NCERT Solutions for Class-XII Maths

Chapter-6.5

NCERT Math Class 12

Find the maximum and minimum values, if any, of the following functions given by
Hfx)=2x-1)>+3 (i) f (x) =9x* + 12x + 2

(i) f(x) =—(x— 1)+ 10 (iv) gx)=x>+1

(i) Itis given that f (x) = (2x —1)>+3

Now, we can see that (2x — 1)?> > 0 for every x € R
>f(x)=2x-1)’+3>3foreveryx eR

The minimum value of f is attained when 2x — 1 =0

2x -1 =0

1
i —
2

2
Then, Minimum value of f= f(%j = (2% - lj +3=3

Therefore, function f does not have a maximum value.

(if) It is given that £ (x) = 9x> + 12x +2 = (3x + 2)* -2
Now, we can see that (3x + 2)* >0 for every x e R
= f(x)=(3x+2)? -2>-2forevery x e R
The minimum value of f is attained when 3x +2 =0
3x +2 =0

2

=2>X=_=
3

2
2 2
Then, Minimum value of f= f(—gj = £3(—§j + 2j -2=-2

Therefore, function f does not have a maximum value.

(iii) Itis given that f(x)=—(x—1)>+10

Now, we can see that (x - 1)* >0 for every x € R
>f(x)=—(x—-1)?>+10<10 for every x e R

The minimum value of f'is attained when x - 1 =0
x-1=0

=>x=1



Then, Maximum value of f=f(1) = -(1-1)>+ 10 =10
Therefore, function f does not have a minimum value.

(iv) Itis given that g(x) =x3+1
The function g neither has a maximum value nor a minimum value.

Find the maximum and minimum values, if any, of the following functions given by
Hfx)=x+2/-1 (i) gx)=—|x+1]+3

(ii1) h(x) = sin(2x) + 5 (iv) f (x) =] sin 4x + 3|

M hx)=x+1,x€(-1,1)

() f(x)=|x+2/-1
We know that |x+2| 20 for every xeR.
Therefore, f(X) =|x+2| —12>-1 for every xeR.

The minimum value of f is attained when. |x+ 2| =0
|x + 2| =0

= x==2

.. Minimum value of f =f(—2) = |—2 + 2| -1=-1

Hence, function ¢ does not have a maximum value.

(i) g(x)=—|]x+1]+3
We know that —|x+ 1| <0 for every xeR.
Therefore, g(x) = —|x + 1| +3<3 forevery xeR.
The maximum value of g is attained when |x + 1| =0
[x+1]=0

=>x=-1

. Maximum value of g= g(—l) = —|—1 + 1| +3=3
Hence, function g does not have a minimum value.
(iii) A(x)=sin2x+5
We know that —1<sin2x <1
S—=14+5<sin2x+5<1+45

S4<sin2x+5<6

Hence, the maximum and minimum values of / are 6 and 4 respectively.
(iv) f(x)=|sindx+3|



We know that —1<sind4x<1.
S.2<sindx+3<4

.. 2<|sindx+3|<4
Hence, the maximum and minimum values of s are 4 and 2 respectively.

(v) h(x)=x+1Lx..(-L1)

X
Here, if a point x is closest to -1, then we find 30 +1<x +1 for all X, € (-L1).

x +1
Also, if X is closest to 1, then X +1< 12 +1 for all Xe(—l,l).

Find the local maxima and local minima, if any, of the following functions. Find also the
local maximum and the local minimum values, as the case may be:

(i) f (x) = x? (ii) g(x) = x> - 3x
(iii) h(x) = sin x + cos X, 0<x<§ (iv) f(x)=sinx —cos x, 0 <x <27
(v) £(x) = x3=6x> + 9x + 15 (vi) g(x):§+2,x>o
X
(vii) g(x)=— (viii) f (x) =xy1-x ,0<x<l
. aw
0=
=P(x) =2x
Now, f’(x) =0
=>x=0
=>x=0

Is the only critical point which could possibly be the point of local maxima or local
minima of .

= ’(0) = 2, which is positive.

Then, by second derivative test,

= x = 0 is point of local maxima and local minima of f at x = 0 is f(0) = 0.

