Principle Of Mathematical Induction

Exercise 4

Q. 1. Using the principle of mathematical induction, prove each of the following
for all n e N:

1+2+3+4+ .. +n=1/2n(n+1)

Answer : To Prove:

1+2+3+4+...+n=12n(n+1)

Steps to prove by mathematical induction:

Let P(n) be a statement involving the natural number n such that
(i) P(1) is true

(ii) P(k + 1) is true, whenever P(K) is true

Then P(n) is true foralln e N

Therefore,

LetP(n):1+2+3+4+...+n=12n(n+1)

Step 1:

P(1)=121(1+1)=1/2x2=1

Therefore, P(1) is true

Step 2:

Let P(k) is true Then,

Pk):1+2+3+4+ ... +k=12k(k+1)

Now,

1+2+3+4+...+k+(k+1)=12kk+1)+(k+1)

=(k+1){1/2k+ 1}



=12 (k+1)(k+2)

=Pk +1)

Hence, P(k + 1) is true whenever P(k) is true

Hence, by the principle of mathematical induction, we have
1+2+3+4+...+n=12n(n+1)forallneN

Hence proved.

Q. 2. Using the principle of mathematical induction, prove each of the following
for all n e N:

2+4+6+8+ ... +2n=n(n+1)
Answer : To Prove:
2+4+6+8+....+2n=n(n+1)

Steps to prove by mathematical induction:
Let P(n) be a statement involving the natural number n such that
(i) P(1) is true

(ii) P(k + 1) is true, whenever P(k) is true
Then P(n) is true foralln e N

Therefore,
LetP(n):2+4+6+8+....+2n=n(n+1)
Step 1:

P(1)=11+1)=1%x2=2

Therefore, P(1) is true

Step 2:

Let P(k) is true Then,

P(:2+4+6+8+....+2k=k(k+1)



Now,
2+4+6+8+....+2k+2k+1)=kk+1)+2(k+1)
=k(k+1)+2(k+1)

=(kk+1)(k+2)

=Pk +1)

Hence, P(k + 1) is true whenever P(k) is true

Hence, by the principle of mathematical induction, we have
2+4+6+8+...+2n=n(n+1)forallneN

Q. 3. Using the principle of mathematical induction, prove each of the following
for all n e N:

1+3+3%24+33 4. 4301 =l(3>n -1

2

Answer : To Prove:

3" -1
2

1+3V+32 4+ .+ 301 =

Steps to prove by mathematical induction:

Let P(n) be a statement involving the natural number n such that
(i) P(1) is true

(ii) P(k + 1) is true, whenever P(k) is true

Then P(n) is true foralln e N

Therefore,

1 2 n-1 _ 3"-1
LetP(n):1+3 + 3“+ ..+ 3 = =
Step 1:
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P(1)= 2



Therefore, P(1) is true
Step 2:

Let P(k) is true Then,

1 2 k-1 _ 3%-1
P(k):1+3 +3“+ ...+ 3 = =
Now,
(k) _
1430432 4 4361 436D 22 T2 g0
>
Bk—l + S(k)
= 2

(k) (1 _1
_3WE+ 1)
k)3 _ 1
_30(3) -2
k+1)c1 _1
_ 305 -
3(k+1)_4

= 2
=Pk + 1)

Hence, P(k + 1) is true whenever P(k) is true

Hence, by the principle of mathematical induction, we have
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1 2 n-1 __
1+3*"+3“+ ...+ 3 = 3 torallneN

Q. 4. Using the principle of mathematical induction, prove each of the following
for all n e N:

2+6+18+ ... +2x3m1=(30-1)

Answer : To Prove:



2+6+18+ ... +2%3™1=(3"_1)

Steps to prove by mathematical induction:
Let P(n) be a statement involving the natural number n such that
(i) P(1) is true

(ii) P(k + 1) is true, whenever P(k) is true
Then P(n) is true foralln e N

Therefore,

LetP(n):2+6+18+ ... +2x 3™ =(3"1)
Step 1:

P(1)=3'"-1=3-1=2

Therefore, P(1) is true

Step 2:

Let P(k) is true Then,

P(k): 2+ 6 + 18 + ... + 2% 3k = (3k 1)

