17. Area of Bounded Regions

Exercise 17

1. Question

Find the area of the region bounded by the curve y=x?, the x-axis, and the lines x=1 and x=3.
Answer

Given the boundaries of the area to be found are,

e The curve y = x?

* The x-axis

* x = 1 (a line parallel toy-axis)

* Xx = 3 (a line parallel toy-axis)
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As per the given boundaries,

» The curve y = x?, has only the positive numbers as x has even power, so it is about the y-axis equally
distributed on both sides.

» Xx= 1 and x=3 are parallel toy-axis at of 1 and 3 units respectively from the y-axis.

* The four boundaries of the region to be found are,
Point A, where the curve y = ¥2 and x=3 meet

«Point B, where the curve y = ¥ and x=1 meet

*Point C, where the x-axis and x=1 meet i.e. C(1,0).
*Point D, where the x-axis and x=3 meet i.e. D(3,0).

Area of the required region = Area of ABCD.

3
Area of ABCD = fxzdx
1

5-G-5)
3], 3 3
n+1i

[Using the formula[ x"dx = —]
n+1




_(27 1)_26
85 81 3

The Area of the required region = ? $Q. units

2. Question

Find the area of the region bounded by the parabola y?=4x, the x-axis, and the lines x=1 and x=4.
Answer

Given the boundaries of the area to be found are,

 The parabola y? = 4x

* The x-axis

« X = 1 (a line parallel toy-axis)

* X = 4 (a line parallel toy-axis)
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As per the given boundaries,

« The curve y? =4x, has only the positive numbers as y has even power, so it is about the x-axis equally
distributed on both sides.

« Xx= 1 and x=4 are parallel toy-axis at of 1 and 4 units respectively from the y-axis.

* The four boundaries of the region to be found are,

Point A, where the curve y? = 4x and x=4 meet

Point B, where the curve y2 = 4x and x=1 meet
*Point C, where the x-axis and x=1 meet i.e. C(1,0).
*Point D, where the x-axis and x=4 meet i.e. D(4,0).

Area of the required region = Area of ABCD.

Area of ABCD = fydx=[mdx
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The Area of the required region = ? sq.units

3. Question

Find the area under the curve y= J6x + 4 (above the x-axis) from x=0 to x=2

Answer

Given the boundaries of the area to be found are,

* The curve y = /6x + 4

* The x-axis
e X = 0 (y-axis)

* X = 4 (a line parallel toy-axis)

x=0 x=2
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As per the given boundaries,

* The curve y= J6x + 4,is a curve with vertex at (0, — E).

» x=2 Is parallel toy-axis at 2 units away from the y-axis.
* x=0 is the y-axis.
* The four boundaries of the region to be found are,

«Point A, where the curve y* = 6x + 4 and x=0 meet.

Point B, where the curve y2 = 6x + 4 and x=2 meet.
*Point C, where the x-axis and x=2 meet i.e. C(2,0).
*Point O, or the origin i.e. 0(0,0).

Area of the required region = Area of OABC.
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Area of OBCD = fydx=f\(6x+4dx
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The Area of the required region = ? SQ.units

4. Question

(64— 8) = 3(56)

Determine the area enclosed by curve y=x3, and the lines y=0, x=2 and x=4.

Answer

Given the boundaries of the area to be found are,
« The curvey = X3

* The y= 0, x-axis

* X = 2 (a line parallel toy-axis)

» X = 4 (a line parallel toy-axis)

C=(4,0)

As per the given boundaries,

« The curve y = X3 is a curve with vertex at (0,0).
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« x=2 is parallel toy-axis at 2 units away from the y-axis.

» x=4 is parallel toy-axis at 4 units away from the y-axis.

* The four boundaries of the region to be found are,
Point A, where the curve y = 3 and x=2 meet.

*Point B, where the curvey = x> and x=4 meet.

*Point C, where the x-axis and x=4 meet i.e. C(4,0).

*Point D, where the x-axis and x=2 meet i.e. D(2,0).



Area of the required region = Area of ABCD.
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= 60 sq. units
The Area of the required region = 60 sq. units.

5. Question

Determine the area under the curve y= \/a:'. u Xl , iIncluded between the lines x=0 and x=4.

Answer

Given the boundaries of the area to be found are,

b The curve y — 'Jaz — IZ

* X = 0 (y-axis)
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Here the curve, =
yz = a2 — x2
x?+ y? = a® - (1)

This equation (1) represents a circle equation with (0,0) as center and, a units as radius.

As x and y have even powers, the given curve will be about the x-axis and y-axis.

As per the given boundaries,

* The curve y = /g2 — x2, is a curve with vertex at (0,0).

» x=4 is parallel toy-axis at 4 units away from the y-axis. (but this might not really effect the boundaries as
the value of ‘a’ in the equation is unknown.)

* Xx=0 Is the y-axis.

