T =3, + Abis given by,

For given lines,
= (1+2]— 4k) + A(2i + 3] + 6k)

T = (31 +3) — 5k) + p(21 + 3j + 6k)

As b_; - E =b (say) , given,i re parallel to each other.

Therefore,

b=2i+3j+ 6k

~ bl =22+ 32 +62
=v4+9+36
=49

=i
aG,—-a;=0B-1Di+B-2)j+(-5+ 4k

3, —a,=21+]-k

I U
@ —-a)xb=2 1 -1
2 3 6

=i(6+3)—j(12+2)+ k(6 —-2)
~ (3, —a;) xb=91—14j + 4k

~|l@-a) xb| =92+ (-14)2 + 42

=81+ 196 + 16

class24



=293

Therefore, the shortest distance between the given lines is

d= “(az —d;) X bl
| [b]
‘\/293
d o | M—
7
V293 .
d= 7 units

14. Question

Find the distance between the parallel lines Ly and L, whose vector equations are
1.=(i+2j+3k)+).(i—j+k), and T =(2i—j—k)+u(i—j+k).
Answer

Given equations :

t=(i+2j+3k)+A(i-
F=(2—f—B) +ut class24
To Find : d

1. Cross Product :

If 3 & b are two vectors

-~

5 = ali'l' az‘]\ + 33k

b =b,i+b,j+ bk

then,
I O ¢
axb=la, a, a
b, b, b;

2. Dot Product :

If 3 & b are two vectors

-~

E_l = a1i+ azj +33k

b =b,i+b,j+b,k



then,

E.B — (al X hi) + (az X b2)+ (33 X bg)

3. Shortest distance between two parallel lines :

The shortest distance between the parallel lines f = a, + Ab and

T = 3, + Abis given by,
|(&z - &) x b
|b|

I
d=
|

Answer :

For given lines,

r=(i+2]+3k)+A(i—-j+k)

o~

_ |t 7k
(az—-ay)xb=|1 -3 -1
1 -1 1

=1(-3—-4)—j(1+4) +k(-1+3)
~ (3 —a)xb=—-7i—5j+2k

«|@—-a) xb| = J(=7)2+ (-5)2 + 22

=vV49+25+4
=78

class24



Therefore, the shortest distance between the given lines is

4 |G -a) x b
| |b]

0|

R VS

~d=+26

d = /26 units

15. Question

Find the vector equation of a line passing through the point (2, 3, 2) and parallel to the line

I= (-2 i +3j)+ 7&,(2{ - 3j +6f{) Also, find the distance between these lines.
HINT: The given line is

L, o1 =(-21+3j)+2(21-3j+6k)

The required line is

Lzzf:(2i+3j+2

-_ 'T'cid 6k). class24
Now, find the distance between the parallel lines Ly and L,.

Answer

Given : point A = (2, 3, 2)

Equation of line : ¥ = (=21 + 3j) + A(2i — 3j + 6k)

To Find : i) equation of line

ii) distance d

Formulae :

1. Equation of line :

Equation of line passing through point A (a3, a3, az) and parallel to vector j = xj + y']‘+ Z]‘i is given
by

F=a+Ab
Wheref 5 = ali + azj + aaﬁ
2. Cross Product :

If 3 & b are two vectors



3. Dot Product :

If 3 & b are two vectors

-~

a=a,i+a,)+azk

b =b,i+b,j+ bk

then,

a.b=(a;xby)+(a, xb,)+ (azxby)

4. Shortest distance between two parallel lines :

The shortest distance between the pz

llel lines T = g, + Ab and

class24

Answer :

As the required line is parallel to the line

T = (=21 +3)) + A(2i — 3j + 6k)

Therefore, the vector parallel to the required line is

b = 2i— 3j+ 6k

Given point A = (2, 3, 2)

~a=21+3j+2k

Therefore, equation of line passing through A and parallel to b is

F=a+ub

~T = (2i+ 3§+ 2k) + p(2i — 3) + 6k)

Now, to calculate distance between above line and given line,

= (2i+3j+ 2k) + p(2i - 3j + 6k)



T = (—2i+3j) + A(2i — 3§ + 6k)

«[Bl = yEF DT e
=v4+9+36
=49

=7
L-a,=(-2-2)i+((3-3)j+ (0-2)k

£ 3y — & =—4i+0j—2k

class24

=1(0—-6) —j(—24 +
~(3;—a;)xb=—6i

~|(@ —a) xb| =/(—6)% + 202 + 122

=36 + 400 + 144

= V580

Therefore, the shortest distance between the given lines is

d=|l(£—a§)xﬁl

b
4 e V580
cd=|—
580
T LS
V580
=T units

16. Question



Write the vector equation of each of the following lines and hence determine the distance between
them :

x-—1 y—2_z+4andx—3_y—3_z+5
2 3 6 4 6 12

HINT: The given lines are
L, :r=(-2i+3j)+2(2i-3j+6k)
I :}=(3i+3j—51&)+2p(2i+3j+61&)

Now, find the distance between the parallel lines Ly and L.