Now,

2+6+18+ .. . +2x 31+ 2 x3k+1-1=(3k_1) +2 x 3k
=-1+3x3k

=3k*1-1

=Pk+1)

Hence, P(k + 1) is true whenever P(k) is true

Hence, by the principle of mathematical induction, we have

2+46+18+ ... +2%3"1=(3"_1)forallneN



Q. 5. Using the principle of mathematical induction, prove each of the following
for all n e N:

Steps to prove by mathematical induction:

Let P(n) be a statement involving the natural number n such that
(i) P(1) is true

(ii) P(k + 1) is true, whenever P(K) is true

Then P(n) is true foralln e N

Therefore,
1 1 1 1
_____ e +_:11—_
S ; n 1n
LetP(n): = + 8 22 L 27
Step 1
NI

P(1)= 2t 2
Therefore, P(1) is true
Step 2:

Let P(k) is true Then,

Y
_—
-~
S
[
= | =
w | =
(]
-
(]
;-*l"‘



1 1 1 1 1 1
E+z+§+ '"+2k+1 = 1_2_k+2k+1
1
=1_; 2k+1
1/1
1+ 5(3-1)
1 1
1+ %(=3)
1
=1 2k+l
=Pk +1)

Hence, P(k + 1) is true whenever P(k) is true
Hence, by the principle of mathematical induction, we have
1 1 1 1 ( 1
- S
= / forallneN

Q. 6. Using the principle of mathematical induction, prove each of the following
for all n e N:

n(2n-1)(2n+1)

12432+ 52+ 72+ __+(2n-1)2= 3

Answer : To Prove:

n(2n-1)(2n+1)

12432452+ 72+ . +(2n—1)2 = 3

Steps to prove by mathematical induction:

Let P(n) be a statement involving the natural number n such that
(i) P(1) is true

(ii) P(k + 1) is true, whenever P(k) is true

Then P(n) is true foralln e N



Therefore,

n(2n-1)(2n +1)

LetP(n): 12432+ 52+ 72+ ... + (20 = 1)2 = 3
Step 1:
12-1)(2+1) _ 3
P(1)= 3 =1
Therefore, P(1) is true
Step 2:
Let P(k) is true Then,
k(2k—1)(2k + 1)

Pk): 12+32+52+ 72+ ...+ (2k— 1)’ = 3
Now,

k(2k—1)(2k+1) L 132
12+32+52+ 72+ .+ (2(k+ 1)1 = } e Pace,
_ @k + DEE 4 2k + 1]

2k®—k + 6k + 3

_ @k + D[——F—]

2k® +5k+3

_ @k + D[———]

(2k + 1)[W] » .
= 3 (Splitting the middle term)

(k +1)(2k + 1)(2k + 3)
= 3

=Pk +1)



Hence, P(k + 1) is true whenever P(k) is true

Hence, by the principle of mathematical induction, we have

n(2n-1)(2n +1)

12+32+52+72+ . +(2n—-12= 3 forallneN

Q. 7. Using the principle of mathematical induction, prove each of the following
for all n e N:

1.2+222+323+....+n2"=(n-1)2""+ 2,

Answer : To Prove:

1x2' 4+ 2x2%2 +3x2% + ... +nx2" = (n-1)2n+ 1 + 2
Let us prove this question by principle of mathematical induction (PMI)

- 1 2 3
LetP(n): L X 2"+ 2X2° + 3X2° + ... + nx2"

Forn=1
LHS=1x2=2
RHS=(1-1)x20*1D+2
=0+2=2

Hence, LHS = RHS
P(n) is true forn 1

Assume P(k) is true

1x2' +2%x22 +3x22 + kx2k=(k—1)x2k*1 + 2 (1)

We will prove that P(k + 1) is true

1%

2' +2x22 +3x22 + (k+ 1)x2¥* = (k+ 1) —1)x2k+D+1 4 9

2V 4+ 2%x22 +3x22 + (k+ 1)x2k* = (k) x2k+2 + 2
1



120+ 2x27 +3%x2% + k25 + (k+ D) x 25 = ()x 282+ 2 o)