(i) g(x)=x>-3x
=g’ (x)=3x>-3
Now, g’(x) =0
=>3x*-3=0
=3x*=3
>x==1

g”’(x) = 6x

Now, g’(1) =6>0



and g’(-1)=-6<0

Then, by second derivative test,

= x = | is point of local maxima and local minima of gatx =1 is
g(Hh=13-3=1-3=2

And,

x = -1 is point of local maxima and local maximum value of g at x =-1 is
g-1)=(-1P-3(-1)=-1+3=2

(iii) h(x) = sin X + cos X, 0 < x <g

h’(x) = cosx - sinx
Now, h’(x) =0
= cosX - sinx = ()
= COsX = sinx
= tanx = 1
>x==2
4
h’’(x) = -sinx — cosx = -(sinxX + cosXx)

T 1 1 2
h’|=|=-| —+—|=—2=-{2<0
(4) (ﬁ \/EJ 2
Then, by second derivative test,

= x = ” is point of local maxima and local minima of hat x = Z is
4

4
h(zjzsin£+coszzi+izﬁ

4 4 4 2 2

(iv) f(x)=sinx—cos x, 0 <x <2m

f’(x) = cosx + sinx

Now, £(x) =0

= cosx + sinx =0

= COSX = -Sinx

= tanx = -1
> Xx= 3_”,7_”,€2n
4’ 4



Then, by second derivative test,

=x= 3% is point of local maxima and the local maximum value of fat x = % is
4

f(%tj:sin%t—cos3—n:L ! :\/5

+_
4 2 2
And,
77 T

= x = ~= is point of local minima and the local minimum value of fat x = 2= is
4 4

n n n 1 1
fl — |=sin——cos— = ——=——==—2
(4] 4 4 2 2

(v) f(x)=x>-6x>+9x+15

= (x)=3x>-12x+9

Now, f(x) =0

=3x2-12x+9=0

= 3x-1)(x-3)=0

>x=13

g7’ (x) = 6x — 12 =6(x-2)

Now, (1) = 6(1-2)=-6 <0

and £°(3) =6(3-2)=6>0

Then, by second derivative test,

= x = 1 is point of local maxima and local maximum of fat x = 1 is
fd)=1>-6+9+15=19

And,

x = 3 is point of local minima and local minimum value of fat x = 3 is
f(3)=27-54+27+15=15

vi) gx) =X+2 x>0
2 x

() 1 2
X)="—"""F
g 2 ¥
Now, g’(x) =0
:l—%:o
2 x
2
>—=21
P2
>x>=4
> x=42

Since x > 0, we take x =2



29 4
g'x) =—
X
4 1
”2)=—==>0
g @) =5=5
Then, by second derivative test,

= x = 2 is point of local minima and local minimum of g at x =2 is

g(2)=§+%:1+1=2.

(vii) g(x) = 212

C o - )

2

(x2 + 2)
>x=0
Now, for values close to x = 0 and to the left of 0,
g’(x)>0.
Also, for values close to x = 0 and to the right of 0,
g(x)<0

Then, by first derivative test,
= x = 0 is point of local maxima and local maximum of g at x =0 is

0)=_L .1
&0) 0+2 2°

(viii) £ (x) = xv/1- x ,0<x <1

> Px)=Vl-x+x

1
2\/1_—x(_1)




4(1—x)2
2yZ2fi2 21 2 23
S 5\/1‘5—3@3@‘ 5

Prove that the following functions do not have maxima or minima:

(1) £ (x)=¢*

(i1) g(x) = log x

(iif) h(x) = x> + x> + x +1

(1). We have,

f(x)=¢"

s f(x)=¢"

Now, if f '(x) =0, then ¢~ = 0 But, the exponential function can never assume 0 for
any value of 1.

Therefore, there does not exist ¢.". R such that f '(c) =0.

Hence, function r does not have maxima or minima.

(i1). We have,

g(x) =logx

"(x) =2

ng'(x)= .
Since logx is defined for a positive number x, g'(x) >0 for any .

Therefore, there does not exist ¢: R such that g'(¢)=0

Hence, function g does not have maxima or minima.



(iii). We have, h(x)=x"+x" +x+1

h’(x) =3x" +2x+1

_ 24220 14
6 3

Therefore, there does not exist c:R such that. /' ( )

J2i

Now, h(x)=0..3x>+2x+1=0.. R

Hence, function h does not have maxima or minima.

Find the absolute maximum value and the absolute minimum value of the following
functions in the given intervals:

() f(x)=x3,x€[-2,2]

(i) f(x)=sinx +cos X, x € [0, 7]

9
f =4 _1 2 _2’_
(111) f (x) = 4x > X7, xe{ 2}

(iv) £ (x) = (x — 12+ 3, x €[-3,1]
(i) Itis given that f (x) = x3, x € [~ 2, 2]

= f(x)=3x?