Answer
Given : Cartesian eguations of lines

x—-1 y—-2 z+4

L1: 5 5 z
X—3 y—3 z+5

L2: e

To Find : i) vector equations of given line

ii) distance d mc24 C|08824

Formulae :

1. Equation of line :
Equation of line passing through point A (a4, az, az) and having direction ratios (b4, by, b3) is
F=a+b

Where, 3 = 2,1+ a,j + a;k

And b = b,i+b,j+ b,k

2. Cross Product :

If 3 & b are two vectors

-~

5 = ali+ azj + agk

b =b,i+b,j+bsk



3. Dot Product :

If 3 & b are two vectors

-~

a=a,i+a,j+azk

b =b,i+b,j+bsk

then,

ab=(a;xby)+ (@, xby)+ (azxby)

4. Shortest distance between two parallel lines :

The shortest distance between the parallel lines § = a + Ab and
T = a, + Abis given by,

4 |lG @) x|
| [bl

Answer :

Given Cartesian equations of lines

X—1 y—2
L= =3

Line L1 is passing throu

Therefore, vector equation of line L1 is

class24

2, -4) and has direction ratios (2, 3, 6)

= (1+2j— 4k) + A(2i + 3] + 6k)
And

X—=3 y—3 2zZ+5
L2 : = =
4 6 12
Line L2 is passing through point (3, 3, -5) and has direction ratios (4, 6, 12)

Therefore, vector equation of line L2 is

T = (31 + 3] — 5k) + u(4i+ 6§ + 12k)

~ T = (31 + 3j— 5k) + 2p(21 + 3j + 6k)
Now, to calculate distance between the lines,
t = (1+2)— 4k) + A(2i + 3j + 6k)

t = (31 +3j— 5k) + 2pu(2i + 3j + 6k)

Here,



i+ 2j— 4k

| &
[

c

Il

. =21+3j+6k

a, =3i+3)-5k

b, = 2i + 3j + 6k

As b_1 = b_z =b (say) . given lines are parallel to each other.

Therefore,

b =2i+3j+ 6k

~|b| =422 +32+62

=V4+9+36

=49

=

a4, —a;=03-1i+3-2)j+(-5+4)k

w3, —a;=21+j—-k
_ g

(@—a)xb=|2 1

2 3
=i(6 +3) —j(12+ 2) + k(6 — 2)

~(3;—a;) xb=91—14j + 4k

= |(@ - &) x b =972+ (-14)% + 42

=81+ 196 + 16

=293

class24

Therefore, the shortest distance between the given lines is

| b

B V293

| 2

V293 )
d= units



17. Question

Write the vector equation of the following lines and hence find the shortest distance between them :

x-1 y-2 z-3 x-2 y-3 z-5
= = and = — .
2 3 4 3 4 5
Answer
Given : Cartesian equations of lines
x—1 y—-2 z-3
2 3 4
X—2 y—3 z-5
3 4 5

To Find : i) vector equations of given lines

Llc:

L2 :

ii) distance d
Formulae :
1. Equation of line :

(ay, as, a3) and having direction ratios (by, by, b3) is

class24

Equation of line passing through point

F=a+Ab
Where, 3 = a,i+a,j +
And b = b,i+b,j+ bk
2. Cross Product :

If 3 & b are two vectors

-~

5 = ali+ azj+agk

b =b,i+b,j+bsk

then,
I R
axb=l|a; a, a;
b; b, b;

3. Dot Product :

If 3 & b are two vectors

-~

5 = ali+ azj -} 33k

b =b,i+b,j+bsk



then,

ab=(a;xby)+ (@, xb,)+ (azxby)
4. Shortest distance between two lines :

The shortest distance between the skew lines ¥ = a + Xb_l and
T = 3, + Ab, is given by,

| |b1><b2|

Answer :

Given Cartesian equations of lines

x—1 §—8 3Z—3
2 3 4
Line L1 is passing through point (1, 2, 3) and has direction ratios (2, 3, 4)

% I

Therefore, vector equation of line L1 is

-~

r=(1+2j+3k)+A(2i+

class24
¥—2 —3
LZ H = y —
3 -+
Line L2 is passing through po , 3, 5) and has direction ratios (3, 4, 5)

Therefore, vector equation of line L2 is
= (31+3j+ 5k) + p(3i+ 4j + 5k)

Now, to calculate distance between the lines,

F=(i+2j+3k)+A(21+ 3j + 4k)