We have to prove P(k + 1) from P(k), i.e. (2) from (1)
From (1)

128+ 2%x22 +3x2% + kx2¥ = (k—1)x2k*1 + 2

k
Adding (K + 1) X 25" poih sides,

(1x
2t +2x22 +3x2° + kx25) + (k+ Dx2* = (k-1 x28* + 24

(k + 1) x2k+1

_kx2k+¥1_ok+1 4 9 4k x2k+1l 4 gk+1
2k x2k*t + 2
_kx2k*2 4+ 2
(1x2t + 2x 22 HIBK T e 2F) + (k + 1) x 287t Jkx2K*? + 2

Which is the same as P(k + 1)

Therefore, P (k + 1) is true whenever P(k) is true

By the principle of mathematical induction, P(n) is true for
Where n is a natural number

Putk=n-1

(1x21 +2x22+3x2) +nx2"_(n—1)x2"*1 + 2

Hence proved.

Q. 8. Using the principle of mathematical induction, prove each of the following
for all n e N:

12

3.22+3223 433244 +302m1= 3 (gn_1),



Answer : To Prove:

3x22 4+ 32x2% 4+ 33x2* + ..

n n+1_£ n__
WX +3" X2 =3 (6"—1)

Let us prove this question by principle of mathematical induction (PMI)

2 2 3 3 = n n+1
LetP(n): 3 X 27 + 37X 2% + 3" x2% + ... X +3"x2"*

Forn=1

2
LHs =3 %27 =12

12

RHS=(3)X(61_1)

12
— X5 _
5 =

12
Hence, LHS = RHS
P(n) is true forn =1

Assume P(k) is true

3x22 +32x2%3 4+ 332 + ...

We will prove that P(k + 1) is true

Ix2% +32x2% + 33x2% + ...

3x2%2 +32x2% 4+ 33x2% + ...

3x2% +32x2% 4+ 33x2% + ...

12 k+1y_ 12
(60—

(2)

x +3%x 2k+1 = Z(6%—1) ”

% +3k+1x2k+2 — 15_2(6k+1_1)
2 12

X +3k+1x2k+2 — ?( k+1) ?

x +3kxok+1 4 gk+1y ok+2 _

We have to prove P(k + 1) from P(k) ie (2) from (1)

From (1)



12
3x2%2 +32x2% +33x2* + ...x +3Fx2k*t = —(6F-1)

5
k k
Adding 3" T X 2" 72 poth sides
3x2%2 +32x2% + 33x2% + ...+ 3Fx 2kt 4 3kH1 k2
12
— ?(61{ _1) + 3k+1 X 2k+2
12
= ?(6"—1) + 38 x 28 x 12
12
= ?(6"—1) + 6% x 12
= (6"(12 + 12) 12)
B 5 5
- (72) 12
~\5 5
12 12
E— 6k+1 -
5 ( ) 5
3x2%2 +32x2% + 33x2% + ...+ 3k x2kFtl 4 3kHl k2
12 12
—— 6k+1 R
5 ( ) 5
Which is the same as P(k + 1)
Therefore, P (k + 1) is true whenever P(k) is true.
By the principle of mathematical induction, P(n) is true forx
Where n is a natural number
Putk=n-1
12 12

3x22 +32x2% +3¥3x2* + ..x +3"x2"*1 = ?(6")—?



12
3x22 +32x2% +3¥3x2* + ...x +3"x2"*1 = ?(6"—1)

Hence proved

Q. 9. Using the principle of mathematical induction, prove each of the following
for all n e N:

Answer : To Prove:

'1+ 1 N 1 2n
1 (1+2) (1+2+3+.... +n) M+ 1

Let us prove this question by principle of mathematical induction (PMI)

1 + 1 + 1 _ 2n
LetP(n):l 1+2) 1+2+3+... +n) n+1)
Forn=1
LHs = 1

2x1

RHS = (1 +1) - 1
Hence, LHS = RHS
P(n) is true forn =1

Assume P(k) is true

1 1 1 2k
+ + o

+
1 (1+2) (1+2+3+..X+k) (k+1) @)