Now, °(x) =0

= x=0

Now, we evaluate the value of f at critical point x = 0 and at end points of the interval [-
2,2

f(0)=0

f(-2)=(-2)* =-

f2)=(2)=38

Therefore, we have the absolute maximum value of f on [-2,2] is 8 occurring at x =2.
And, the absolute minimum value of f on [-2,2] is -8 occurring at x =-2.

(i) It is given that f (x) =sin x + cos x , x € [0, 7]
f’(x) = cosx - sinx
Now, f(x) =0
= cosx -sinx =0
=  CcOsX = sinx
= tanx= 1
TT

= X= =
4

Now, we evaluate the value of f at critical point x = g and at end points of the interval

[0, =]



T T W 1 1 2
£[) = e[ Ly L) 2 _ 5
(4) 4“4 [2 ﬁj N7
f(0) = sin0 +cosO = 0+1 =1
f(m)=sinm+cosnm=0-1=-1

Therefore, we have the absolute maximum value of f on [0, 7] is /2 occurring at

x=7,

4
And, the absolute minimum value of f on [0, @] is -1 occurring at x = .

(iii) Itis given that f (x) = 4x- % X2, xe {—z,ﬂ

= PfX)= 4—%(2x)=4—x

Now, ’(x) =0
= x=4
Now, we evaluate the value of f at critical point x = 0 and at end points of the interval [-
2,21
5 ]

f(4) = 16—%(16):16—8:8

f(2) = -§=(4)=-8-2--10

2
f{, 2)=4[2]—1(3j 18- _18-10.125=7.875
27 \2) 202 8

Therefore, we have the absolute maximum value of f on [-2, %] is 8 occurring at x

=4,

And, the absolute minimum value of f on [-2, %] is -10 occurring at x =-2.

(iv) Itis given that f (x) = (x —1)>+ 3, x €[-3,1]

= f)=2x-1)

Now, £(x) =0

= 2x-1)=

= x=1

Now, we evaluate the value of f at critical point x = 1 and at end points of the interval [-
3,1].

f(1)=(1-12+3=0+3=3

f(-3)=(-3-1)*+3=16t3=19



Therefore, we have the absolute maximum value of f on [-3,1] is 19 occurring at x =-

3.
And, the absolute minimum value of f on [-3,1] is 3 occurring at x = 1.

Find the maximum profit that a company can make, if the profit function is given by
p(x) =41 —72x — 18x>
The profit function is given as p(x)=41-24x—-18x".

. p'(x)=-24-36x
p'(x)=-36
Now,
p'(x)zOﬁx:%:—é
Also,
-2

" —|=-36<0

p(3j

By second derivative test, x = _2 isthe point of local maxima of p .
3

2
.. Maximum profit :p(——J]

3
2
=41—24(—3j—18(—3]
3 3

=41+16-8
— 49
Hence, the maximum profit that the company can make is 49 units.

Find both the maximum value and the minimum value of

3x* — 8x + 12x% — 48x + 25 on the interval [0, 3].

Let f(x) = 3x*— 8x> + 12x> — 48x + 25, x €[0,3]

= (x)=12x>-24x>+24x — 48

=12(x* - 2x* + 2x — 4)

=12[x* (x = 2)+ 2(x — 2)]

=12(x -2)( x>+ 2)

Now, f(x) =0

= x =2 or ( x>+ 2) = 0 for which there are no real roots.

Therefore, we will only consider x =2

Now, we evaluate the value of f at critical point x = 2 and at end points of the interval
[0,3].

f(2) =3(2)* - 8(2)° + 12(2)* — 48(2) + 25

10



= 3(16) — 8(8) + 12(4) +25
—48 — 64 +48 — 96 + 25

=39
£(0) = 3(0)* — 8(0)* + 12(0)2 — 48(0) + 25
= 0+0+0+25

=25

f(3) =3(3)* - 8(3)* + 12(3)*> — 48(3) + 25

=3(81)—8(27) + 12(9) +25

=243 —216 +108 — 144 + 25

=16

Therefore, we have the absolute maximum value of f on [0,3] is 25 occurring at x =0.
And, the absolute minimum value of f on [0,3] is -39 occurring at x = 2.

At what points in the interval [0, 2rt], does the function sin 2x attain its maximum value?
Let f(x) =sin2x.

o f'(x)=2cos2x

Now,

f'(x)=0=cos2x=0

:>2 =~ o= ¥ B
g 2 Wgr
n 3w Sm 7
=>x=—,—,—,—
4°°4°4° 4
Then, we evaluate the values of s at critical points x:E,B_“’S_”j_“ and at the end
474744

points of the interval [0,275] .