T = (31 + 3] + 5k) + u(3i+ 4j + 5k)

b, = 31+ 4j + 5k

Therefore,



i j k
2 3 4
3 4 5

=1(15—16) —j(10 — 12) + k(8 — 9)

by xb, =

~byxb, =-1+2j-k

= [by xby| = /(-1)2+ 22 + (-1)2

=Vi+4+1

=6

L,-a4,=03B-1i+(B-2)j+(-3)k
na,—a; =2i+]+2k

Now,

(by xb;). (37 —4;) = (-1 +2j — k). (21 +j + 2k)
=((-1)x2)+(2x1)+((-1)x 2)
=@ fa @ =g

=-2

class24

Therefore, the shortest the given lines is

4 |(Bsxb,) @ - &)
by xb,

o
II
=l &

a
I
(oS ]

i 5

I~

.
Il

=
Il
W ro

d = units

w|m

18. Question



Find the shortest distance between the lines given below:

x—1=y+2=z—3mmx—1=y+lz+y
-1 1 -2 2 2 -2

Answer
Given : Cartesian equations of lines

s b | +2 2—3
L1: =y =

—1 1 —2
Lz.x—l_y+1_z+1
2 2 =2

To Find : distance d
Formulae :
1. Equation of line :

Equation of line passing through point A (a1, a2, az) and having direction ratios (b1, bz, b3) is

r=a+Ab

Where, 3 = a,i+a,j +
Andph =b,i+b,j+b C|08524
2. Cross Product :

If 3 & b are two vectors
5 = ali+ azj + agﬁ

b =b,i+b,j+bsk

then,
I E O
axb=la; a, az
b; b, b;

3. Dot Product :

If 3 & b are two vectors

-~

5 == ali+ azi + 33k
b =b,i+b,j+bsk
then,

ab=(a;xb,)+(a, xb,)+ (az x by)



4. Shortest distance between two lines :
The shortest distance between the skew lines F = a + )[b—l and
FT=a,+ AH; is given by,

| by x b, |

Answer :
Given Cartesian equations of lines
x=1 y+2 2=3
=1 1 =2
Line L1 is passing through point (1, -2, 3) and has direction ratios (-1, 1, -2)

Ll 2

Therefore, vector equation of line L1 is
r=(i—2j+3k)+A(-i+j—2k)
And

¥=L +i x+1
2 2

Line L2 is passing througf

L2 :

e "!4 and has @&Gr@&z‘qﬂ)

Therefore, vector equation ¢

T

Il

(i-7—k)+np(21+2

Now, to calculate distance between the lines,

F=(1—2]+3k)+A(-i+]— 2k)

r=(i—j—k)+ p(2i+2j — 2k)

b, =-1+j—-2k

L=i-j-k

b, = 2i + 2j — 2k

Therefore,

R O I

by Xby=|-1 1 -2
2 2 =2



=i(—2+4)-j2+4) +k(-2-2)
~by xb, = 21— 6] — 4k

«|by xb,| = V22 + (—6)7 + (-9)?
=V4+36+16

=56
a5,—-a=0-1Di+(1+2j+(-1-3)k

23, —a; = 01 +j— 4k

Now,

(b xb,) . (a7 —4;) = (21 — 6] — 4k) . (01 +] — 4k)
=(2x0)+ ((—6)x 1) +((-4) x (-4))
=0-6+16

=10

Therefore, the shortest dis

g |(rXb2) .G -
I by xb,|

n the given lines is

class24

_d_|10
- lvse
10

V56

10
=—— units

V56

19. Question

Find the shortest distance between the lines given below:

x-12 _y-1_z-5 _ x-23 y-10 z-23
-9 - 2 -6 — 3

HINT: Change the given equations in vector form.

Answer
Given : Cartesian equations of lines

g =12 -1 2-—8
-9 4 2




2 X—23 y-—10 =z-—23
- -6 -4 3
To Find : distance d
Formulae :

1. Equation of line :

Equation of line passing through point A (a4, az, az) and having direction ratios (by, by, b3) is
r=a+Ab

Where, 3 = a,i+ a,j + a;k

And b = b,i+b,j+ b,k

2. Cross Product :

If 3 & b are two vectors

-~

5 - a1i+ azj +a3k
b =b,i+b,j+bsk

then,

]t 7k
by b, b,

3. Dot Product :

class24

If 3 & b are two vectors

-~

a=a,i+as) +azk

b =b,i+b,j+bsk

then,

a.b=(a;xby) +(a, xb,)+ (azxby)
4. Shortest distance between two lines :

The shortest distance between the skew lines ¥ = 3, + }\b_l and
T = 3, + Ab, is given by,

| [byxby]

Answer :