We will prove that P(k + 1) is true

2(k +1) 2k +2
RHS = (k+1+1) k+2




1 1 1
LHS =1 (1+2) T e t i r2e3tt e D)
1 1 1 1
= - i + + - :
1 (1+2) (1+2+3+... + k) (1+2+3+... +(k+1)) [Writing the last

Second term]

2k + 1
=(k+1) (1+2+3+ . +(k+1}:][|:r0m 1]

2% 1
N CEEIED)
2

{1+2+3+4+...+n=[nn+1)])2putn=k+1}

2k 2
+D  k+ Dxk +2)

ﬁ(? 1 ﬁ)

2 ((k+ 1)x(k +1
=k+1 k+2

[Taking LCM and simplifying]

2(k +1)
= (k+2)
= RHS
1 L, - 1 __ 2k#2
Therefore, *  (1+2) (1+2+3+..x+(k+1)) k+2
LHS = RHS

Therefore, P (k + 1) is true whenever P(k) is true.
By the principle of mathematical induction, P(n) is true forx

Where n is a natural number



Putk=n-1

1 1 2n
+ — + ... + =
(1 + 2) (1+2+3+ ... X +n) n+1

1
1

Hence proved

Q. 10. Using the principle of mathematical induction, prove each of the following
for all n e N:

1 N 1 N 1 B n
2x5 (5x8)

......

+ =
(Bn—1)x(@3Bn+2) (6n+ 4)
Answer : To Prove:

1 1 1 n
+ — + ... + =
2x5 (5x8) (Bn—1)x(@Bn+2) (6n+ 4)

Forn=1

1 1
LHS =2x5 10

1x1 2k,

RHS = (6 +4) ~ 10

Hence, LHS = RHS
P(n) is true forn =1
Assume P(k) is true

1 1 1 k

2X5 (5x8) (Bk-1)x(3k + 2) (6k +4) (1)

We will prove that P(k + 1) is true

E+1 . k+1
RHS = (6(k +1)+4)  (6k +10)

1 1 1 1

- + — + + - : + : — -
LHS = 2%5 (5x8) (3k—1)x(3k + 2) Bk+1)-1)x(Bk+1)+2)

[Writing the Last second term]



1 1 1 1
— 2%5 (5x8) (3k—1)x(2k +2) (Bk+1)-1)x(3(k+1)+2)

k 1
: - + :
= (6k+4)  (3(k+1)-1)x(3(k + 1) +2) [Using 1]

k 1
= (6k +4) Ll (3k + 2)%(3k + 5)

k 1
+ - :
= (6k +4) (3k +2)x(3k +5)

1 [[3k+2)><('k+1)
= 3k +2) 2x(3k +5) (Taking LCM and simplifying)

E+1
= (6k +10)

=RHS

1 1 1 1

2X5 (5x8) L K (Bk-1)x(3k.+.2) * Bk +1)-1)x@Bk+1)+2) =

Therefore,
k+1

(6k +10)

LHS = RHS

Therefore, P (k + 1) is true whenever P(k) is true

By the principle of mathematical induction, P(n) is true for

Where n is a natural number

Putk=n-1

1 1 1 n
— +t — + ... X + - : : :

2x5 (5x8) (3n-1)x(3n+2) = (6n+4)

Hence proved.

Q. 11. Using the principle of mathematical induction, prove each of the following
for all n e N:

1 1 1 1 _ 11
14 4.7 |

710 7 (30-2)(3n+1) (3n+1),



Answer : To Prove:

1 1 1 n
- + ... - =
1x4 (4x7) (B3n—2)x(3n + 1) (3n + 1)

Let us prove this question by principle of mathematical induction (PMI)

1 1 1 n

—— + + - _ = -
Let P(n): 1¥¢  (4x7) (3n-2)x(3n+1)  (3n+1)

Forn=1

L
LHS = 1x4

|

1
RHS = (3+1) +

| et

Hence, LHS = RHS
P(n) is true forn = 1
Assume P(k) is true

1 1 1 k

I Taxy T @k-2)x(3k+1)  (3k+1) (1)

We will prove that P(k + 1) is true

E+1 . E+1
RHS = Gk +1)+1)  (3k+4)

1 1 1
LHS = ITI. (4x7) o * (Bk+1)-2)x(Bk+1)+1)
1 1 1 1
= 1x4 (4x7) T o (3k-2)x(3k + 1) + Bk +1)x(3k+4)

[Writing the second last term]

k 1
= (3k+1) + (3k + 1)x(3k + 4) [Using 1]

1 1
= (3k+1)(k * (3k+4])




1 ((3k3+4k+1}
=(3k+1) (3k +4)

)

kE+1
=(3k+4)

(Splitting the numerator and cancelling the common factor)
=RHS

LHS = RHS

Therefore, P (k + 1) is true whenever P(k) is true.

