vector joining the points A(2, 1, -2) and B(3, 5, -4).
Answer

A=(21,2)

B =(3,5,-4)

~ AB

= B3-2i+{5-1+{(-4) - (-2))k

= i+4j-2k

Tip - For any vector3 = ad+a,j+ azﬁ the direction ratios are represented as (ay , ay ,a,) and the direction

ay ay az

cosines aregivenby [, . [, . .’
\iax~+ay“+az~ vax~+ay“+az~

[
\Il ag“+ay“+az”

The direction ratios are (1,4, -2)

. . . 4 -2
The direction cosines are

V124424227 124424227 /12442422

1 4 -2

C V2121 V2l

14. Question

Show that the points A, B and C having position vectors ( 1 + 23 + 7k)( 2i + 63 +31:;) and (3; +103 — 31\)
respectively, are collinear.

Answer

A=1+2]+7k



B = 2i+ 6] +2k
C = 3i+10j -3k

—_—

~ AB
= (2i+ 6] +2k) —(i+2j+ 7k)

— 5k

+4

—
—

1

~ BC
= (3i+ 10§ — 3k ) — (2i + 6] + 2k)

= i+ 4j—5k

—
—

al

AB =
So, the points A, B and C are collinear.

15. Question
The position vectors of the points A, B and C are (21 + J —k)(S; — jj + k} and (i + 4J — 3}1) respectively.
Show that the points A, B and C are collinear.

Answer
A=2+]-k

B = 3i—2j+k

= (1+4)-3k)-(3i—2j+k)

= —2i+ 6] —4k
(—3)AB = BC

So, the points A, B and C are collinear.

16. Question

If the position vectors of the vertices A, B and C of a AABC be (1+ Zj +3ﬁ]_ (21 +3j +l\) and (31 +j+ Ek)
respectively, prove that AABC is equilateral.

Answer
A=1+2j+3k
B =2i+3j+k
C=3i+j+2k
~ AB

= (2i+3j+k)—(1+2j+3k)



=i+j—2k

~ BC

(3i+j+2k)—(21+3)+k)
=i-2j+k

~CA

= (i+2)+3k) — (31 +j+ 2k)

= —2i+j+k

Tip - For any vector3 = ad+ avj + azﬁ the magnitude 3] = W
~|AB| = 12+ 12+22 = V6

RS - VEFEFE = B

- [CAl = 22+ 12+ 12 = 6

~|aB| = [BC| = [cAl

The three sides of the triangle are equal in magnitude, so the triangle is equilateral.

17. Question

Show that the points A, B and C having position vectors ( 3{ —4j = 4k](21 - J +L) and (; —3j - §L)
respectively, form the vertices of a right-angled triangle.
Answer

A = 3i—4j—4k

B=2—-7+k
C=1-3j-5k

= (2i—j+k)— (31— 4§ 4k)
= —i+3j+ 5k

~ BC

= (1—-3j—-5k)—(21—-j+k)
= —i—2j— 6k

~CA

= (31— 4 — 4k) — (i— 3§ - 5Kk)
=2i-j+k

Tip - For any 2 perpendicular vectors3 &, 3. = 0
- AB.CA

= (-1+3)+5k).(21-j+k)



—-2-3+5

=0

The triangle is right-angled.
18. Question

Using vector method, show that the points A(1, -1, 0), B(4, -3, 1) and C(2, -4, 5) are the vertices of a right-
angled triangle.

Answer

A =(1,-1,0)

B =(4,-3,1)

C = (2,-4,5)

~ AB

= (4-1i+(-3+1j+(1-0)k
= 3i—2]+k

~ BC

= (2-49)i+(—4+3)j+(5- 1k
= —2i—j+ 4k

- CA

= (1-2)i+(~1+4)j+ (0 -5)k
= —1+3j—5k

Tip - For any 2 perpendicular vectors 3 & H ib =0

- AB.BC

(31— 2j+k).(—2i—j+4k)

—-6+2+4
=0
The triangle is right-angled.

19. Question

Find the position vector of the point which divides the join of the points (25 —36) and (35 —21_:1.) (i)
internally and (ii) externally in the ratio 2 : 3.

Answer

A =2i-3b

B =3a-2b

Formula to be used - The point dividing a line joining points a and b in a ratio m:n internally or externally is

given by Z2=22 regpectively.
m+b

The position vector of the point dividing the line internally

~ 2x(33-2b) +3x(2a-3b)
- 2+3




The position vector of the point dividing the line externally

_ 2x(3a-2b)-3x(2a-3b)
B 2-3

= —5b

20. Question

The position vectors of two points A and B are ( 25 +l_)) and (5 —31_)) respectively. Find the position vector

of a point C which divides AB externally in the ratio 1 : 2. Also, show that A is the mid-point of the line
segment CB.

Answer
A =23+b
B=3a-3b

Formula to be used - The point dividing a line joining points a and b in a ratio m:n externally is given by
mb-na ragpectively.

m-b

The position vector of the point C dividing the line externally

_1x(a-3b)-2x(2a+b)
- 2—-3

= 33+5b
The midpoint of B and C may be given by

(a—3b) + (3a+5b)
2

— 23+ bi.e. point A
A is the midpoint of B and C.
21. Question

Find the position vector of a point R which divides the line joining A(-2, 1, 3) and B(3, 5, -2) intheratio2 : 1
(i) internally (ii) externally.

Answer
A=(-2,1,3)
B =(3,5,-2)

~0A = —2i+j+3k

-~ OB

31+ 5) — 2k

Formula to be used - The point dividing a line joining points a and b in a ratio m:n internally or externally is

given by mbi:a respectively.

m+
The position vector of the point dividing the line internally

_ 2x (=21 +j+3k) +1x(3i+ 5 - 2k)
a 2+1

[

B S B

W o
W =



The position vector of the point dividing the line externally

_ 2x (=21 +j+3k)—1x(3i+ 5] - 2k)
B 2-1

= 8i+9)—7k
22. Question

Find the position vector of the mid-point of the vector joining the points _-—\(3{ + jj +6ﬁ) and

B(i+4j-2k).

Answer
0A = 3i+2j+6k
OB = i+ 4j— 2k

Formula to be used - The midpoint of a line joining points a and b is given by ath
2

The position vector of the midpoint

_ (3i+2j+6k)+(i+4—2k)
B 2

= 21+ 3j+2k
23. Question

If E = ( 2 1 + J — SL) and A(1, 2, -1) is the given point, find the coordinates of B.

Answer

A=(1,2-1)

Let the co-ordinates of point B be (by,b;,b3)

AB = 2i+j-3k

= [(by— 1)1+ (b, — 2)j+ (b + Dk| = 21+j— 3k
Comparing the respective co-efficient,
b;-1=2ie.b;=3

by-2=1ie.b,=3

bs+1 =-3ie.by3=-4

The required co-ordinates of B are (3,3,-4)

24. Question

Write a unit vector in the direction of ];TQ where P and Q are the points (1, 3, 0) and (4, 5, 6) respectively.
Answer

P =(1,3,0)

Q = (4,5,6)

- PG

= (4-1Di+(5-3)j+(6—-0)k



= 3i+2j+6Kk

- B . . ) 3 = axi+ayi+azi

Tip - For any vector3 = a_i +a,j+ak the unit vector is represented as ¢ = ’_a!zﬂy,“z,
3i+2j + 6k

V32 +22+62

1 ~
;(3i+zi+6k)

class24