Given Cartesian equations of lines

" =12 ¥y=1 =E~=N
-9 4 2
Line L1 is passing through point (12, 1, 5) and has direction ratios (-9, 4, 2)

Therefore, vector equation of line L1 is
= (121 +7§ + 5k) + A(—9i + 4j + 2k)
And

) x—23 y—10 z-—23
-6 -4 3
Line L2 is passing through point (23, 10, 23) and has direction ratios (-6, -4, 3)

Therefore, vector equation of line L2 is

|

t = (231 + 10j + 23k) + p(—61 — 4j + 3k)

Now, to calculate distance between the lines,

= (121 +§+ 5k) + A(—91 + 4] + 2k)

3k)

r = (231 + 10j + 23k)

class24

L =—91+4j + 2k
T, = 231+ 10j + 23k

b, = —6i — 4j + 3k

Therefore,

_ |17k

by xb,=|-9 4 2
-6 —4 3

=1(12 + 8) —j(—27 + 12) + k(36 + 24)
- by x b, = 20i + 15] + 60k

~ |by xb,| =202 + 152 + 602

=400 + 225 + 3600

= V4225



=65

3, —a,=(23-12)i+ (10-1)j+ (23 -5k

~3, —a; =111+ 9j + 18k

Now,

(b, xb,).(a3 —a;) = (201 + 15] + 60k) . (111 + 9j + 18k)
=(20x 11) + (15% 9) + (60 x 18)

= 220 + 135 + 1080

= 1435

Therefore, the shortest distance between the given lines is

(by xb,) (3 — &)
by x b,

I
d=
I

1435
i
287
13

,_287
= 13 units

class24

Exercise 27E
1. Question
Find the length and the equations of the line of shortest distance between the lines given by:
x—3:y—8=2_3mdx+3=y+7:z—§

3 -1 -3 2 4

Answer

Given : Cartesian eguations of lines

X—3 y—-8 z-3

il ® = -1 1
i3 x+3=y+7=z—6

—3 2 4
Formulae :

1. Condition for perpendicularity :



If line L1 has direction ratios (ai, as, az) and that of line L2 are (by, by, b3) then lines L1 and L2 will
be perpendicular to each other if

(a;xby)+ (a,xby)+(azgxb3)=0
2. Distance formula :

Distance between two points A=(a4, a,, az) and B=(by, by, b3) is given by,

d - \f{(al - bl)z + (az = bz)2 + (33 - b3)2
3. Equation of line :
Equation of line passing through points A=(x4, Y1, z1) and B=(x3, Y», z>) is given by,

X—X; ¥Y=W ZI—Z

17X V1Y Z,7%,

Answer :

Given equations of lines

x—3 y—-8 z-3

Ll:—3 —1 1
112_}(+3_y+7_z—6
-3 2 =

Direction ratios of L1 and L2 are (8y-1; 1) and (-3, 2, 4) respectively.
Let, general point on line L1 is P=(Xy, Y1, z1)

X1 = 3s+3,yy = -s+8, z4 = s+3

and let, general point on line L2 is Q=(x>, Y2, Z3)

X2 =-3t-3,y2=2t-7,2=4t+ 6

2 PQ = (%;— %)+ (2 — y)i+ (2, — 2, )k
=(-3t—3-35—3)i+(2t—7 +s—8)j+ (4t+ 6 —s — 3)k
~PQ=(-3t—3s—6)i+(2t+s—15)j+ (4t—s+3)k

Direction ratios ofm are ((-3t-3s-6), (2t + s - 15), (4t -s + 3))

PQ will be the shortest distance if it perpendicular to both the given lines
Therefore, by the condition of perpendicularity,
3(-3t-3s-6)-1(2t+s-15)+ 1(4t-s+ 3) = 0 and
-3(-3t-35-6)+2(2t+s-15) +4(4t-s+3)=0

=-9t-95-18-2t-s+ 15+ 4t-s+ 3 =0 and



9t +9s+ 18 +4t+2s-30+ 16t-4s+ 12 =0
= =7t - 11s = 0 and

29t+7s =0

Solving above two equations, we get,
t=0ands=0

therefore,

P=(3,8,3)and Q = (-3, -7, 6)

Now, distance between points P and Q is

d=(3+3)2+ (8+7)2+(3—6)2

=,/(6)2+ (15)2 + (—3)2

=36+ 225+9
=+/270
=330

Therefore, the shortest distance between two given lines. i

class24

jh points P and Q is,

d = 3v/30 units
Now, equation of line passing

X_x1=Y_Y1=Z_Z1
Xy3=X V17 Y2 Z,7%;
X=3 yY=8 Z=3
"8+3 847 3-6
=3 y=8 =3
"6 ~ 18 =3
=3 y—8 z—3
2 T 8

Therefore, equation of line of shortest distance between two given lines is

x—3 y—~8B Z—23
2 5 -1
2. Question

Find the length and the equations of the line of shortest distance between the lines given by:

Xx-3 _y-4_1z+2 andx—1=y+7=z+2.