T . T 3n . 3m
—|=sin—=Lf| — |=sin—=-1
(3§

Sn Y n . In
— |=sin—=1, f| — [=sin—=-1
f( 4 j 2 f( 4 j 2

f(O) =sin0 = 0,f(2n) =sin2n=0

Hence, we can conclude that the absolute maximum value of s on [O, 2n] is occurring

at y= " and ,—2%.
4

4

What is the maximum value of the function sin x + cos x?
Let f(x) = sin X + cos X,
= f(x) = cosx - sinx
Now, £(x) =0
11



10.

10.

= cosx -sinx =0
= COSX = SInx

= tanx = 1

= x=E,5“,__,
4’ 4

Now,

If °(x) will be negative when (sinx + cosx) >0, means both sinx and cosx are positive.
And, we know that sinx and cosx both are positive in the first quadrant.

Then, f’(x) will be negative when x € (O,gj.

f’(x) = -sinx — cosx = -(sinx+cosx)

Now, let us take x =%

T 1 1 2

£l o= | 4= |=———=-2<0
(4] (ﬁ ﬁj V2

Then, by second derivative test,

f will be maximum at x = %

And, the maximum value of f is

T T R 1
fl = |=sin—+cos—=——+—=42
(4) 4574 2 2

Find the maximum value of 2x*> — 24x + 107 in the interval [1, 3]. Find the maximum
value of the same function in [-3, —1].

Let f(x)=2x"-24x+107

(%) =6x" =24 =6(x" —4)

Now,

f(x)=0=6(x"—4)=0=x" =4=x=+2

We first consider the interval [1,3] .

Then, we evaluate the value of 7 at the critical point x=2.". [1,3] and at the end points
of the interval [1,3].

£(2)=2(8)-24(2)+107=16-48+107 =75

f£(1)=2(1)-24(1)+107=2-24+107 =85

£(3)=2(27)-24(3)+107=54-72+107=289

12



11.

11.

12.
12.

Hence, the absolute maximum value of f (x) in the interval [1,3] is 89 occurring at
x=3

Next, we consider the interval [—3,—1]

Evaluate the value of 7 at the critical point x=-2.. [—3,—1] and at the end points of the
interval [1, 3]

f(-3)=2(-27)-24(-3)+107 ==54+72+107 =125

f(—l) = 2(—1)—24(—1)+107 =-2+24+107=129

f(—2) = 2(—8) —24(—2)+ 107=-16+48+107=139

Hence, the absolute maximum value of f (x) in the interval [—3,—1] is 139 occurring at
x=-2

It is given that at x = 1, the function x* — 62x> + ax + 9 attains its maximum value, on the
interval [0, 2]. Find the value of a.

It is given that f(x) = x* — 62x> + ax + 9

Then, £(x) =4x3 — 124x+a

It is given that function f attains its maximum value on the interval [0, 2] at x = 1.

= f(1)=0
= 4-124+a=0
= a=120

Therefore, the value of a is 120.

Find the maximum and minimum values of x + sin 2x on [0, 27].
Let f(x) =Xx+sin2x.

o f'(x)=1+2c0s2x

Now, f’(x)zO:cos2x=—l=—cosE=cos n-Z |=cos =
2 3 3

2x=2ﬂ:i2—n neZ

T
:>x=n7:i§,neZ

—x== —,—,—6[0,211:]
3’3 33
f(z_n _2m gdm_2n 3
3 3 3 3 2

13



13.
13.

14.
14.

f(2n)=2n+sind4n=2n+0=2n
Hence, we can conclude that the absolute maximum value of f (x) in the interval
[O,Zn] is 2n occurring at x =2n and the absolute minimum value of f (x) in the

interval [0, 275] is 0 occurring at x=0.

Find two numbers whose sum is 24 and whose product is as large as possible.

Let one number be x. Then, the other number is (24 —x).

Let P(x) denote the product of the two numbers.

Then, we get,

P(x) = x(24 —x) = 24x x>

= P’'(x)=24-2x

= P’(x)=-2

Now, P’(x) =0

=X =12

And

P’(12)=-2<0

Then, by second derivative test,

x =12 is the point of local maxima of P.

Therefore, the product of the numbers is the maximum when the numbers are 12
and 24 - 12 =12.