By the principle of mathematical induction, P(n) is true for
Where n is a natural number

Hence proved.

Q. 12. Using the principle of mathematical induction, prove each of the following
for all n e N:

1 1 1 EVIV I

13 35 57 S {2n-1)(2n+1) (2n+1)

e

:Jn

Answer : To Prove:

1 1 1 n
- + o - =
1x3 (3x5) 2n—1)x((2n + 1) (2n + 1)

Let us prove this question by principle of mathematical induction (PMI)

1 1 + 1 B n
Let P(n): 1x3 (3xs)y 7 2n-1)x(2n+1)  (2n+1)
Forn=1
1 _1
LHS =1x3 3
1 1

RHS=(2+1] 3

Hence, LHS = RHS



P(n) is true forn =1
Assume P(k) is true

1 1 1 k
— + — 4+ ... + . =
= 1x3 (3x5) (2k-1)x(2k + 1) 2k +1) (1)

We will prove that P(k + 1) is true

kE+1 kE+1

RHS = 2(k+1)+1)  (2k+3)

1 1 1
LHS = 1%3 (3xs) 77 * @k +1)-1)x2k+1)+1)
1 1 1 1
— + + o
— 1x3 (3x5) * (2k-1)x(2k + 1) 2k +1)x(2k+3)

[Writing the second last term]

k 1
.+_
=(2k+1)  (2k+ X2k +3) [Using 1]

1 1
= (2k+1)( + (2k+3))

(2k® +3k+1)
2k +3)

1
=(2k+1)

( )

E+1
=(2k+3)

(Splitting the numerator and cancelling the common factor)
=RHS

LHS = RHS

Therefore, P (k + 1) is true whenever P(k) is true

By the principle of mathematical induction, P(n) is true forx
Where n is a natural number

Hence proved.



Q. 13. Using the principle of mathematical induction, prove each of the following

forall n e N:

1 1

+ +
2x5 (5x8)

Answer : To Prove:

1 N 1
2x5 (5x8)

Forn=1

1
LHS = 2x5 10

1x1 1
RHS = (6 +4) 10

Hence, LHS = RHS
P(n) is true forn = 1
Assume P(k) is true

1 1
(5x8)

2X5

1 n
...... + =
Bn—-1)x(3n+2) (6n + 4)
N 1 _ n
""" (B3n—1)x(3n +2) (6n + 4)

1 k
(Bk-1)x(3k +2) (6k+4) (1)

We will prove that P(k + 1) is true

k+1 _ k+1
RHS = (6(k+1)+4)  (6k +10)
1 1 1 1
LHS = 2%5  (5x8) 7 (Bk-1)x@Ek+2) Bk +1)-1)xEK + 1)+ 2 Writing the
Last second term]
1 1 1 -
_ 2x5 * (5x8) T Bk-1)xBk+2)  (Bk+1)-1)x(3(k+1)+2)
k N 1
= (6k+4)  (B(k+1)-1)x@E(k + 1) +2) [Using 1]



k 1
+ - :
= (6k +4) (3k +2)x(3k +5)

k 1
= (6k +4) + (3k + 2)x(3k +5)

1 5 [(3k+2j)><(jk+1}
= (3k+2) 2x(3k+5)  “ (Taking LCM and simplifying)

k+1
— (6k +10)

= RHS

1 1 1 1
- + — + - : + — : : :
Therefore. 2%3 (5x8) (3k-1)x(3k+2) Bk+1)-1)x(3k+1)+2) =
k+1
(6k +10)

LHS = RHS
Therefore, P (k + 1) is true whenever P(k) is true.
By the principle of mathematical induction, P(n) is true for

Where n is a natural number

Putk=n-1
1 1 » 1 n
2X5 (sxg)y 7 (Bn-1)x(3n+2) = (6n+4)

Hence proved.