Area of the required region = Area of OBC.
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The Area of the required region = -’%—z sq.units

6. Question

Using integration, find the area of the region bounded by the lines 2y=5x+7, the x-axis and the lines
2y=5x+7, the x-axis, and the lines x=2 and x=8.

Answer

Given the boundaries of the area to be found are,

* The line equation is 2y =&
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y=0 D=(20) C=(80)

As per the given boundaries,

* The line 2y = 5x + 7.

» x=2 Is parallel toy-axis at 2 units away from the y-axis.
« x=8 is parallel toy-axis at 8 units away from the y-axis.
» y =0, the x-axis.

 The four boundaries of the region to be found are,
*Point A, where the line 2y = 5x + 7 and x=2 meet.

*Point B, where the line 2y = 5x + 7and x=8 meet.



*Point C, where the x-axis and x=8 meet i.e. C(8,0).
Point D, where the x-axis and x=2 meet i.e. D(2,0).

The line equation 2y = 5x + 7 can be written as,

5x+7
2

y_

Area of the required region = Area of ABCD.

8
X+
Area of ABCD = fydx=f > dx
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[Using the formula [ y"dx = J::+1 and [ cdx = cx]

=%{[5 (62—4) 2 56] = FEES 14]}: % [(5% 32) + 56 —24] = %(160+32)

1
= 5 (192) = %6

The Area of the required region
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e curve y?=4x and the lines x=3.

7. Question

Find the area of the region boundet
Answer

Given the boundaries of the area to be found are,

 The parabola y? = 4x

* X = 3 (a line parallel toy-axis)

x=3

As per the given boundaries,

* The curve y? =4x with vertex at (0,0), has only the positive numbers as y has even power, so it is about
the x-axis equally distributed on both sides.



» x= 3 are parallel toy-axis at 3 units from the y-axis.

 The boundaries of the region to be found are,
*Point A, where the curve y? = 4x and x=3 meet when y is positive.

*Point B, where the curve y2 = 4x and x=3 meet when y Is negative.
*Point C, where the x-axis and x=3 meet i.e. C(3,0).

*Point O, the origin.

Area of the required region = Area of OAB

Area of OAB = Area of OAC + Area of OBC.

[area under OAC = area under OBC as the curve y? = 4x is symmetric]

Area of OAB = 2 X Area of OAC

3 3
Area of OAB = nydx=2f\/4_xdx
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The Area of the required region .

8. Question

3
Evaluate the area bounded by the ellipse + _y_ — 1 above the x-axis.
9

2
X
4

Answer

Given the boundaries of the area to be found are,

* The ellipse, "‘; =3 J’; =1

e y = 0 (x-axis)
From the equation, of the ellipse

» the vertex at (0,0) i.e. the origin,

» the minor axis is the x-axis and the ellipse intersects the x- axis at A(-2,0) and B(2,0).

» the major axis is the y-axis and the ellipse intersects the y- axis at C(3,0) and D(-3,0).



D = (0, -3)

As x and y have even powers, the area of the ellipse will be symmetrical about the x-axis and y-axis.

Here the ellipse, f..*. y: — 1, can be re-written as
4 o

* The x-axis.

class24

Now, the area to be found der the ellipse which is above the x-axis.

Area of the required region =
Area of ABC = Area of AOC + Area of BOC

[area of AOC = area of BOC as the ellipse is symmetrical about the y-axis]

Area of ABC = 2 Area of BOC

2 2
3
Area of ABC = 2[ydx=2j§\/4— x2dx
0 0
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xW4— x2 4 X
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[Using the formula, [ a2 — x2 dx = a2 | n? = (f)]

2V4— 22 4 2 2) Ovaz— 02 4 _1(0)
—3[ 5 +Esin (E]_B[ 5 +§sin —

=3 xz(;)— 3(0 +0) = 3m

[sin"}(1) = 90° and sin"}(0) = 0° ]
The Area of the required region 3m sq. units

9. Question



Using integration, find the area of the region bounded by the lines y=1|x+1|, x=-2, x=3 and y=0.

Answer

Given the boundaries of the area to be found are,
 The line equationisy = 1 + |[x+1]|

* The y= 0, x-axis

» X = -2 (a line parallel toy-axis)

* x = 3 (a line parallel toy-axis)

Consider the given line is
y =1+ |[x+1]|

this can be written as

y =1 +(x+1), when x+1=0 (or)

=1 -(x+1), when x+1<0

Thus the given boundaries are
e Theliney =1 +|x+1]|. I
« x=-2 is parallel toy-axis at=2 ay from the y-axis.
» x=3 is parallel toy-axis at 3 units away from the y-axis.

* y =0, the x-axis.

The four vertices of the region are,

*Point A, where the x-axis and x=3 meet i.e. A(3,0).
*Point B, where the liney = 1 +|x+1| and x=3 meet.
*Point C, where the liney = 1 +|x+1| and x=-2 meet.
*Point D, where the x-axis and x=-2 meet i.e. D(-2,0).

