NCERT Solutions for Class-XII Maths

Chapter-1
Exercise- 1.4

Determine whether or not each of the definition of given below gives a binary operation.
In the event that * is not a binary operation, give justification for this.

(1) On Z+, define *bya*b=a—b

(i1) On Z+, define * by a * b = ab

(ii1) On R, define * by a * b = ab2

(iv) On Z+, define * by a * b =|a — b|

(v) On Z+, define *bya*b=a

(1) On Z+, * is defined by a * b=a —b.

It is not a binary operation

as the image of (1, 2) under *is 1 ¥*2=1-2=—-1¢ Z".

(i1) On Z*, * is defined by a * b = ab.

It is seen that for each a, b € Z", there is a unique element ab in Z*.

This means that * carries each pair (a, b) to a unique element a * b = ab in Z*. Therefore,
*1s a binary operation.

(iii) On R, *is defined by a * b = ab”.

It is seen that for each a, b € R, there is a unique element ab? in R.

This means that * carries each pair (a, b) to a unique element a * b = ab® in R.
Therefore, * is a binary operation.

(iv) On Z*, * is defined by a * b= |a — b|.

It is seen that for each a, b € Z", there is a unique element |a — b| in Z.

This means that * carries each pair (a, b) to a unique element a * b = [a — b| in Z".
Therefore, * is a binary operation.

(v) On Z*, * is defined by a * b = a.

It is seen that for each a, b € Z", there is a unique element a in Z".

This means that * carries each pair (a, b) to a unique element a * b =a in Z*. Therefore,
* is a binary operation.

For each binary operation * defined below, determine whether * is commutative or
associative.

(i) OnZ,definea*b=a—>b

(i) On Q, definea *b=ab + 1

(iii) On Q, definea * b — %



(iv) On Z*, define a * b = 2
(v) On Z', definea * b = a®

(vi)OnR — {—1}, definea * b = a
b+1

(i) Itis giventhat On Z, definea*b=a—-b

a—b € Z. so the operation * is binary.
Wecanseethat ] *2=1-2=-land2* 1 =2-1=1.
= 1*2#£2%*1,where 1,2 € Z.

= the operation * is not commutative.

Also, we get,
(1*2)*3=(1-2)*3=-1*3=-1-3=-4
1¥*2*3)=1*2-3)=1*-1=1-(-1)=2
= the operation * is not associative.

(ii) It is given that On Q, definea * b=ab + 1
ab + 1 € Q, so operation * is binary

We know that ab = ba for a,b € Q

= ab+1=ba+ lforabeQ

= a*b=a*bforabeQ

= 1*2+2*1,where 1,2 € Z.

= The operation * is commutative.

Also, we get,
(1*2)*3=(1x2)*3=3*3=3x3+1=10
1 *¥2*3)=1*2x3)=1*7=1x7+1=8
= (I*2)*3£1*(2%*3)

= the operation * is not associative.

ab

(iii)It is given that On Q, define a * b = >

ab

Now, € Q, so the operation * is binary.

We know that ab = ba for a,b € Q
ab_ ba gy, a,beQ
2 2

= a*b=a*bforabeQ
= The operation * is commutative.
Also for all a,b,c € Q, we get,



(abjc

bc

kh)*c= (2D ) x = 2) _a

R R
bc
a(2j abc

*(h*c)=g%(bcy=_2/_949¢

a*( C)a(z) 5 2

= (a*b)*c=a*(b*c)

= the operation * is associative.

(iv)It is given that on Z*, define a * b = 22
28 ¢ Z*, so operation * is binary

We know that ab = ba for a,b € Z*

= 2% =72b forabeZ"

= a*b=a*bforabeZ"

= The operation * is commutative.

Also, we get,

(1 * 2) * 3 =2(1x2) %3 — 4 * 3 =2(#3) =912
1*Q2*3)=1*20*I)=1%*20=1 x 64 =264
= (1*2)*3£1*(2*3)

—> The operation * is not associative.

(v) It is given that On Z*, define a * b = a®
a® € Z*, so operation * is binary

We know that ab =ba fora,b € Z*

= 1*2=12and 2*1=2!=2

= 1*2+#2*], where 1,2¢Z"

= The operation * is not commutative.
Also, we get,
(1*2)*3=23*3=8%*3=24
1*2*3)=1*%32=1%9=9

= (1*2)*3#1%*(2*3),where 1,23e¢Z"
= The operation * is not associative.

