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Chapter-11
Exercise- Miscellaneous

NCERT Maths Class 12

Show that the line joining the origin to the point (2, 1, 1) is perpendicular to the line
determined by the points (3, 5, —1), (4, 3, —1).

Let OA be the line joining the origin (0,0,0) and the point A(2,1,1).
Let BC be the line joining the points B(3,5,—1) and C(4,3,-1)
Direction ratios of OA = (aj,bi,c1) =[(2 - 0),(1 - 0),(1 - 0)] =(2,1,1)
Direction ratios of BC = (az,b2,c2) =[(4 - 3),(3-5),(- 1+ 1)]
=(1,-2,0)

Given -

OAis L to BC

-~ we have to prove that -

aiaz T biba +cic2=0
LHS=aia+bibatcico=2x1+1%x(-2)+1x0=2-2=0
RH.S=0

Thus, L.H.S=R.H.S ... PROVED

Hence OA is L to BC.

If 11, mi, n; and 1o, my, ny are the direction cosines of two mutually perpendicular lines,
show that the direction cosines of the line perpendicular to both of these are min2 — many,
nilb — noly, limy — lomy.

It is given that 1;, mi, n; and 12, m2, n> are the direction cosines of two mutually
perpendicular lines. Therefore,

Ll + mm; +nn2 =0 ...(1)
P+m}+ni=1 L 2)
13+mj+nl=1 n(3)

Let I, m, n be the direction cosines of the line which is perpendicular to the line with
direction cosines 11, my, n; and b, my, n.
. 111 +n’lm1 +nn1 :O

I, + mm, +nn, =0



1 m n

myn, —mpn; myly —nplp Lmy —lm

N 12 _ m? _ n’
(m1n2 —m,n; )2 (nllz _nzll) (llmz -1,m )2
- 12 _ m? _ n’
(myn, —mjn, )2 (nl; —nyly) (Lm, —1,m, )2
12 +m? +n?

2 2 2
(mlnz —rnzn]) +(n112 —nzll) +(11m2 —12rn1)
1, m, n are the direction cosines of the line. .. >+ m?+n?=1 ... (5
It is known that,
(112 +m]2 +n12)(1% +m% +n§)—(lllz +mm, +n1n2)2
= (minz — m2n1)2 + (nil2 — n211)2 + (Iimz — 12m1)2
From (1), (2) and (3) we obtain

= 1.1-0=(mn2— m2n1)2 + (nila— n211)2 + (11m2 — 121’1’11)2 ....(6)
Substituting the values from equations (5) and (6) in equation (4), we obtain
1 m? n?
=1

Ny . W 2 -
(mny —myny)" (nply —=nylp)”  (Iymy —1ymy)
= 1 — mlnz - mznl, m= n112 —n211, n= 11m2 - 12m1
Thus, the direction cosines of the required line are min, — moni, nil> — noly, and Iim; —

lom;.

Find the angle between the lines whose direction ratios are a, b,candb —c,c—a,a—b.
Angle between the lines with direction ratios ai, bi, ¢1 and as, by, ¢ is given by

aia; + b1by +cqc,

cosO =

Ja12+b12+c12Ja22+b22+C22
Given -
a1=a,b1=b,cl=c
aa=b-c,bp=c-a,c2=a-b

So,
_ a(b—c) + b(c—a) + c(a-b)
cos = VaZ + b2 + c¢2,/(b—c)? + (c—a)? + (a—b)?
=0
s cosf =0
So, 6 =90°

Hence, Angle between the given pair of Lines is 90°.



Find the equation of a line parallel to x-axis and passing through the origin.
The line parallel to x-axis and passing through the origin is x-axis itself.
Let A be a point on x-axis. Therefore, the coordinates of A are given by (a, 0,0), where
a €R.
Direction ratios of OA are (a — 0) = q,0,0
The equation of OA is given by,

x—0 y—0 z-0

a 0 0

Thus, the equation of line parallel to x-axis and passing through origin is f = % = g