Area of the required region = Area of ABCD.

From (1) we can clearly say that, the area of ABCD has to be divided into twopieces i.e. area under CDFE and
EFAB as the line equations changes at x = -1.
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[Using the formula [ x"dy = and [ cdx = cx]
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The Area of the required region = % sg. units.

10. Question

Find the area bounded by the curve y=(4-x¢), the y-axis and the lines y=0,y=3.
Answer

Given the boundaries of the area to be found are,

« The curve y = 4-x2

* The y-axis

ey =0 (x-axis)

* vy = 3 (a line parallel to x-axis)

Consider the curve,

y = 4-x2

x2 = 4-y

class24

About the area to be found,

« The curve y = 4 - x2, has only the positive numbers as x has even power, so it is about the y-axis equally
distributed on both sides.

e From (1) as, y = J4 —y, the curve has its vertex at (0,4) and cannot g*beyond y = 4 as the value of x
cannot be negative and imaginary.

e y= 0 is the x - axis
» y =3 s parallel to x-axis which is 3 units away from the x-axis.

The four boundaries of the region to be found are,

*Point A, where the x-axis and x = ,/4 — y meet i.e.

C(-2,0).

*Point B, where the curve y = \/4 — y and y=3 meet where X is negative.



*Point C, where the curve y = \/4 — y and y=3 meet where x is positive.

*Point D, where the x-axis and y = J4 — y meet .e. D(2,0).

Area of the required region = Area of ABCD.

3 3
AreaofABCD=dey=fJ4—ydy
0

0
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[Using the formula [ x?dy = =—]

n+1l
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The Area of the required region = —1;4 SQ. units

11. Question

Using integration, find the area of the region bounded by the triangle whose vertices are A(-1, 2), B(1,6) and
C (3,4)

Answer
Given,

« A(-1,2),B(1,6) and C (3 he 3 vertices of a triangle.

A=(-1,2)

- O . © .
E=(-1,0) D=(10) F=(3.0)

From above figure we can clearly say that, the area between ABC and DEF is the area to be found.

For finding this area, we can consider the lines AB, BC and CA which are the sides of the given triangle. By
calculating the area under these lines we can find the area of the complete region.

Consider the line AB,

M;J;lﬁﬂﬂ.ﬁg‘_!; are two points, the equation of a line passing through these poin an be given b

e . R ek
2T ¥y M4
Using this formula, equation of the line A(-1,2) B =(1,5)
y=(2) x-(-1)
5—2 1—-(—1)




Y=t x4+1

3 2
- 3( +1) 42 3x+3+4_ 3x+ 7
Y=g -T2 2
3x+7
Yy ="
Consider the area under AB:
B=(16)
A=(-1,2)
E=(-1,0) D =(1,0)

From the above figure, the area under the line AB will be given by,

fl 3x+7)

Areaof ABED = f y dx

g | 1
=f G+ 7) dx = >

1
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[ using the formula, [ x"d

1 ([3(1)2 3(—1)2
R

G- G- - 2on

=7

Area of ABDE = 7 sq. units. ---- (1)

Consider the line BC,

Using this 2-point formula for line, equation of the line B(1,5) and C (3,4)

y=(5) x-(1)
4-5  3-(1)
y—(3) x-1

—1 2

A e dostil Hi-a
e 2 2

11—-x

y ="

Consider the area under BC:



B =(1,6)

=(1,0) F=(3.0)

From the above figure, the area under the line BC will be given by,

. 311 -
AreaofBCDF=fydx= f( > J{)dx
1 1

31 1 2
= f “(11-x)dx = —[ilx——
. 2

2 2 |
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[ using the formula, fx"dx i . and J'cd,x = cx)
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Area of BCFD = 9 sq. units
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Consider the line CA,

Using this 2-point formula for line, equation of the line C(3,4) and A(-1,2)
y—(4) x—(3)

2—-4 —-1-—(3)
Y—=(4) =x—=3
-2 -4
B 1( 3) + 4 x—3+8 x+5
y =g\ 2 2
x+5
Yy =3

Consider the area under CA:

C=(34)

A=(-12)

E=(10) ‘ F=(3 0)

From the above figure, the area under the line CA will be given by,




] */x+5
AreaofACFE=fydx=[ ( > )dx
1

= -

- fj%(x+ 5) dx = %[(§)+ 5x

n+

3

|

[ using the formula, [ x"dx = ¥ and [ cdx = cx]

n+1

{5 s[5 so0]
- 36+ 15]- B-sl)- 1) -(3)
; ’392_9 - ?

= 12

Area of ACFE = 12 sq.units ---- (3)

If we combined, the areas under AB, BC and AC in the below graph, we can clearly say that the area under
AC (3) is overlapping the previous twoareas under AB & BC.