Find two positive numbers x and y such that x +y = 60 and xy3 is maximum.
The two numbers are « and y such that x+ 5 =60.
S y=60—x

f(x) =Xy
= f(x)=x(60-x)’
Let
. f'(x)=(60-x)" =3x(60 — x)*
= (60— x)* [60 — x - 3x]
=(60—x)* (60— 4x)
14



15.

15.

16.
16.

And, f"(x)=-2(60-x)(60-4x)-4(60-x)
=-2(60-x)[ 60— 4x+2(60-x)]

When x=60, f"(x)=0.

When x=15, /"(x)=-12(60-15)(30-15) =—-12x45x15<0.
Now, f'(x)=0=>x=60 or x=15

=~ By second derivative test, x = 15 is a point of local maxima of f.
Thus, function xy? is maximum when x = 15 and y = 60 — 15 = 45,
Hence, the required numbers are 15 and 45.

Find two positive numbers x and y such that their sum is 35 and the product x* y° is a
maximum.

Let one number be x. Then, the other number is y = (35-x)
Let P(x)= x>y’

Then, we get,

P(x) = 2x(35 —x)° — 5x*(35-x)*

=x(35 —x)* [2(35-x)— 5x]

=x(35 —x)* [70-7x]

=7x(35 —x)*(10-x)

Now, P”’(x) = 7(35 —x)* (10-x)+7x[-(35 —x)* — 4(35-x)* (10-x)]
=7(35 —x)* (10-x) - 7x(35 —x)* — 28x(35-x)* (10-x)]

=7(35 %)’ [(35-x)(10-x) - x(35 —x) — 4x(10-x)]

=7(35 —x)* [350-45x+x2-35x+x2-40x+4x7]

=7(35 —x)* [6x3-120x+350]

Now, P’(x) =0

= x=0,35,10

When x = 0, 35 This will make the product x2y5 equal to 0.
Therefore, x= 0, 35 cannot be possible values of x.

And when x =10\

Then, we have,

P>’ (x) =7(35 -10)*[6(10)>-120(10)+350]

=7(25)3 [-250]<0

Then, by second derivative test,

x =10and y =35 -10 =25 is the point of local maxima of P.
Therefore, the required number are 10 and 25.

Find two positive numbers whose sum is 16 and the sum of whose cubes is minimum.

Let one number be .. Then, the other number is (16 - x).

15



17.

17.

Let the sum of the cubes of these numbers be denoted by § (x) Then,
S(x)=x"+(16-x)’

=8 (x)=3x" =3(16-x)*,8"(x) = 6x+6(16 - x)

Now, §'(x)=0=>3x*-3(16-x)’ =0

=x'-(16-x)* =0

= x> —256—x>+32x=0
256
x=——=8

32
Now, S"(S) = 6(8) +6(16—8) =48+48=96>0
- By second derivative test, x =8 is the point of local minima of §.

Hence, the sum of the cubes of the numbers is the minimum when the numbers are 8
and 16-8=38

A square piece of tin of side 18 cm is to be made into a box without top, by cutting a
square from each corner and folding up the flaps to form the box. What should be the side
of the square to be cut off so that the volume of the box is the maximum possible?
Let the side of the square to be cut off be x, then, the length and the breadth of the box
will be (18 — x) cm each and the height of the box is x cm.
Then, the volume {V(x)} of the box is given by:
V(x) = x(18-x)?
= V’(x) = (18-x)? -4x(18-x)
= (18-x)[18-2x-4x]
=(18-x)(18-6x)
=12(9-x)(3-x)
Now, V’(x) = 12[-(9-x)-(3-x)]
=-12[9-x +3-x]
-12(12 - 2x)
= 24(6 — x)
Now, V’(x) =0
= x=9o0r3
If x = 9 then breadth becomes 0 which is not possible
Therefore, x =3
V>’(3) = -24(6-3) =-72<0
Then, by second derivative test, x= 3 is the point of maxima of V.
Therefore, If we remove a square of side 3cm from each corner of the square tin and
make a box from the remaining sheet, then the volume of the box obtained is the
largest possible.

16



18.

18.

19.

19.

A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by cutting
off square from each corner and folding up the flaps. What should be the side of the
square to be cut off so that the volume of the box is maximum?

Let the side of the square to be cut off be x cm. Then, the height of the box is x, the
length is 45—2x, and the breadth is 24 -2x.