If the coordinates of the points A, B, C, D be (1, 2, 3), (4, 5, 7), (-4, 3, —6) and (2, 9, 2)
respectively, then find the angle between the lines AB and CD.
Angle between the lines with direction ratios ai, bi, ¢1 and as, by, ¢ is given by

a,a, + b;b, + cic,

\/alz + b% + clz\/az2 + by + ;2
A line passing through A(x1,y1,21) and B(x2,y2,72) has direction ratios (X1 - X2), (Y1 - y2),
(z1 - 22)
Direction ratios of line joining the points A(1,2,3) and B(4,5,7)
=4-1),(5-2),(7-3)
=334
~ar=3,bi1=3,c1=4
Direction ratios of line joining the points C( - 4,3, - 6) and B(2,9,2)
=2-(-4),09-3),2-(-90)

cosl =

=(6,6,8)
a2=6, b2=6, c2=28
Now,
a,a, + b;b, + cic,
cosO =
\/alz + b12 + 012\/a22 + b22 + c,?
3X6+3X6+4x%x38
cosO =
V32 4 32 + 4262 + 62 + 82

~ 18 + 18 + 32 |
" V9 ¥ 9 + 16v36 + 36 + 64




68
V34y 136|
_ 68 |

V344 x 34

68
34 x 2

- cost =1

So, 0 =0°
Hence, Angle between the lines AB and CD is 0°.

If the lines X1 oY=2_273 jpq X21_¥=1_276 40 perpendicular, find the value
-3 2k 2 3k 1 -5
of k.
The direction of ratios of the lines, L oy2 S gt = o ﬂ, are —3, 2k, 2
-3 2k 2 3k 1 -5

and 3k, 1, —5 respectively.
It is known that two lines with direction ratios, a4, by, ¢; and a,, b,c,, are perpendicular,
ifa;a, + bib, + cic;, =0

~—3Bk)+2kx1+2(-5)=0

= -9 +2k—-10=0

=7k =—10
. -10
=>k=—
7
Therefore, for k = — %, the given lines are perpendicular to each other.

Find the vector equation of the plane passing through (1, 2, 3) and perpendicular to the
plane f.(f+2]—5f<)+9=0.
The vector equation of a line passing through a point with position vector
d and parallel to vector b is
F=d + Ab
Given, the line passes through (1,2,3)
So,d =11 + 2j + 3k
Finding normal of plane
7.(i+2/-5k) +9=0
=>7(0+ 2j-5k)=-9
=7+ 2/-5k)=9
=>7(-18-2] +5k) + 9=0
Comparing with 7.7 = d,



n=-i—2j + 5k
Since line is perpendicular to plane, the line will be parallel of the plane
wb=7n=-1-2j + 5k
Hence,
7= (1 + 2j + 3k) + A(—1—2f + 5k)
7= (1 + 2j + 3k) —A( + 2j—5k)
This is the required vector equation of line.

Find the equation of the plane passing through (a, b, c¢) and parallel to the plane
f.(f+}+f<)=2.
Any plane parallel to the plane, 7, - (1 + ] + IAc) =2
Fo0+j+k)=2
The plane passes through the point (a, b, ¢). Therefore, the position vector 7 of this
point is ¥ = af + bj + ck
Therefore, equation (1) becomes
(ai+bj+ck) - G+7+k) =1
>a+b+c=21
Substituting A =a + b + ¢ in equation (1), we obtain #-(+j+k)=a+b+c
-.(2)
This is the vector equation of the requAired plane. S}lbstituting #=xi+yf+zk in
equation (2), we obtain (xt+j+zk)-(I+j+k)=a+b+c=>x+y+z=a+
b+c

Find the shortest distance between lines T.=6i + 2]+ 2k + k(i —2j+ 212) and
f:—4i—12+u(3i—2j—212)
Shortest distance between lines with vector equations
?=a + Abjand7 =@, + AD, is

(b1 X bz)- (az — ay)

[, x b

Given —

7= (60 + 2] + 2k) + AM(11-2f + 2)
Comparing with # = @; + A b; , we get -
a; = (61 + 2f + 2k) &b, = (11— 2j + 2)
Similarly,




10.

10.