(vi)It is given that On R, * — {— 1}, definea x b= _¢

b+1
a

. € R for b # -1, so the operation * is binary.
+




Wecanseethat 1 2= _1 _1 and2* 1=L=3=1
2+1 3 1+1 2

= 1*2#2%*1;where 1,2€e R— {-1}
= the operation * is not commutative.
Now, we can observed that

(1*2)*3=%*3:L L

1% Q*3)=1% — =H2:H%:———:

1.2
341 4 1., 33
2

—+1
2
= (1*2)*3#1*((2*3),where 1,23 e R * - {-1}
= The operation * is not associative.

3.  Consider the binary operation A on the set {1, 2, 3,4, 5} defined by a A b=min {a, b}.
Write the operation table of the operation A.

3.  The binary operation A on the set {1, 2, 3, 4, 5} is defined as a A b=min {a, b}
foralla,b € {1, 2, 3,4, 5}.
Thus, the operation table for the given operation A can be given as:

A 1 2 3 4 5
1 1 1 1 1 1
2 1 2 2 2 2
3 1 2 3 3 3
4 1 2 3 4 4
5 1 2 3 4 5

4. Consider a binary operation * on the set {1, 2, 3, 4, 5} given by the following
multiplication table.
(i) Compute (2 *3) *4and 2 * (3 * 4)
(ii) Is * commutative?
(iii) Compute (2 * 3) * (4 * 5).
(Hint: use the following table)

® 1 2 3 4 5
1 1 1 1 1 1
2 1 2 1 2 1
3 1 1 3 1 1
4 1 2 1 4 1
5 1 1 1 1 5

4. ()Q*3)*x4=1%4-1



2x(3x4)=2%1=1

(i1) For every a,b € {1, 2, 3, 4, 5},
We have,a*b=b *a
= the operation * is commutative.

(iii) (2 * 3) =1
= 2#3)x@*5)=1*1=1

Let *' be the binary operation on the set {1, 2, 3,4, 5} defined by a *' b=H.C.F. of a and
b. Is the operation *' same as the operation * defined in Exercise 4 above?

Justify your answer.

The binary operation *' on the set {1, 2,3 4, 5} is defined as a *' b=H.C.F of aand b.
The operation table for the operation *' can be given as:

®! 1 2 3 4 5
1 1 1 1 1 1
2 1 2 1 2 1
3 1 1 3 1 1
4 1 2 1 4 1
J 1 1 1 1 5

We observe that the operation tables for the operations * and *' are the same. Thus, the
operation *' is same as the operation*.

Let * be the binary operation on N given by a * b =L.C.M. of g and b. Find
(1)5*7,20* 16

(i1) Is * commutative?

(ii1) Is * associative?

(iv) Find the identity of * in N

(v) Which elements of N are invertible for the operation *?

It is given that the binary operation on N given by a * b=L.C.M. of a and b.
Then, 5 * 7=LCM of 5 and 7 = 35

20 * 16 = LCM of 20 and 16 = 80.

(i1) It is given that the binary operation on N given by a * b=L.C.M. of a and b.
We know that LCM of a and b=LCM of b and a, a,b € N.

=a*b=b*a

Therefore, the operation * is commutative.



(ii1) It is given that the binary operation on N given by a * b=L.C.M. of a and b.
Fora,b,ceN

(a*b)*c=(LCMofaandb)*c=LCM ofa,bandc

a*(b*c)=a*(LCM ofband c)=LCM ofa,bandc

=(@*b)*c=a*(b*c)

Therefore, the operation * is associative.

(iv) It is given that the binary operation on N given by a * b=L.C.M. of a and b.
We know that LCM ofaand 1 =a=LCMofland1,aeN

= a*l=a=1%aaeN
Therefore, 1 is the identity of * in N.

(v) It is given that the binary operation on N given by a * b=L.C.M. of a and b.
An element a in N is invertible w.r.t. the operation * if there exists an element b in N,
Suchthata*b=e=b*a
Now, ife =1
= LCMofaandb=1=LCMofbanda
= This is only possible whena=b =1
Therefore, 1 is the only invertible element of N w.r.t. the operation *.

Is * defined on the set {1, 2, 3,4, 5} by a * b = L.C.M. of a and b a binary operation?
Justify your answer.

The operation * on the set A = {1, 2, 3,4, 5} is defined as a * b =L.C.M. of a and b.
Then, the operation table for the given operation * can be given as:

* 1 2 3 4
1 1 2 3 4
2 2 2 6 4 10
3 3 6 3 12 15
4 4 4 12 4 20
5 5 10 15 20 5

It can be observed from the obtained table that 3 *2=2*3=6 ¢ A,
5*¥2=2*5=10¢A,

3¥4=4%*3=12¢A,

3*¥5=5*3=15¢A,

4*5=5*4=20¢ A

Hence, the given operation * is not a binary operation.