Therefore, the volume V(x) of the box is given by,
V(x)=x(45-2x)(24-2x)
=x(1080 —90x — 48x +4x>

( )

=4x’ —138x” +1080x
SV (x)=12x" —=276x +1080

12(%* —23x+90)
12(x—18)(x—5)
V'(x)=24x-276=12(2x-23)
Now, V'(x)zO:>x:18 and x=5

It is not possible to cut off a square of side 18 cm from each corner of the rectangular
sheet. Thus, » cannot be equal to 18 .

SXx=5

Now, V"(S) =12(10—23) :12(—13) =-156<0

- By second derivative test, x =5 is the point of maxima.

Hence, the side of the square to be cut off to make the volume of the box maximum
possible is 5 cm.

Show that of all the rectangles inscribed in a given fixed circle, the square has the
maximum area.

Let a rectangle of length I and breadth b be inscribed in the circle of radius a.

Then, the diagonal passes through the centre and is of length 2a cm.

Now, by Pythagoras theorem, we get,

(2a)’ =12+ b2

= b2=4a>-1?

—=b= \/4a2 e

Therefore, Area of rectangle, A = / 4a* -1*

NN Py !

— (-2
dl W4ad> -1 =20)

2
=4a® -2 __r
¢ Jaa® -1*

17



20.

20.

4a° - I?

\da® -1?

Jaa® =17 (-41)—(4a* =217 ﬁ
And dZA: a ( ) ( 4 )2 ,4(12_[2
T dP (4a” =17
(4a” 1) (—41)+1(4a® —217)

3

(40 -1)
_—12a’1+2r
(4a” -1 )3

) —21(6a2 —12)

3

(4a2 _12)5

Now, % — gives 4a?=2J?

= 1=.2a

= b= 4d* -24* =\/ﬁ=\/5a

Now, when 1= /24

ita —2(\2a)(6a*-2") g5,
dP? 224° 202d°

Then, by second derivative test, when 1 =./24, then the area of the rectangle is the

Then, , =-4<0

maximum.

Since, | =b=./24,

Therefore, the rectangle is square.
Hence proved.

Show that the right circular cylinder of given surface and maximum volume is such that
its height is equal to the diameter of the base.

Let » and h be the radius and height of the cylinder respectively. Then, the surface area
(S) of the cylinder is given by,

S =2mr? +2mrh

_S- 21’

2w

)
=—/| = |-r
2n\r

Let V be the volume of the cylinder. Then,

=h

18



21.

21.

V=nr’h=mnr {i(l) - r} _Sr_ mr’

2n\r 2
2
Then, v_S_ 3Tcr2,d—12/ =—6mr
dr 2 dr
Now, a :0:>§:371:r2 =pl=
dr 2 on
d*v S
When ;2 = S , then — =-6n| ,[— |<0.
67 dr 67

- By second derivative test, the volume is the maximum when ;2 = S

2
Now, when ;2 = S , then h=6nr (lj—r=3r—r=2r.

67 2n \ r

Hence, the volume is the maximum when the height is twice the radius i.e., when the

height is equal to the diameter.

Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic

centimetres, find the dimensions of the can which has the minimum surface area?

Let r be the radius and h be the height of the cylinder.
Let V be the volume of the cylinder. Then
V = nr’h= 100(given)

100

:>h—2
s

Then, the surface area (S) of the cylinder is given by:
S = 2nr? + 2mrh

=21’ + —200
,

ds 200  4%S 400

Now, —=4mr———, , —=4n+—<0
dr r? dr? P

1
Ifd—S=0:>4nr= 2—()2():1’3:@:@:1/:(@]3
dr r . w T

1
= 2
So, when r:(ﬂj3 then ’fi_f
r

>0

T

Then, by second derivative test, the surface area is the minimum when

19



22.

22.

] 1
Now, when ”=[@j3,thenh= 100 =2(ﬂj3cm.

2
TE [N
T

Therefore, the dimensions of the can which has the minimum surface area are

1 1
r= (ﬂy and h = 2(ﬂ)3 cm.

T T

A wire of length 28 m is to be cut into two pieces. One of the pieces is to be made into a
square and the other into a circle. What should be the length of the two pieces so that the
combined area of the square and the circle is minimum?

Let a piece of length I be cut from the given wire to make a square.

Then, the other piece of wire to be made into a circle is of length (28 - l)m .