7= (—4i—k) + pu(3i—2j — 2k)
Comparing with # = @, + A by, we get -
a; = (—4t—k) &b, = (31— 2/ - 2)
Now,
(a; —ay) = (—4i—k) — (61 + 2} + 2k)
=((-4-6) + (0—2)] + (-1—2)k)
= (—10i — 2f — 3k)

L A

(by xb)=|1 -2 2
3 -2 -2

=i[(=2 x =2) = (=2 x )] —=j[(1 x =2) =3 x 2)] + k[(1 x =2)
-3 x =2)]

=i[4 + 4] —j[-2—6] + k[-2 + 6]

=8i + 8j + 4k

Magnitude of b, x b, = |b; x b,| =V8Z + 82 + 4% = V64 + 64 + 16
=144

=12

Also,

(by x by).(@; —a;) = (81 + 8 + 4k). (=101 — 2j — 3k)
=-80+ (- 16)+(-12)

=-108
Shortest Distance = (B x B) @G| _ _108| = |-9]=9
|b1 % by 12

Hence, the shortest distance between the given two lines is 9.

Find the coordinates of the point where the line through (5, 1, 6) and (3, 4, 1) crosses the
YZ-plane

It is known that the equation of the line passing through the points, (x;,y;,2;) and
(x2,Y2,22), 18 oL Y 2A
X2—X1 V2= 22721

The line passing through the points, (5,1,6) and (3,4,1), is given by,
x—5 y—-1 z-6
3-5 4-1 1-6

x—5_y—1_z—6_k

5, =3 = g = k(say)

=>x=5—-2k,y=3k+1,z=6 -5k

Any point on the line is of the form ( 5 — 2k, 3k + 1,6 — 5k).

The equation of YZ-plane is x = 0

Since the line passes through YZ-plane,

=




11.

11.

5—-2k=0
>k=2
2
:>3k+1—3><5+1—17
) 2
6—Sk=6—5x2=
B 2 2
Therefore, the required point is (0, %, _713)

Find the coordinates of the point where the line through (5, 1, 6) and (3, 4, 1) crosses the
ZX —plane
The vector equation of a line passing through two points with position vectors d & bis
F=d + Ab — d)
The position vector of point A(5,1,6) is given as -
d=5i+ ]+ 6k
The position vector of point B(3,4,1) is given as -
b=30+ 4f + k
(b—a)= (3t + 4] + k) — (51 + j + 6k)
=(3=-5i+@d-1Dj+ 1-6k
= (-2t + 3j—5k)
« 7= (50 + j + 6k) + A(—2f + 3f —5k)..(1)
Let the coordinates of the point where the line crosses the ZX plane be (0,y,z)
So, 7 = (xi + 0j + zk)...Q2)
Since point lies in line, it will satisfy its equation,
Putting (2) in (1)
(xi + 0f + zk) = (5t + j + 6k) + A(—2f + 3j — 5k)
= (xt + 0f + zk) = (5-201 + (1 + 30)f + (6 50k
Two vectors are equal if their corresponding components are equal
So,
x=5-2A...(3)
0=1+3Ar..(4)
and, z=6-5\...(5)
From equation (4), we get -
=-1/3
Substitute the value of A in equation (3) and (5), we get -
Xx=5-20=5-2x(-1/3)=5+(2/3)=17/3
and



12.

12.

13.

13.

z=6-5AL=6-5%x(-1/3)=6+(5/3)=23/3
Therefore, the coordinates of the required point is
(17/3, 0, 23/3).

Find the coordinates of the point where the line through (3, -4, —5) and (2, -3, 1)
crosses the plane 2x +y +z=7.
It is known that the equation of the line through the points, (x4, y1,2,) and (x, y,, 25),
is
X=Xy Y=V _Z7Z
Xp—=X1 Vo= V1 2277
Since the line passes through the points, (3, —4, —5) and (2, —3,1), its equation is given
by,
x—3 y+4 z+5
2—-3 —-34+4 145
x—3 y+4 z+5
1 =1 = ¢ ~k(say)
>x=3—-k,y=k—4,z=6k—-5
Therefore, any point on the line is of the form (3 — k, k — 4,6k — 5).
This point lies on the plane, 2x + y +z =7
~2B3-k)+(k—4)+(6k—-5) =7
=>5k—3=7
> k=2
Hence, the coordinates of the required point are (3 — 2,2 — 4,6 X 2 —5) i.e., (1,—-2,7).

=

Find the equation of the plane passing through the point (—1, 3, 2) and perpendicular to
each of the planes x + 2y + 3z=5 and 3x + 3y + z=0.