A=(-1,2)
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E=(-1,0)

Now, the combined area undert 3C is given by

Area under rABC

=Area under AB + Area under BC - Area under AC
From (1), (2) and (3), we get

Area underrABC =7 + 9 -12

= 16 - 12 = 4 sq. units.

Therefore, area under rABC = 4 sq.units.

12. Question

Using integration, find the area of AABC, the equation of whose sides AB,BC and AC are given by
Y=4x+5,x+y=5 and 4y=x+5 respectively.
Answer

Given,

« ABC is a triangle

*» Equation of side ABofy =4x + 5

» Equation of sideBCof x +y =5

* Equation of side CA of 4y = x+5

By solving AB & BC we get the point B,



AB:y =4x+5,BC: y = 5-x

4x + 5 = 5-X

5x =0

x=0

by substituting x = 0in ABwegety =5
The point B = (0,5)

By solving BC & CA we get the point C,
AC : 4y = x+5 ,BC: y = 5-x

4y -5 = 5-y

S5y =10

y =2

by substitutingy =2 inBCwegetx =3
The point C = (3,2)

By solving AB & AC we get the point A,
AB:y =4x+5,AC: 4y = x+5

16x + 20 = x+5

15x = -15

X = ~1
by substituting x = -1 in AB !
The point A = (-1,1)

These points are used for obtaining the upper and lower bounds of the integral.

From above figure we can clearly say that, the area between ABC and DEF is the area to be found.

For finding this area, the line equations of the sides of the given triangle are considered. By calculating the
area under these lines we can find the area of the complete region.

Consider the line AB, y = 4x+5

The area under line AB:



y=4x + 5

B=(0.5)

From the above figure, the area under the line AB will be given by,

0 0
Areaof AB = f Yap dX = f (4x + 5) dx
-1 -1

¢ 4x*? .
=f (4x+5)dx—[ +5x]
» 2 -

n+

[ using the formula, [ x"dx = = ~ and [ cdx = cx]

n+1

= {[2(0%) + 5(0)] - [2(-1)® + 5 (-1)]}
=(0)-(2-5) =0+3 =3

Area under AB = 3 sq. unit: CIG 5324

Consider the line BC, y =5-X

Consider the area under B¢

From the above figure, the area under the line BC will be given by,

3 3
AreaofBC=fyBcdx= f (5—x)dx
0 0

3 2 1?
= f (5-x)dx= [Sx——
0 2 1,
[ using the formula, [ x"dx = " and [ cdx = cx]
n+1

- (-5 [so-F]



_{[15 9] 0} 30-9 21
B 2 -

Area under BC = ? sq. units. ---- (2)

Consider the line AC, y = i (x+5)

Consider the area under AC:

C=(3,2)

E=(30)
D=(-1,0)

|

1

From the above figure, the area under the line AC will be given by,

3 3 /x+5
AreaofACFE=[yAcdx=f ( z )dx
-1 -1

3 2
= J._l%(x+ 5)dx = %[(%)+ 5x

[ using the formula, [ x™dx 2 nd Ax = cx]
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Area under AC = 6 sqg.units ---- (3)

If we combined, the areas under AB, BC and AC in the below graph, we can clearly say that the area under
AC (3) is overlapping the previous twoareas under AB & BC.

y=4x + 5

y=95-x 1
B=(05)
C=(3 2)
A1 1)
y=x+D ‘
F=(0,0) E=(3.0)
D=(1.0

Now, the combined area under the rABC is given by

Area under rABC

=Area under AB + Area under BC - Area under AC



From (1), (2) and (3), we get

21
Ares under AABC = 3 + i 6

6421-12 21-6 15
2 B

Therefore, area under rABC = ? sg.units.

13. Question

Using integration, find the area of the region bounded between the line x=2 and the parabola y*=8x.
Answer

Given the boundaries of the area to be found are,

 The parabola y? = 8x

* Xx = 2 (a line parallel toy-axis)

X=2
y’ = BX

A=(2 4)

Q=(00)

(M) Vyclass24

As per the given boundaries,

 The curve y? =8x, has only the positive numbers as y has even power, so it is about the x-axis equally
distributed on both sides as the vertex is at (0,0).

» x= 2 is parallel toy-axis which is 2 units away from the y-axis.

The boundaries of the region to be found are,
Point A, where the curve y? = 8x and x=2 meet which has positive y.

*Point B, where the curve y? = 8x and x=2 meet which has negative y.
*Point C, where the x-axis and x=2 meet i.e. C(2,0).

Area of the required region = Area under OACB.

But,
Area under OACB = Area under OAC + Area under OBC

This can also be written as,
Area under OACB = 2 x Area under OAC

[area under OAC = area under OBC as AOB is symmetrical about the x-axis.]