Let * be the binary operation on N defined by a * b=H.C.F. of g and b. Is * commutative?
Is * associative? Does there exist identity for this binary operation on N?
It is given that the binary operation on N defined by a * b=H.C.F. of a and b.
We know that HCF of a and b= HCF of b and a, a,b € N.
= a*b=b*a
= The operation * is commutative.
Fora, b ceN, we get,
(a*b)*c=(HCFofaandb) * c=HCF ofa,band c
a*(b*c)=a* (HCF ofbandc)=HCF ofa,bandc
= (a*b)*c=a*(b*c)
= The operation * is associative.
Now, an element e € N will be the identity for the operation.
Now,ifa*e=a=e*a, V aeN.
But, this is not true for any a € N.
Therefore, the operation * does not have any identity in N.

Let * be a binary operation on the set Q of rational numbers as follows:
(a*b=a->b
(i) a * b= a* + b?
(li)a*b=a+ab
(iv)a * b=(a—b)2
_ ab
(V)yaxb >

(vi)a*b=ab2

Find which of the binary operations are commutative and which are associative.
(1) On Q, the operation * is defined as a * b = a — b. It can be observed that:

L 11 3-2_ 1
2 3 2 3 6 6
And

—

1 2-3 -
2 6 6
l*l, where l,le 0

3 2 2°3

Thus, the operation * is not commutative.
It can also be observed that

l*l *lz l_l *l 3_2*
2 3) 3 2 3) 40 6




l*l *lil* l*lj,Where l,l’lGQ
2 3)4 2 1\3 4 234

Thus, the operation * is not associative.

(ii) On Q, the operation * is defined as a * b = a® + b.

For a, b € Q, we have

a*b=a*+b*=b"+a*=b*a

~a*b=b*a

Thus, the operation * is commutative.

It can be observed that
(1*2)*3=(12+2)*3=(1+4)*3=5%3=52+32=34and
1*2*%3)=1*22+32)=1*4+9)=1*13=12+132=170
~S(1*2)*3#1%(2*3),where 1,2,3€Q

Thus, the operation * is not associative.

(ii1) On Q, the operation * is defined as a * b = a + ab.

It can be observed that

1*¥2=1+1x2=1+2=3

2¥1=2+2x1=2+2=4

~1*2#2*1, where 1,2 €Q

Thus, the operation * is not commutative.

It can also be observed that
(1*2)*3=(1+1x2)*3=(1+2)*3=3*3=3+3x3=3+9=12 and
1*2*3)=1*Q2+2%x3)=1*2+6)=1*8=1+1x8=1+8=9
S(1*2)*3#1%(2*3),where 1,2,3€Q

Thus, the operation * is not associative.

(iv) On Q, the operation * is defined by a * b = (a — b)2.

Fora, b € Q, we have

a*b=(a—b)

b*a=(b-a)*=[-(a—b)]*=(a—b)

~a*b=b*a

Thus, the operation * is commutative.

It can be observed that
(1*2)*3=(1-2)*3=(-12*3=1*3=(1-37%=(-2)=4
and

1*Q2*3)=1*Q2-3P=1*=1P2=1*1=(1-1?%=0



S(1*2)*3#1%(2*3),where 1,2,3€Q
Thus, the operation * is not associative.

(v) On Q, the operation * is defined as a*b — %

Fora, b € Q, we have
a*b= % = b_a =b*a
4 4
~a*b=b*a
Thus, the operation * is commutative.
Fora, b, c € Q, we have

“jf
(a*b)*c(affj*c—(4 _ dbe

4 16
bc

bc
&(j .
a*(b*c)za*(—j: 4)_¢a

And

4 4 16
~(@a*b)*c=a*(b*c),wherea,b,ceQ
Thus, the operation * is associative.

(vi) On Q, the operation * is defined as a * b = ab?
It can be observed that

LA L1y _11_1
2 3 213) 29 18

and

LI L1y 11 1

3 2 32 34 12
_-.l*lil*l,where 1 and leQ
2 3 3 2 2 3

Thus, the operation * is not commutative. It can also be observed that

2 2
Ll Iyt 1, 1ty 1 1
23) 4 |23) | 4 18 4 18(4) 18x16 288

R
48)  2x2304 4608

. l*l *lil* l*l ,Where l’l,leQ
2 3)4 2 3 4 234

Thus, the operation * is not associative.