The equation of a plane passing through (x1,y1,z1) is given by
Ax-x1)+B(y-y1)+C(z-21)=0

where, A , B, C are the direction ratios of normal to the plane.

Now the plane passes through ( - 1,3,2)

So, equation of plane is

Ax+1)+B(y-3)+C(z-2)=0...(1)

Since this plane is perpendicular to the given two planes.

So, their normal to the plane would be perpendicular to normals of both planes.
we know that -

d x b is perpendicular to both @ & b
So, required normal is cross product of normals of planes
x+2y+3z=5and3x+3y+z=0



14.

14.

i ] k
1 2 3
3 3 1
= 1[2(1) - 33)] - j[1(D) - 33)] + k[1(3) —3(2)]
=1{[2-9]—j[1-9] + k[3—6]

=—71 + 8j — 3k

Hence, direction ratios=-7, 8, -3

~A=-7,B=8,C=-3

Putting above values in (1), we get -
Ax+1)+B(y-3)+C(z-2)=0
=>-7x+1)+8(y-3)+(-3)(z-2)=0
=>-7x-7+8y-24-32+6=0

=-7x+8y-32-25=0

S Tx-8y+3z+25=0

Therefore, equation of the required plane is 7x - 8y + 3z + 25 =0.

Required Normal =

If the points (1, 1, p) and (- 3, 0, 1) be equidistant from the plane 7. (Si + 4j —

12k) + 13 = 0, then find the value of p.

The position vector through the point (1,1, p) is d; =  + j + pk Similarly, the position
vector through the point (—3,0,1) is d, = —41 + &

The equation of the given plane is 7* - (31 + 4f — 12k) + 13 =0

It is known that the perpendicular distance between a point whose position vector is d

and the plane, 7 - N = d, is given by, D = la':;%dl

Here, N = 3{ 4+ 4j — 12k and d = —13
Therefore, the distance between the point (1,1, p) and the given plane is
D - (G +J+pk)- (3144 —12k) + 13
e 131 + 4f — 12|
_13+4-12p + 13|
B A4+ (—12)2
|20 — 12p|
=—
Similarly, the distance between the point (—3,0,1) and the given plane is

1

= D,



(=34 k) - (31 + 45 — 12k) + 13|
B 131 + 4] — 12k|

2

L 1m9-12+413

b /3742 1 (—12)2
8
:Dzzﬁ

It is given that the distance between the required plane and the points, (1,1, p) and
(—=3,0,1), is equal.

~ Dy =D,
|20 —12p| 8
13 13

=20—12p =8or — (20— 12p) =8
= 12p=12o0r12p = 28
7

:pzlmp=§

15. Find the equation of the plane passing through the line of intersection of the planes
7.(i + j + k) =1and#.(2f + 3/ —k) + 4 = 0 and parallel to x - axis.
15. The equation of any plane through the line of intersection of the planes 7.1, =
d, and 7.1, = d, is given by -
(F.n, —dy) + AF.ny; —dy) =0
So, the equation of any plane through the line of intersection of the given planes is
[0 +7+k)—1] + A[7.(-2t-37 + k)—4] =0
7-.((1—21)2 + (1-30f + (1 + A)IE)—1—4A= 0

i ((1 —20i+ (1-30] + (1 + 7\)12) =1 + 4r...(1)
Since this plane is parallel to x - axis.

So, the normal vector of the plane (1) will be perpendicular to x - axis.
Direction ratios of Normal(ai, bi,c1)=[(1 - 2A), (1 - 30), (1 +1)]
Direction ratios of x - axis(az, bz, ¢2) = (1,0,0)

Since the two lines are perpendicular,

aja2 +biba +cic2=0
=>1-20)x1+(1-30)x0+(1+X)x0=0

=(1-20)=0

~A=1/2
Putting the value of A in (1), we get -

F.((l—ZA)i + (1-30f + (1 + 7\)12) =1 + 47

10



16.

16.

17.

17.