=3 2 1 1 3 2




Answer
Given : Cartesian eguations of lines

X—3 y—4 z+2

LY :

-1 2 1
Lz_x—l_y+7_z+2
1 3 2

Formulae :
1. Condition for perpendicularity :

If line L1 has direction ratios (a1, a>, az) and that of line L2 are (b1, bs, b3) then lines L1 and L2 will
be perpendicular to each other if

(a; xby)+(a;xb,)+(agxby)=0
2. Distance formula :

Distance between two points A=(ay, a2, a3) and B=(b4, b>, b3) is given by,

d=.(a;—b;)2+ (@, —b,)2+ (a; —b;)?2

3. Equation of line :

Equation of line passing through points A=(xy, v, zy)«andB=(xa4¥2, 22)is given by,
X=Xy, V=V 72

X=X, Vi—Y: 71 Q8

Answer :

Given equations of lines

X—3 y—4 z+2

L1:
-1 2 1
1% X—=1 y+¢ Z+2
1 3 2

Direction ratios of L1 and L2 are (-1, 2, 1) and (1, 3, 2) respectively.

Let, general point on line L1 is P=(x1, V1, Z1)
Xy =-5+3,y1 =2s+4,z1 =5-2
and let, general point on line L2 is Q=(x>2, Y2, Z2)

¥ =¥l Yo =23t=7 ;2= 2t=.2

= PQ = (X, — x)i+ (¥ — y)i + (22 _Zl)ﬁ
=(t+1+s-3)i+(Bt—7—-25s—4)j+(2t—2—-s+2)k



~PQ=(t+s—2)i+ (3t—2s—11)j+ (2t—s)k
Direction ratios ofm are ((t+s-2),(3t-2s-11), (2t - s))
PQ will be the shortest distance if it perpendicular to both the given lines
Therefore, by the condition of perpendicularity,
-1(t+s-2)+2(3t-2s-11) + 1(2t-s) = 0 and
1(t+s-2)+3(3t-2s-11)+2(2t-s) =0

== tog + 24 6t—4s— 22 ¥ 2bt—s = 0 and
t+s-2+9-65-33+4t-25=0

= 7t - 6s = 20 and

14t - 7s = 35

Solving above two equations, we get,

t=2ands=-1

therefore,

P=(4,2,-3)and Q = (3, -1

Now, distance between poi

class24

d=y(4-3)2+(2+
=J(D2+(3)2+ (-5)?
=V1+9+25

=35

Therefore, the shortest distance between two given lines is

d = V35 units
Now, equation of line passing through points P and Q is,

X—Xy _ Y—V1 _ Z—1Z
X17% VM= V2 Z447%
-4 ¥y—2Z z+3
“§—3 2+1 —B-3
X—4% ¥—2 gZ4+3
B A R
XE—4% Y—2 Ei43
"1 T3 T s




Therefore, equation of line of shortest distance between two given lines is

X=4 P=£2 XTI

=31 -3 5

3. Question

Find the length and the equations of the line of shortest distance between the lines given by:

x+1l y=1 z=8
== a

Xx—-3 y+15 z-9
= nd = = = .
2 1 -3 I

-~ -

Answer

Given : Cartesian eguations of lines
1_x+1_y—1_z—9
2 1 -3

L2_){—3_3,f+15_z—9
2 =7 5

Formulae :

1. Condition for perpendicularity :

If line L1 has direction ratios (a3, a2, @3),and that of linelL2 are (by, b3, bg) then lines L1 and L2 will
be perpendicular to each other if .

(a; x by) + (a, x b,) tashal=g
2. Distance formula :

Distance between two points A=(ay, a2, a3) and B=(b4, bs, b3) is given by,

d=.(a;—b;)2+(a, —b,)2+ (a; —b;)?2

3. Equation of line :

Equation of line passing through points A=(x4, Y1, z1) and B=(x3, Y», z>) is given by,
=% =¥ I3

17X VW=V 177

Answer :

Given equations of lines
X+1 ¥y—1 ZT—9
2 1 -3
XxX—=3 y+18 Z=9
2 -7 5
Direction ratios of L1 and L2 are (2, 1, -3) and (2, -7, 5) respectively.