2 .
Area of 0ACB = 2fydx= zf\fﬁdx
0 0



: 12 4 3 2
X2 X3
=2x2\/§f\/§dx= W2 |5 | =4V2 "
0 i 0 0
[Using the formula [ x"dx = i
n+1
(2 (0)2 22\ (32
2 2
=8v2| =3 3 =Bﬁ(3 )“(?)
32
-3

The Area of the required region = Ef sq.units

14. Question

Using integration, find the area of region bounded by the line y-1=x, the x-axis, and the ordinates x=-2 and
X=3.

Answer

Given the boundaries of the area to be found are,
* The line equationisy = x +1

* The y= 0, x-axis

» X = -2 (a line parallel toy-axis

« X = 3 (a line parallel toy:ax

class24

Thus the given boundaries are,

* The liney = x+1.

» X=-2 is parallel toy-axis at 2 units away from the y-axis.
 x=3 is parallel toy-axis at 3 units away from the y-axis.
e y = 0, the x-axis.

The four vertices of the region are,

*Point A, where the line y = x+ and x=3 meet i.e. A(3,4).
*Point B, where the liney = x +1 and x=-1 meet i.e.
B(-2,-1).

*Point C, where the x-axis and x=-2 meet i.e. C (-2,0).
*Point D, where the x-axis and x=3 meet i.e. D(3,0).

Area of the required region = Area of ABCD.



From (1) we can clearly say that, the area of ABCD has to be divided into twopieces i.e. area under CBE and
ADE as the line equations changes the sign of x.

So the equation AB becomes negative between after it crosses the point E.

-1

3 3 -1
Area of ABCD = f—ydx+ fydx= f(x+1)dx— I(x+1)dx
-1 -1 -2

=

f(x+ 1)dx — f(x+ 1) dx
-1 -2

(2)+ - [(z)+
[Using the formula [ x"dx = *—
-{Z)+ @)1l
-[(55)+ o]
H1-REiHE-R-GH-3

= = 8.5

-1

—

xﬂ"l‘l

and [ cdx = cx]

The Area of the required regior

=vclass24

1t and bounded by y=4x2, x=0,y=2 and y=4. Find the area of the

15. Question

Sketch the region lying in the first quadi
region using integration.

Answer

Given the boundaries of the area to be found are,
« The curve y = 4x?

e y =0, (x-axis)

« y = 2 (a line parallel to x-axis)

* y = 4 (a line parallel to x-axis)

 The area which is occurring in the 15t quadrant is required.

As per the given boundaries,

* The curvey = 4x2, has only the positive numbers as x has even power, so it is about the y-axis equally
distributed on both sides.



» y= 2 and y=4 are parallel to x-axis at of 2 and 4 units respectively from the x-axis.

As the area should be in the 15t quadrant, the four boundaries of the region to be found are,
«Point A, where the curve y = 4x% and y-axis meet i.e. A(0,4)

*Point B, where the curvey = 4x% and y=4 meet i.e. B(1,4)

Point C, where the curve y = 4x% and y=2 meet

*Point D, where the y-axis and y=2 meet i.e. D(0,2).

Consider the curve, y = 4x2

Now,

I=§ﬁ

Area of the required region = Area of ABCD.

4

B
1
Area of ABCD = !xdy= Elﬁdy

n+i

[Using the formula[ x"dx =

1 3 3

=§(4§— 2 ) = %(a—

class24

The Area of the required regi 5q. units

16. Question

Sketch the region lying in the first quadrant and bounded by y=9x2. x=0, y=1 and y=4. Find the area of the
region, using integration.

Answer

Given the boundaries of the area to be found are,
e The curve y = 9x?

* X =0, (y-axis)

 y = 1 (a line parallel to x-axis)

« y = 4 (a line parallel to x-axis)

» The area which is occurring in the 15t quadrant is required.



As per the given boundaries,

* The curvey = 9x2, has only the positive numbers as x has even power, so it is about the y-axis equally
distributed on both sides.

« y= 1 and y=4 are parallel to x-axis at of 1 and 4 units respectively from the x-axis.

As the area should be in the 15t quadrant, the four boundaries of the region to be found are,

«Point A, where the curve y = 9x? and y-axis meet i.e. A(0,4)

Point B, where the curve y = 9x2 and y=4 meet

«Point C, where the curve y = 9x and y=1 meet

*Point D, where the y-axis and y=1 meet i.e. D(0,1).

Consider the curve, y = 9x?

class24

Area of the required region'= Area o

4 4
1

Area of ABCD = fxdy= gfﬁdy

[
p—

[Using the formula [ x"dy = ‘”"H]

n+1l

The Area of the required region = 1?4 $q. units

17. Question

Find the area of the region enclosed between the circles ¥ +y?=1 and (x-1)2+y?=1

Answer

Given the boundaries of the area to be found are,
e First circle, x2 + y2 = 1 ---(1)

« Second circle, (x-1)2 + y2 = 1 ---- (2)



From the equation, of the first circle, x2 + y? = 1
* the vertex at (0,0) i.e. the origin
* the radius is 1 unit.
From the equation, of the second circle, (:ac-l)2 + y2 =%
* the vertex at (1,0) i.e. the origin
* the radius is 1 unit.
Now to find the point of intersection of (1) and (2), substitute y? = 1-x2 in (2)
(x-1)2 + (1-x2) = 1
x> +1-2x+1-x2 =1
1

X =
Substituting x in (1), we get y = +

So the two points, A and B where the circles (1) and (2) meet are 4 = (i— ‘/73) and B = G ’ —?)