#((-2d)i+ (1-3@) + (1 + DE) =1+ ()
F(0n+ ()5 + Ok) =1+ 2

7.(0i—j + 3k)=6
Hence, the equation of the required plane is

7.(0i—j + 3k)=6

If O be the origin and the coordinates of P be (1, 2, — 3), then find the equation of the
plane passing through P and perpendicular to OP.
The coordinates of the points, O and Py are (0,0,0) and (1,2, —3) respectively.
Therefore, the direction ratios of OP are (1—-0) =1,(2—-0) =2,and (-3 —0) = -3
It is known that the equation of the plane passing through the point (x4, y;2) is
a(x —x;) +b(y —y;) + c(z — z;) = 0 where, a,, b, and c are the direction ratios of
normal.
Here, the direction ratios of normal are 1,2 , and —3 and the point P is (1,2, —3). Thus,
the equation of the required plane is

Ix—-1)+2(y—2)—3(z+3)=0

=>x+2y—3z—-14=0

Find the equation of the plane which contains the line of intersection of the planes
#.(i+ 2j + 3k)—4=0and7. (20 + j—k) + 5=
0. And which is perpendicular to the plane 7. (Si + 3j — 6E) + 8=0.
The equation of any plane through the line of intersection of the planes 7.1y =
d, and 7.m, = d, is given by -
(F.ny—dy) + AF.n,—dy) =0
So, the equation of any plane through the line of intersection of the given planes is
[7.(t + 2j + 3k)—4] + A[#.(-2i—j + k)-5]=0
?.((1—27\)2 +@2-0Dj+ @3+ 7\)12)—4—57\:0
i ((1 —20i+ Q2-Nf + 3 + 7\)12) =4 + 51..(1)
Since this plane is perpendicular to the plane
7.(5{ + 3j—6k) + 8=0
7.(5¢ + 3j —6k) = -8
—7.(5¢ + 3j—6k) =8
7.(-5i—3j + 6k) =8...Q2)
So, the normal vector of the plane (1) will be perpendicular to the normal vector of plane
).
11



18.

18.

Direction ratios of Normal of plane(1) =(a1, b1, c1)
=[(1-21),(@2-2),3+M)]

Direction ratios of Normal of plane (2) =(az, b, ¢2)
=(-5,-3,6)

Since the two lines are perpendicular,

aja2 +biba +cic2=0
=>1-20)x(-5+R2-M)*x(-3))+B+A)x6=0
=>-5+100-6+31+18+6A=0

=190 +7=0

S A=-7/19

Putting the value of A in (1), we get -

F.((l—ZA)i +@2-0j+ @3+ A)E) =4 + 5\

F.((l —2@D)i+ (2-D)j + B + (;—;))1}) =4+ 5()
L /33 45  50.\ 41
T.(El + E] + Ek) :E
7.(331 + 45f + 50k) = 41

Hence, the equation of the required plane is
7.(331 + 45] + 50k) = 41

Find the distance of the point (— 1, — 5, — 10) from the point of intersection of the line
7= (20—j + 2k) + A(31 + 4f + 2k)andtheplane#.(i—j + k) = 5.
The equation of the given line is
P4 20 — ]+ 2k + A3 + 4] + 2k)
The equation of the given plane is
#-G—-j+k)=5
Substituting the value of *,,, equation (1) in equation (2), we obtain
[20 -+ 2k +ABi+4j +2k)]-G—j+k) =5
= [BA+2)i+ @1 - 1Dj+ A+ 2)k]- (G —j+k)=-5.
>0BA+2)—(4r1-1)+2A+2)=5

>1=0
Substituting this value in equation (1), we obtain the equation of the line as 7 = 21 —
j+ 2k

This means that the position vector of the point of intersection of the line and the plane
is?=21—j+2k

This shows that the point of intersection of the given line and plane is given by the
coordinates, (2, —1,2). The point is (—1,—5,—10).

The distance d between the points, (2, —1,2) and (=1, =5, —10), is



19.

19.

20.

20.

d=(-1-2)2+(-5+1)2+ (=10 —2)2 =9 + 16 + 144 = V169 = 13

Find the vector equation of the line passing through (1, 2, 3) and parallel to the planes
7.(i—j + 2k)=5and” (31 + j + k) =6.
The vector equation of a line passing through a point with position vector
d and parallel to a vector b is
F=d+ Ab
Given, the line passes through (1,2,3)
So,d =11 + 2j + 3k
Given, line is parallel to both planes
=~ Line is perpendicular to normal of both planes.
iebis perpendicular to normal of both planes.
we know that -
G x b is perpendicular to both @ & b
So, b is cross product of normals of planes
F.(i—j + 2k)=5and” (3t + j + k) =6

i j ok
Required Normal=|1 —1 2
3 1 1

= i[(=D(D) = 1] - j[1(1) — 3(2)] + k[1(1) —3(=1)]
=i[-1-2]—j[1—6] + k[1 + 3]