L X

L2 :




Let, general point on line L1 is P=(xy, Y1, 21)
Xy =2s-1,y4 =s+1,2zy =-3s+49
and let, general point on line L2 is Q=(x2, Y2, Z2)

X = 2t43 ; Mo = =#L = 1552y =519

2 PQ = (% — X )i+ (¥, — y1)j + (z, — 2, )k

= (5t+9—2s+ 1)i+ (-7t — 15 —s— 1)j+ (5t+ 9+ 3s — 9k
~PQ = (5t— 25+ 10)i+ (-7t —s — 16)j + (5t + 3s)k

Direction ratios ofm are ((5t- 2s + 10), (-7t = s - 16), (5t + 3s))

PQ will be the shortest distance if it perpendicular to both the given lines
Therefore, by the condition of perpendicularity,

2(5t - 2s + 10) + 1(-7t - s - 16) - 3(5t + 3s) = 0 and

2(5t-2s+ 10) - 7(-7t -s - 16) + 5(5t + 3s) = 0

= 10t-4s+20-7t-s-16-15t-9s =0 and

10t - 4s + 20 + 49t + 7s # 11
5 -12t - 14s = -4 and C|08524
84t + 18s = -132
Solving above two equations,
t=-2ands=2

therefore,

P E 3. . )eRE0 = 1 -1 1)

Now, distance between points P and Q is

d=y(B+1)2+ (3+ 1)2+ (3 +1)2
= (4)2+(9)%+ (4)?

=16+ 16 + 16

= V48

=43

Therefore, the shortest distance between two given lines is

d = 43 units



Now, equation of line passing through points P and Q is,

X% Y~V _z27%4
X37X% M~ V2 Z447%
£—3 Y—3 %1-—3
"3+1 3+1 3+1
X=3 y=—3 2=3

"Td TTa T a

“X—3=y—3=2—-3

2X=y=12Z

Therefore, equation of line of shortest distance between two given lines is

X = ye=Z

4. Question

Find the length and the equations of the line of shortest distance between the lines given by:
Al — =

3 -1 1 =3 2 i

Answer

X-6_y-7_z-4_ X _y+9 _z-2

Given : Cartesian equations of lines
Xx—6 y—7 z=4
3 -1 1

X 9 =2
2§ =t
=3 2 4

Formulae :

L) ¢

1. Condition for perpendicularity :

If line L1 has direction ratios (ay, as, az) and that of line L2 are (by, by, b3) then lines L1 and L2 will
be perpendicular to each other if

(a; xby)+(azxb,)+(azgxbs)=0
2. Distance formula :

Distance between two points A=(a4, a,, az) and B=(b4, by, b3) is given by,

d — \/(al == b1)2 + (82 = bz)z + (83 == b3)2
3. Equation of line :

Equation of line passing through points A=(x4, Y1, z1) and B=(x3, Y2, Z3) is given by,



X=X, Y=V Z-Z

X1/ X, V1= Y. Z,7%

Answer :

Given equations of lines

=0 y=F Z—%
3 -1 1
X +8 Z2—2
L2 :— = y =
-3 2 -+
Direction ratios of L1 and L2 are (3, -1, 1) and (-3, 2, 4) respectively.

Ll:

Let, general point on line L1 is P=(x1, Y1, Z1)
Xy = 35+6 ,yy = -s+7,2z1 = s+4
and let, general point on line L2 is Q=(x», Y2, Z3)

¥y = =Bt ;¥ =28~ 9 ;2o =4+ 2

2 PQ = (x— x, )i+ (3, — y)i+ (2, =2, )k
=(—3t—3s—6)i+ (2t A0 +5 R)j + (4t +2 —s— )k

2 PQ = (—3t—3s—6)I + (2645~ 16)j + (at s~k
Direction ratios of PQ are ((-31:-35-&), (2t + s - 16), (4t -s - 2))
PQ will be the shortest distance if it perpendicular to both the given lines
Therefore, by the condition of perpendicularity,
3(-3t-3s-6)-1(2t+s-16) + 1(4t-s-2) = 0 and
-3(-3t-35s-6)+ 2(2t +s-16) +4(4t-s-2) =0
=-9t-95-18-2t-s+16+4t-s-2=0and

9t +9s+ 18 +4t+2s-32+ 16t-45s-8=0

= -7t - 11s = 4 and

29t + 75 = =22

Solving above two equations, we get,

t=1ands=-1

therefore,

P=(3,8,3)and Q = (-3, -7, 6)

Now, distance between points P and Q is



d=(3+3)2+ (8+7)2+(3—6)2

=,/(6)2+ (15)2 + (—3)2

=36+ 225+9
=+/270
=330

Therefore, the shortest distance between two given lines is

d = 3v/30 units
Now, equation of line passing through points P and Q is,

X—X =Y_Y1 _ Z—1Z
27X WYV 4L7%
X=3 yY=8 Z=3
"3+3 8+7 3-6
x=a3 y=—8 =3
"6 15 -3
=3 y—8 22—}
"8 B =