10.
10.

Hence, the operations defined in (ii), (iv), (v) are commutative and the operation defined
in (Vv) is associative.

Find which of the operations given above has identity.

(1) An element e € Q will be the identity element for the operation * if
a*e=a=e*a VaeQ.

a*b=a-b

This operation is not commutative,

Therefore, it does not have identity element.

(i1) An element e € Q will be the identity element for the operation * if
a*e=a=e*a VaeQ.

a*b=a’+b?

Ifa*e=a,thena’+e’=a.

Fora=-2, (-2)*+¢e? #-2.

Therefore, there is no identity element.

(iii) An element e € Q will be the identity element for the operation * if
a*e=a=e¢*a, VaeQ.

Now,a*b=a+ab

This is not commutative.

Therefore, there is no identity element.

(iv) An element e € Q will be the identity element for the operation * if
a*e=a=e¢*a, VaeQ.

a*b=(a—b)

Ifa*e=a,then (a—e) =a.

A square is always positive, thus for a = -2, (-2 —e)? # -2.

Therefore, there is no identity element.

(v) An element e € Q will be the identity element for the operation * if
a*e=a=e*a, VaeQ.
a*p= ab

4

Ifa*e=a,then ¢ _,
4

Therefore, e =4 is the identity element.

a*4=4%a=12_
4

(vi) An element e € Q will be the identity element for the operation * if
10



11.

11.

12.

12.

a*e=a=e*a, VaeQ.

Now, a * b= ab2

This operation is not commutative,

Therefore, there is not have identity element.

Let A =N X N and * be the binary operation on A defined by
(a, b) * (c,d)=(a+tc,b+d)
Show that * is commutative and associative. Find the identity element for * on A, if any.
A =N x N and * is a binary operation on A and is defined by
(a,b) * (c,d)=(a+c,b+d)
Let (a, b), (c,d) € A
Then, a, b, c,d €N
We have:
(a,b) *(c,dy=(a+c,b+d)
(c,d)*(a,b)y=(ct+a,d+b)y=(a+c, b+d
[Addition is commutative in the set of natural numbers]
~(a, b) * (¢, d)= (¢, d) * (a, D)
Therefore, the operation * is commutative.
Now, let (a, b), (¢, d), (e, f) €E A
Then, a, b, c,d, e, fEN
We have
[(@b)*(c,d)] *(e,/)=(at+c,b+d)*(e,/)=(a+c+e,b+d+f)and
(a,b) *[(c,d) * (e. ] = (a, b) x (c e, d+f)=(a+cte bt d+))
~[(a, b) x (e, d)] * (e, /) = (a, b) * [(c, d) * (e, /)]
Therefore, the operation * is associative.
Let an element e = (e1, €2) € A will be an identity element for the operation *
ifa*e=a=ce¢*aforalla=(a;,a2) EA
ie., (a1 +ei, axt+e)=(ar, a2)=(e1 +aj, e+ ay)
Which is not true for any element in A.
Therefore, the operation * does not have any identity element.

State whether the following statements are true or false. Justify.

(i) For an arbitrary binary operation * onaset N,a *a=aV a € N.

(i1) If * is a commutative binary operation on N, thena * (b * ¢) = (c * b) * a
(1) For an arbitrary binary operation * on a set N, a * a=a Va € N.

The above statement is false.

Explanation: It is given that an operation * onaset N,a*a=aVa €N
Then, in particular, for b=a = 3, we get,

11



13.

13.

3¥3=3+3=6+#3

Consider a binary operation * on N defined as a * b = a® + b*. Choose the correct answer.
(A) Is * both associative and commutative?
(B) Is * commutative but not associative?
(C) Is * associative but not commutative?
(D) Is * neither commutative nor associative?
On N, the operation * is defined as a * b= a* + b°.
For, a, b, € N, we have
a*b=a+b’=b+a’=b*a [Addition is commutative in N]
Therefore, the operation * is commutative.
It can be observed that
(1*2)*3=(13+2)*3=(1+8)*3=9*3=93+33=729+27=756

and
1*(2*%3)=1*23+3%)=1*(8+27)=1*%35=13+353= 1+ 42875 = 42876
S (1*2)*3+£1%(2%*3),where 1,2,3 €N
Therefore, the operation * is not associative.
Hence, the operation * is commutative, but not associative.
Thus, the correct answer is B.
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