31 + 55 + 4k

Thus, b = —31 + 5] + 4k

Now, putting the value of @ & b in formula

F=d + Ab

= (11 + 2j + 3k) + A(=3i + 5] + 4k)

Therefore, the equation of the line is

#=(11 + 2j + 3k) + A(=31 + 5] + 4k)

Find the vector equation of the line passing through the point (1, 2, — 4) and perpendicular
to the two lines:
x—8 _ y+19 _ z—-10 and x—15 _ y—29 _ Z—S.

3 -16 7 3 8 -5
Let the required line be parallel to the vector b given by, b= b,i + b,j + bsk The
position vector of the point (1,2, —4) is @ = { + 2] — 4k

The equation of the line passing through (1,2, —4) and parallel to vector b is

13



21.

21.

7=d+Ab
= 7(i + 2] — 4k) + A(byi + byf + bsk)
The equations of the lines are
x—8 y+19 z-10
3 -16 7
x—15 y—-29 z-5
3 8 = -5
Line (1) and line (2) are perpendicular to each other.
~3b; —16b, +7b; =0
Also, line (1) and line (3) are perpendicular to each other.
~3b; +8b, —5b; =0
From equations (4) and (5), we obtain

b B b, _ bs
(—=16)(=5)—8x%x7 7x3—3(=5) 3x8-—3(—16)
:bl_bl_bg
24 36 72
by b, b3
=5 — = — = —
2 3 6

Direction ratios of b are 23,and 6.
~b=2i+3j+6k
Substituting b = 2 4+ 3 + 6k in equation (1), we obtain
7= (0 + 2] — 4k) + 1(21 + 3] + 6k)
This is the equation of the required line.

Prove that if a plane has the intercepts a, b, ¢ and is at a distance of p units from the

. I 1 1 1
origin, then —+—+—=—
a c

P
Distance of the point (x1,y1,z1) from the plane Ax + By + Cz=D is
Ax; + By; + Cz; —D
VAZ + B? + (?
The equation of a plane having intercepts a, b, con the x -, y -, z - axis respectively is
A
a b ¢
Comparing with Ax + By + Cz =D, we get -
A=1/a,B=1/b,C=1/c,D=1
Given, the plane is at a distance of 'p' units from the origin.
So, The point is O(0,0,0)
~x1=0,y1=0,21=0
Now,

14



22.

22.

. _ |Axq1 + By, +Cz4-D
Distance = [0 24=2]
Substituting all values, we get -

l><0+1><0+1><0—1
_|a b c
=P= 2 2 N2
1 1
J6 6+ )
0+0+0-1
P 1 1 1
aZTprta
-1
S>p=
1 1 1
J?+F+ﬁ
=p

squaring both sides, we get -

1 1 1 1
A tEt e

Hence Proved.

Distance between the two planes: 2x + 3y + 4z=4 and 4x + 6y + 8z =12 is
(a) 2 units (b) 4 units

2 .
—— units

V29

(c) 8 units (d)

The equations of the planes are
2x+3y+4z=4
4x + 6y + 8z =12
=>2x+3y+4z=6
It can be seen that the given planes are parallel.
It is known that the distance between two parallel planes, ax + by + cz = d, and ax +
by +cz = d,, is given by,
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d, — d;
N |m
6—4
V@2 + (3)2 + (4)2
2

V29

. . . 2 .
Thus, the distance between the lines is — units.
V29

Hence, the correct answer is D.

The planes: 2x —y +4z =5 and 5x — 2.5y + 10z = 6 are

(a) Perpendicular (b) Parallel

(c) intersect y - axis (d) passes through
Given -

First Plane is

2x—y+4z=>5

Multiply both sides by 2.5, we get -
5x-2.5y+10z=12.5...(1)
Second Plane is

5x —2.5y +10z=6...(2)

Clearly, the direction ratios of normals of both the plane (1) and (2) are same.

Hence, Both the given planes are parallel.

16



@ Myclass24



@ Myclass24