The line connecting AB, will be intersecting the x-axis at D = GO)

As x and y have even powers for both the circles, they will be symmetrical about the x-axis and y-axis.

y2=1-x2 CIGSSzd'
y=J(1-x?)

B

Now, the area to be found will be the area is

Area of the required region = Area of OABC.

Area of OABC = Area of AOC + Area of BOC

[area of AOC = area of BOC as the circles are symmetrical about the y-axis]
Area of OABC = 2 x Area of AOC

Area of OABC = 2 (Area of OAD + Area of ADC)

[area of OAD = area of ADC as the circles are symmetrical about the x-axis]
Area of OABC = 2 (2 x Area of ADC)

Area of OABC = 4 x Area of ADC



Area of ADC is under the first circle, thus y = J(l — x2)is the equation.

1 1
Area of OABC = 4fydx=4f\/1— x2dx
1 |

2 2

= 4

J)Z— xdx = 3[‘““ — X 4 2 sin? (”'f)]1
2 2

[Using the formula, [ /a2 = xZ dx = *""{“z"‘z 3 “—: sin~?! (E)]

1 1 1
Wi—12 1 51— (z)2 1 5
. s " = B N = 311 B
—4[ > +zsin (1)] 4 > +zsin :
V3
4 % 1= V3 =@ 2 V3
—4(0+7)-4|2+5(F)|=n + =)=
4 2 2 \6 2 3 3 2

[sin"1(1) = 90° and sin-1§ = 30°)

) 5q. units

The Area of the required region

18. Question C I 1SS 2 4

Sketch the region commar (“+) 2=16 and the parabola x2=6y. Also, find the area of the region,

using integration.
Answer

Given the boundaries of the area to be found are,
« the circle, X2 + y? = 16 ---(1)

« the parabola, x¢ = 6y ---- (2)

From the equation, of the first circle, x2 + y? = 16

» the vertex at (0,0) i.e. the origin

* the radius is 4 unit.

From the equation, parabola, x? = 6y
» the vertex at (0,0) i.e. the origin

« Symmetric about the y-axis, as it has the even power of x.

Now to find the point of intersection of (1) and (2), substitute x¢ = 6y in (1)
6y + y2 = 16

vy 4+ 6y - 16= 0

—6+./62—4(1)(—16) —-6+V36+64 —6+V100 —6+10

| —

Y= 2(1) 2 2 2

y=2(or)y =-8



as x cannot be imaginary, y = 2
Substituting x in (2), we get x = + 2V3
So the two points, A and B where (1) and (2) meet are A = (2V3,2) and B = (-2V3,2)

(-2v3,2) 8B A (2v3,2)

(2v3,0)D

As x and y have even powers for both the circle and parabola, they will be symmetrical about the x-axis and
y-axis.

Consider the circle, x2 + y2 = 16, can be re-written as

y? =16 — x?

Consider the parabola, x? = 6)

2

ot class24

Let us drop a perpendicular frot to x-axis. The base of the perpendicularis D = (2V 3, 0)
Now, the area to be found will |
Area of the required region = Area of OACBO.

Area of OABCO= Area of OCAO+ Area of OCBO

[area of OCBO= area of OCAOas the circle is symmetrical about the y-axis]
Area of OACBO= 2 X Area of OCAO---- (5)

Area of OCAO= Area of OCAD - Area of OADO

Area of OCAOQiIs

243 12\,@.
Area of OCAO = f J16 —x2dx — : 3
0 0
xW16— x2 16 " 1P
= + — sin™ (—) =
2 2 o 5 6|3 5

n+1i

[Using the formula, [ a2 — x2 dx = rv’ﬂz-r“Jr ﬂ; — (-*‘) and [ x"dx = *— ]

a n+1




2\5\]16— V32 3\ [oW16—02 _ (0
> + 8 sin (T) [ > + 8 sin (Z)]

1[(2v3)® (0)°
- E[ 3 3 ]

{[zﬁdlﬁ = 12

V3 1 [48V3
z s 4

+ 8 sin™* (7)] - [0+ 8 sin“(o)]}-— c |3

[sin"}(1) = 90° and sin—1 Y3 — 0°]

2
-(26+ s Q-0 [ - F+ 52 5 Y

The Area of OCAO= (B"":ﬁ) sg. units

Now substituting the area of OCAOIin equation (5)
Area of OACBO= 2 x Area of OCAO

(Bn + 2\[??) 16m + 4V3
- 3 - 3

16m+43

Area of the required region is sg. units.