Now, side of square — 1
4

Let » be the radius of the circle. Then 27 =28 —7 = = 2L(zg ~1)s
TT

The combined areas of the square and the circle (A) is given by,

A= side of the squaret)” +

I 1 :
—Z g (281
16+7{2 ( )}

m

o1 s
=—+—(28-1
16 4n( )

dad 21 2 I 1
So—=—+—(28-/)(-1)=———(28-!/
dl 16+4TC( )( ) 8 27c( )

d’4 1 1

—=-+—>0

dl 8 2m

Now, 94 =0:>£—l(28—1)=0
dl 8 2n

- nl—4(28—l)
8n

= (n+4)1-112=0

112

n+4

=1

112 d* A

Thus, when /= —
n+4 dl

>0,

- By second derivative test, the area (A) 1s the minimum when ;= 112
n+4

20



Hence, the combined area is the minimum when the length of the wire in making the
112
n+4

112 287
= cm
n+4 mw+4

square is cm While the length of the wire in making the circle is

28—

Prove that the volume of the largest cone that can be inscribed in a sphere of radius R is

; of the volume of the sphere.
7

Let r and h be the radius and height of the cone respectively inscribed in a sphere of radius
R.
Let V be the volume of cone.

Then, V= %nrzh

And height of cone h=R + JR? —?
V= %nr2(R+\/m)

Now, v =gnrR+znr\/R2 —r? +lnr2. (—2r)

dr 3 3 3 2WJR? =2
3
=§nrR+§nr\/R2 —r? +%nr—

X =

P 27'cr(R2 —rz)—nr3

=—TmrR+
3 3R -7
2 2mwrR? =31

=—TrR+
3R -2
3WR? -2 (27:R2 — 92 ) — (mefR2 -3 )ﬂ

av 2 6VR>"
S =-TR+ —
dr 3 9(R —r )
9(R* —r*)(2nR* —9mr? )+ (2mrR* + 31>
2 M Yok ) e )
27(R* =r7)2
av 2 2nrR* = 3mr°
Now, if, &8 =0= Zqgrp=—| 221
dr 3 3R -7
After solving this we get, ;2 = 8 p2
9
2
y
So, when , ;2 =§R2,then <0
9 dr
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24.

24.

Then, by second derivative test, the volume of the cone is the maximum when ;2 — 8 R>
9

So, when, 2 —8r2 h=R + /R2—§R2 =R+ /le _r+R_3p
9 9 9 33

Therefore, V = ln(ﬁRz)(iRj
3 19 3

= %(% TR j = % X (Volume of sphere)

Therefore, the volume of the largest cone that can be inscribed in the sphere is 8
27

the volume of the sphere.

Show that the right circular cone of least curved surface and given volume has an altitude

equal to /2 time the radius of the base.

Let » and & be the radius and the height (altitude) of the cone respectively. Then, the

volume (V) of the cone is given as:

V= L wh=>h= ¥
3n 7

The surface area (S) of the cone is given by, § =m| (Where [ is the slant height)

= nrr? + h?

2 2 6 2
=nr\/r2+ on _r\/9 r+V

2 - 2
7'cr4 wr

= l\/Tczr6 +or?
p
615"
LA A

s _" oo
Cdr r
_ 30— -9y
- P2 4912
21t —or?
ATt 4912
21t —or?

7’ N, r® + 9y

22



2
Now, d—S=0:>2712r6 =9y = ° =9—2

dr 2n
oy? d*s

F’ dr?

Thus, it can be easily verified that when ° = >0.

2

- By second derivative test, the surface area of the cone is the least when r° = Py
I

2 2
27 e nr 9 w 3

1
2 2.6\3 3
When r6:9V2,h:3_V:i£2wj S IEL A
Hence, for a given volume, the right circular cone of the least curved surface has an

altitude equal to /2 times the radius of the base.

Show that the semi-vertical angle of the cone of the maximum volume and of given slant
height is tan™' /2.

Let 0 be the semi- vertical angle of the cone.

Let r, h and | be the radius, height and the slant height of the cone respectively.

It is given that slant height is constant.

Now,r=1sin® andh =1cos 6

Then, the volume of the cone (V)

V= l71:r2h

3
= %n(!zsinze)(lcose)
= %nﬁsinzecose

3
f{—g = %[sinze(—sinB) + cos9(2sinecos9)J

Pr
= —[—sin39 + 2sin600829}
3

2 3
% = l—n[—3sin29c0s6 +2cos°0— 4sin29cos6]

1311? 3 2
= ?[ZCOS 0—"7sin Gcose}

£ av _

Now, i 0

= sin’0 = 25inOcos’O
= tan’0 =2
= tan 0= /2
= O=ran"'J2
23



26.

26.