Therefore, equation of line of shortest di

tance between two given lines is
x—3 y—~8B 2—3
2 5 -1

5. Question

= ! =7F I sl
Show that the lines 3 = y—< = z+3 and e = Y 6 = z-3 intersect and find their point

1 2 3 2 3 4

of intersection.
Answer
Given : Cartesian equations of lines
X y—2 z+3
Ll:~— =
1 2 3
X—2 y—=h8 «—3
2 3 4
To Find : distance d

L2 :

Formulae :

1. Equation of line :



Equation of line passing through point A (a4, as, az) and having direction ratios (b4, by, b3) is
FT=a+2b

Where, 3 = a,i+ a,j + a,k

And b = b,i+b,j+ b,k

2. Cross Product :

If 3 & b are two vectors

-~

5 = a1i+ azj +33k

b =b,i+b,j+bsk

then,
|7k
b, b, b,

3. Dot Product :

If 3 & b are two vectors

a=a,i+a,j+ak C|05324

b =b,i+b,j+bsk

then,

E.E —— (a1 X bl) + (az X b2)+ (33 X ba)
4. Shortest distance between two lines :

The shortest distance between the skew linest = g, + }\b_l and
T = 3, + Ab, is given by,

| |b1 szl

Answer :
Given Cartesian equations of lines
V—2a Z+3

Ll.x_
17 2 3

Line L1 is passing through point (0, 2, -3) and has direction ratios (1, 2, 3)

Therefore, vector equation of line L1 is



t = (0i+2j—3k) +A(i+ 2j + 3k)
And

=2 ¥y=& E—3
2 3 4
Line L2 is passing through point (2, 6, 3) and has direction ratios (2, 3, 4)

L2

Therefore, vector equation of line L2 is

|

= (21 + 6] + 3k) + p(2i + 3j + 4k)
Now, to calculate distance between the lines,
r= (0i+2j—3k) + A1+ 2j + 3k)

= (2i+6j + 3k) + p(2i+ 3j + 4k)

class24

b, = 2i + 3j + 4k

Therefore,

_ _ |t 1k

by xb,=1 2 3
2 3 4

=i(8-9)—j(4—6)+k(3—4)

“byxb,=—-1+2]-k

« [by xb,| = V(=17 + 22 + (-1)°

=V1+4+1

=6

a,—a,=02-0i+(6-2)j+(B+3)k

-3, —a; =21+4j+6k

Now,

(b, xb,).(a3; —a;) = (i +2j —k).(21 + 4§ + 6k)
=((-1)x2)+(2x4)+((-1)x6)



Therefore, the shortest distance between the given lines is

| [byxby]

0

w1

V14
=~ d = 0 units
Asd=0
Hence, given lines intersect each other.
Now, general point on L1 is
Xy =A,yy=2A+2,2; = 3A-3
let, P(x4, Y1, Z1) be point of intersection of two given lines.

Therefore, point P satisfies equation of line L2.

A=3 TAAET—h
T2 T 3

A—2 ZA—4
T2 T3
=3A-6=4A-8

class24

=ik = B

Therefore, xy = 2, y; = 2(2)+2, z1 = 3(2)-3
=2X1=2,yY1=6,2z1=3

Hence point of intersection of given lines is (2, 6, 3).

6. Question

X +
Show that the lines = = and = = 1 do not intersect each other.

Answer
Given : Cartesian equations of lines

X—=1 y+1 z=1

L1: =3 2 5




X—Z ¥—1 EZ+1
2 3 =2
To Find : distance d

LZ ¢

Formulae :
1. Equation of line :

Equation of line passing through point A (a4, az, az) and having direction ratios (by, by, b3) is
T=3a+Ab

Where, 3 = 3,1+ a,] + a,k

And b = b,i+b,j+bsk

2. Cross Product :

If 3 & b are two vectors

-~

'é - ali+ azj +33k
b =b,i+b,j+bsk

then,

]t 7k
by b, b,

3. Dot Product :

class24

If 3 & b are two vectors

-~

a=a,i+as) +azk

b =b,i+b,j+bsk

then,

a.b=(a;xby) +(a, xb,)+ (azxby)
4. Shortest distance between two lines :

The shortest distance between the skew lines ¥ = 3, + }\b_l and
T = 3, + Ab, is given by,

| [byxby]

Answer :



Given Cartesian equations of lines
=1 ¥+l =1
3 2 5
Line L1 is passing through point (1, -1, 1) and has direction ratios (3, 2, 5)

Py

Therefore, vector equation of line L1 is
t=(i—j+k)+A(31+ 2j +5k)
And
E—2 y—1 z+1
2 3 -2
Line L2 is passing through point (2, 1, -1) and has direction ratios (2, 3, -2)