3

19. Question

Sketch the region commaor
using integration.

Given the boundaries of the area to be found are,

Answer

« the circle, X2 + y? = 25 ---(1)
« the parabola, y? = 8x ---- (2)

From the equation, of the first circle, x2 + y? = 25

» the vertex at (0,0) i.e. the origin

 the radius is 5 units.

From the equation, of the parabola , y2 = 8X

* the vertex at (0,0) i.e. the origin

* Symmetric about the x-axis, as it has the even power of y.
Now to find the point of intersection of (1) and (2), substitute y? = 8x in (1)
x? + 8x = 25

x2 + 8x-25=0

-8+,/82-4(1)(-25) -8+64+100 —8+2V41

- 2(1) 2 2

as y cannot be imaginary, we reject the negative value of x

SO x = —4++/41



So the two points, A and B are the points where (1) and (2) meet.
The line AB meets the x-axis at D = [(V41 -4),0]

Substitutey = 0in (1),

x2+0=25

X = %5

So the circle intersects the x-axis at C(5,0)and E(-5,0)

|

As x and y have even powers for the circle, they will be symmetrical about the x-axis and y-axis.

n be re-written as

Consider the circle, X2 + y? = 25, cz

class24

Consider the parabola, y?

y = Bx — (4)

Now, the area to be found will be the area is

Area of the required region = Area of OACBO.

Area of OABCO= Area of OCAO+ Area of OCBO

[area of OCBO= area of OCAQas the circle is symmetrical about the y-axis]
Area of OACBO= 2 x Area of OCAO---- (5)

Area of OCAO= Area of OADO+ Area of DACD

Area of OCAOQiIs

Val-4 5
Area of OCAO = f V8xdx — f V25 — x2 dx
Jé1-

0 -

3 Vai-4 5
X2 xv25— x2 25 X
2|3 - P R
2 1, —

2 n+i

| 12 2
Using the formula, 2 _ 2 o ndii o - -1 (X d n -
[Using the for [Va? — x? dx —+ — sin (a) and [ x™dx == ]

Let V41l -4 = a



42 [32 - ]

- [[sv‘zs —5 .25 Sm_1 )] [a\/252— ot 2 (a)]]

2 2 2

42 [32 B ] [[o + 22—5 sin_l(l)l - [a\/zsz— : " 22_5 i g)]]

[sin"1(1) = 90° and sin"}(0) = 0°]
4271 3 25 /m av25—a> 25 _ _ (a
K ’az _Ol_ {’°+ 2 (2)] [ R e (E)]}

’az ] [25n gv2h—a® 25 (a)]

+ — sin™
The Area of OCAO= 4;6 ’a':' ] - ’25“] "‘JZS““: + £ gin—1 (i;)] sg. units, where a = V41 - 4

2 2
2

Now substituting the area of OCAOin equation (5)
Area of OACBO= 2 x Area of OCAO

(2] P B
P p—

- ’a\IZS CI QSS(% g'hnits, wherea =v41 -4

Draw a rough sketch of the region ’(x.Vv): X. 3% y2 < 16land find the area enclosed by the

Area of the required regio

20. Question

region, using the method of integration.
Answer

Given the boundaries of the area to be found are,
R = {(x,y): y* = 3x, 3x + 3y? < 16}
This can be written as
= {(x,y): y* = 3x}
R, = {(x,y): 3x2 + 3y? < 16}
Then Arearequiredis = R,NR,

From Ry, we can say that, y2 = 3X is a parabola

y? = 3x - (1)
 With vertex at (0,0) i.e. the origin

* Symmetric about the x-axis, as it has the even power of y

From R4, we can say that, 3x?2 + 31,f2 = 16 iIs a circle

3x2 + 3y2 = 16 - (2)



» the vertex at (0,0) i.e. the origin

i 4 7
the radius ufﬁ units

Now to find the point of intersection of (1) and (2), substitute y2 = 3xin (2)
3x% + 3(3x) = 16

3x2 +9%x-16=0

-9+./92-4(3)(-16) -9+ V81+192 -9+v273
2(3) B 6 6

X =

as y cannot be imaginary, we reject the negative value of x

SO ¥ = -9+4+/273
o

So the two points, A and B are the points where (1) and (2) meet.

The line AB meets the x-axis at D = (-9+:ﬁ. 0)

Substitute y = 0 in (2),

3x2 +0 =16

4
X=+—

V3

0) and E = (—-%. U)

e | [0PR0N [/ ClOSS24

So the circle intersects the x=axis at (

As x and y have even powers for the circle, they will be symmetrical about the x-axis and y-axis.