Now, when o = ran~' /2, then tan’© = 2 or sin’© = 2cos’O.
Then, we get

2 3
dV2 = l—n[200S39 - 1400536]
do 3

= -4ncos’® < 0 for O € [O,g}

Then, by second derivative test, the volume (V) is the maximum when 0 = zan'/2
Therefore, the semi-vertical angle of the cone of the maximum volume and of given
slant height is tan'/2.

Hence Proved.

Show that semi-vertical angle of right circular cone of given surface area and maximum
. ( 1]

volume is sin 3/

We know that total surface area of the cone =S =nir(1 + r)......(1)

and Volume of the cone(V) = lnrzh
3

72 =éﬂ:27‘4(12 —r2)

Then by (1), we get,

pP=V?

Now, differentiating P with respect to r, we get,
arP 1 s
= 5(5(2& —8mr ))

dP
dr
S = 4mr?

Now, if, -0, then

2
o I : P
Now again differentiating with respect to r, we get el <0
r

Therefore, P is maximum when S = 41r?
And V is maximum when S = 4mr?

= mir(l +r) = 4mr2

= 1=3r
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27.

27.

Sine="_1
[ 3

1
=0=sin"' (—j
3
Therefore, semi-vertical angle of right circular cone of given surface area and
. ..ol
maximum volume is sin l(gj

Hence Proved.
Choose the correct answer in the Exercises 27 and 29.

The point on the curve x> = 2y which is nearest to the point (0, 5) is

(A) (22 4) (B) 2/2,0)
(©) (0,0 (D) (2,2)
Explanation: It is given that x*> = 2y

2
For each value of x, the position of the point will be [x,%]

2
The distance d(x) between the points (JC,%J and (0,5) is given by:

d@y—J@_of+ﬂ§_5T

2
=\/xz+x—+25—5x2
4

4
=1/x——4x2+25
4

x —Sx)

\/—4x +25

(x —8x
Jx* —16x* +100
d’(x)=0
=x>-8x=0
= x(x>-8) =0
=x=0, 22
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Jx* —16x2 +100 (327 —8)—(’ —Sx). f"3 _322"
2x* —16x2 +100

And, d"(x)= X' —16x% +100

(x* —16x" +100)(3x* —8) —2(x* —8x)(x* —8x)

(x4 —16x> + 100)%

(x* ~1627 +100)(3x> ~8) 2(+* —8x)2

(x4 —16x% + 100);

36(-8) _,,

So, now when x = 0, then d’’(x) = p=

And when, x = +2./2, d”’(x) >0
Then, by second derivative test, d(x) is minimum at x = +2./2

So, when x =422,y = 5 4
Therefore, the point on the curve x2 = 2y which is nearest to the point (0,5) is (
+2\2,4).
2 1-x+x* .
28. For all real values of x, the minimum value of 518
I+x+x
(A)0 (B) 1
(©)3 (D)
28. Let f(x)—l_"”2
| l+x+x*°

(1+x+x2)(—1+2x)—(1—x+x2)(1+2x)

s f(x)=

(1+x+xz)2

_—1+2x—x+2x2—x2 +2x° —1-2x+x+2x> —x? - 2%°

B (1+x+xz)2

o2 2(¥-)

(1+x+x2)2 (1+x+x2)2

L f(x)=0=>x"=1=x=11
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2{(1+x+x2 ) (20) (2 —1)(2)(1+x+x2)(1+2x)}

4

Now, f”(x)z
(1+x+x2

4(1+x+x2)[(l+x+x2)x—(x2 —1)(1+2x)}

(1+x+xz)4

4[x+x2+x3—x2—2x3+1+2x]

(1+x+x2)3
4(1+3x—x3)
(1+x+x2)3
, 4(1+3-1) 4(3) 4
A = — -
nd, (1) A+1+1°  @3) 9
Also, f”(—1)—4(1_3+1)=4(_1):_4<o

S (1-1+1)°
- By second derivative test, { is the minimum at x =1 and the minimum value is given
by

1-1+1 1
==
f() 1+1+1 3

The correct answer is D.

1
The maximum value of [x(x-1)+1]?,0<x<1 is

1) 1
@ 3] ® 1
© 1 (D) 0
Explanation: Let f(x) = [X(x -1)+ 1}%

(x)=—— 2L
?)[[x(x—l)—klﬂ5
Now, if £(x) =0
1

= X= =
2

Then, we evaluate the value of f at critical point x = % and at the end points of the interval

[0,1].
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£(0) = [0(0—1)+1]§ =1

f(1)= [1(1—1)+1]§ =1
-]

Therefore, we can conclude that the maximum value of f in the interval [0,1] is 1.
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