L2:

Therefore, vector equation of line L2 is
t=(21+]—k)+ (21 + 3) — 2k)
Now, to calculate distance between the lines,

r=(i—-j+k)+A(31+2)+5k

r=(2i+)—k)+ p(2i

class24

Here,
a=1—-7+k
b, = 3i+2j+ 5k
3, =2i+j-k

b, = 2i + 3 — 2k
Therefore,

-~

1
3
2 =2

=i(—4 —15) — j(—6— 10) + k(9 — 4)

k

j
2
3

= Db, xb, = —19i + 16j + 5k

« [by xb;| = /(=19)2 + 167 + 52

=361+ 256 + 25
642



L-4,=02-Di+1+1D)j+ (1 -1k

3, —a; =1+2—2k

ot
[

Now,

(b, xb,).(a35 —a;) = (—19i+ 16j + 5k) . (i + 2§ — 2k)
=((-19) x 1)+ (16 x2) + (5 x(-2))
=-19+32-10

=3

Therefore, the shortest distance between the given lines is

_|(by xb,) (3 - &)

d= —
I |b1>‘<b2|

3
sl = |—
V642

3
id= units
V642
Asd =0

class24

Exercise 27F

1. Question

If a line has direction ratios 2, -1, -2 then what are its direction cosines?
Answer

Given : A line has direction ratios 2, -1, -2

To find : Direction cosines of the line

Formula used : If (I,m,n) are the direction ratios of a given line then direction cosines are given by
1 m n

JEimP+n? JI2+m2+n2’ 12+ m3+n?
Herel=2 , m=-1,n=-2
Direction cosines of the line with direction ratios 2, -1, -2 is

2 =y —2
V224 (m1)%+ (—2)2 " 22+ (-1)%+ (-2)? * 22 + (-1)+ (-2)?

2 il B el
Vi+1+4 Va+1+4 Va+1i+4 Vo' Vo' o
2 -1 -2

I r

3 3 3



Direction cosines of the line with direction ratios 2, -1, -2 is -z i :} i ——;

2. Question

Find the direction cosines of the line i 4-X = Z = l—_Z
2 6 3
Answer
Given : Aline 4-x :.)i :1;2._
2 6 3
To find : Direction cosines of the line
Formula used : If a line is given by x;" =¥ =P _ Z=%then direction cosines are given by L

m n V12 + m24n?

m n
"JI2+m2+n?’ 12 + m2+n?

The lineis X~ 4-¥-0_2-1
-2 6 -3

Herel=-2, m=6,n=-3

Direction cosines of the line:

; n1ss24

V(=2)% +(6)%+(-3)% '

_ -2 6 6 -3
VE+36+9 Va+36+9 vas ' vag
-2 6 -3
i B
. . ) . -4 -0 -1. -2 6 -3
Direction cosines of the line = =Y =z S — oo —

~2 6 =3 ¥ 5 P

3. Question

+ 2
If the equations of a line are & = = . find the direction cosines of a line parallel to

b
I
]
(o))

the given line.

Answer

Given : A line = =

= 2 3
To find : Direction cosines of the line parallel to 3-x = il = L+

-3 =2 6

-



y-b_z

Formula used : If a line is given by XTE o
1 m n

m n

"V1IZ+m2402 " 12 4+ m2+n?

3_y+2 _z42
-2 6

The line is x;

Parallel lines have same direction ratios and direction cosines

Herel =3, m=-2,n=6

Direction cosines of the line x;
3 -2 6
V@2 +(-2)2+(6)2 " J(3)% + (-2)%+(6)% ' J(3)* +(-2)%+ (6)*

3 3 -2 6
VO+4+36 JVO+4+36 VO+4+36

-2

3 6
vas ' vas ' vas

0

3 -2 6
7 7 "7
2 g 5 2 3 e & :
Direction cosines of the line parallel to the line 2yt i
-3 -2 6
3 -2 6
7" 7 9

4. Question

~° then direction cosines are given by

1

V12 + mZ+n?

- - z+5
Write the equations of a i X = Y = and passing through the
-3 2 6
point (1, -2, 3).
Answer
—2 + +5
Given:)"lklineX :y 3:2
-3 2 6
X—-2 +3 z+5
To find : equations of a line parallel to the line = y = and passing through the
-3 2 6
point (1, -2, 3).
Formula used : If a line is given by x-l—a = . B then equation of parallel
m n

P_y-q_z-r1
m n

line passing through the point (p,q,r) is given by x_l'
Herel=-3, m=2,n=6andp=1,gq=-2,r=3

X—2 Y+3 Z+43
-3 2 6

The line parallel to the line

is given by

and passing through the point (1,-2,3)