Consider the circle, 3x2 + 3y? = 16, can be re-written as

16
24 p2_
X y 3

Consider the parabola, y2 = 3x, can be re-written as

y = V3x - (4)

Now, the area to be found will be the area is
Area of the required region = Area of OACBO.
Area of OABCO= Area of OCAO+ Area of OCBO



[area of OCBO= area of OCAOas the circle is symmetrical about the y-axis]
Area of OACBO= 2 X Area of OCAO---- (5)

Area of OCAO= Area of OADO+ Area of DACD

Area of OCAOis

-9+y273 .
o V3 "
Area of OCAO = f V3xdx + f ?—xzdx
0 —94/773 \
-
4

3 '“*;’m 16 16 V3

X2 X7 — X° 3 X
— oy -~ _—— e
=3 3 + - 3 sin )

2 1o V3/ |-o+V273

o

Usi thef | ' - x\/nz-—.‘rz _2 -1 d » _ L1
[Using enrmuaf\/az 12 dx : + 25"‘ ﬂl;)a:-m fx dx n+1]
Le —g'l"m

2 a

_2V3 3
(az — Uz)
3
+

class24

=23£(a§) + 1|0+ — sin“(l)] I J .. ¥ % sin™ (@)

[sin"1(1) = 90° and sin"1(0) = 0°]

g e P

6 4

A5 (d)e [ 5] S (B

The Area of OCAO= 2"’_( )-t- [ﬂ] KEJT - g sin~? (}Eﬂ-) Sqg. units, where g = ‘H:ﬁ

Now substituting the area of OCAQOin equation (5)



Area of OACBO= 2 x Area of OCAO

2V3( 3\ [4m [ﬂq%ﬁ“ (@) g _ (V3a
=2 T(a2)+[3] + — sin (—)

2 3

() [5] [ n 2  ()

Area of the required region is %E(a':') — [%l - aJL:_ (a)2 — 1?‘5 sin—1 (v;:ﬂ_) sq. units, where g — -g+:’ﬁ

21. Question

Draw a rough sketch and find the area of the region bounded by the parabolas y?=4x and x?=4y, using the
method of integration.

Answer

Given the boundaries of the area to be found are,
« the first parabola, y? = 4x ---(1)
« the second parabola, x2 = 4y ---- (2)

From the equation, of the first parabola, y2 = 4x

» the vertex at (0,0) i.e. the origin

« Symmetric about the x-axis, as it o even power of .

k2avclass24

he even power of X.

From the equation, of the second par:
 the vertex at (0,0) i.e. th

* Symmetric about the y-axis, as it

Now to find the point of intersection of (1) and (2), substitute y = § in (1)

x2\’
) -
x? = 64x
x(x3- 64) = 0
X=0{ornNx=4

Substituting x in (2), wegety =0 (or)y =4
So the two points, A and B where (1) and (2) meet are A = (4,4) and O= (0,0)



Consider the first parabola, y2 = 4x, can be re-written as

y = 2Vx - (3)
Consider the parabola, x? = 4y, can be re-written as
-
- e )
4

Let us drop a perpendicular from A on to x-axis. The base of the perpendicular is D = (4, 0)

Now, the area to be found will be the area is
Area of the required region = Area of OBACO.
Area of OBACO= Area of OBADO- Area of OCADO

Area of OBACOis

class24

4
Area of OBACO = f 2Vxd
0

i 4
zx 1z
I 43|

2 1o

ral W

n+1

[Using the formula, [ x"dx = — ]

n+1

4 3 3 1
= T = | = 3
3[2 0z] T [4° — 0°]
4 1
k)~ — (8
3(8) 12(*1‘)
~32-16 16
3 3

The Required Area of OBACO= (1?'5') sq. units

22. Question

Find by integration the area bounded by the curve y?=4ax and the lines y=2a and x=0.

Answer

Given the boundaries of the area to be found are,

« The curve y? = 4ax

» y = 2a (a line parallel to x-axis)



» Xx = 0 (y-axis)

As per the given boundaries,

» The curve y? =4ax, has only the positive numbers as y has even power, so it is about the x-axis equally
distributed on both sides.

« y= 2a is parallel to x-axis with 2a units from the x-axis.

The boundaries of the region to be found are,
«Point A, where the curve y? = 4ax and y=2a meet i.e. A(2a,2a)

*Point B, where the curve y2 = 4ax and y-axis meet i.e. B(0,2a)

*Point O, is the origin

Consider the curve y* = 4ax

class24

Area of the required regio

2a Z2a 2

Area of OBA = fxdy=fy—dy

4a
0 0
1 [}73]2“
4al 3 .
n+1

[Using the formula [ x?dy = =]

n+1

1
= 5z [(2a)* - 0°]

8a® 2a®
12a 3

The Area of the required region = ZT“E sq. units

23. Question

Find the area between the curve y=i + ?.sin: x , the axis and the ordinates x=0 and x=m.
T

Answer

Given