Q. 14. Using the principle of mathematical induction, prove each of the following
for all n e N:

oo

L i J=(n+1)2.

Answer : To Prove:



(1+3) (1+5) (1+7) {1+2n+1}—(+1)2
1>< 4)( 9)( ...... X 2 = (n

Let us prove this question by principle of mathematical induction (PMI)

2n+1

LetP(n):(l #3)x (1) x (1 + )X x{l + 2 = (n + 1)7

Forn=1

3
LHS=1+I_4

RHs= (1 + 1)%=4
Hence, LHS = RHS
P(n) is true forn =1

Assume P(k) is true

2k +1

() x ()l £ ) x xR 1)

(1)
We will prove that P(k + 1) is true

2k +1)+1

(1 +§)><(1 +§)><(1 - g)x e X {1 + k+1)2 }

LHS =

[Now writing the second last term]

=(1+§)x(1+2)x(1+§)x ...... x[1+2"k:1]x{1+%}

2k+1)+1

k+ 1) xi{1+
=( ) { (k +1)2 }[Using 1]

_(k + 1)2x [1 + (2“3)}

(k+1)2

i (k + 1)2 5 {(k+1)‘+(2k+3)}

(k+1)2



_(k+ 1) + (2k + 3)
_k*+2k+1+2k+3

_(k +2)?

= RHS

LHS = RHS

Therefore, P (k + 1) is true whenever P(k) is true

By the principle of mathematical induction, P(n) is true for
Where n is a natural number

Hence proved.

Q. 15. Using the principle of mathematical induction, prove each of the following
for all n e N:

{ 1" { 3 A\ A
1+ - H 1+1 (1_1 ....{1+H
\ 1_.! \ 2_! 3) llJ =

Answer : To Prove:

(1+%)x(1+%)x(1+%)x ...... x[‘l+%}=(n+l)1

Let us prove this question by principle of mathematical induction (PMI)

_ 1 . 1 _ 1 _ 1, .
LetP(n);(l +)x(1+3)x(1+3)x xl+ 3=+ 1D
Forn=1
LHS = 1

ras= (1 + D72

Hence, LHS = RHS



P(n) is true forn =1

Assume P(k) is true

=(1+%)x(1+§)x(1+§)x ...... ><{1+k—11}=(k+1)1”_(1)

We will prove that P(k + 1) is true

rus = (K + 1) + D = (k + 2)*

LHS=(1+i)X(1+%)X(1+§)X ...... x{1+(_k+“1}

[Now writing the second last term]

(1 )x(1+)x(1+ ) x . x[1+k—11}><{1+(k:1)l]

)
(k + 1)*) [Using 1]

_(k+ D) x {1+

_(k+ Dx { &=

(k+ 1)*

(k + 2)1}
(k+1)2

C(k+ 12 x|
=k+2

=RHS

LHS = RHS
Therefore, P (k + 1) is true whenever P(k) is true.

By the principle of mathematical induction, P(n) is true for
Where n is a natural number

Hence proved.

Q. 16. Using the principle of mathematical induction, prove each of the following
for all n e N:



nx(n+1)x(n+2)is multiple of 6
Answer : To Prove:
nx(n+1)x(n+2)is multiple of 6

Let us prove this question by principle of mathematical induction (PMI) for all natural
numbers

nx(n+1)x(n+2)is multiple of 6

LetP(n): 1 X (N + 1) x (n+ 2) ich is multiple of 6

Ix(1+ DX(1+2) =6 yichismultiple of 6

For n =1 P(n) is true since
Assume P(k) is true for some positive integer k , ie,
=kx(k+1)x(k+2)=6m,wheremeN...(1)

We will now prove that P(k + 1) is true whenever P( k) is true
Consider,

=k +1)x(k+1)+1)x((k+1)+2)

= (k+ 1) {k+2x{(k+2)+1}

=[(k+ 1)x(k +2)x (k+2) ]+ (k + 1)x(k + 2)

=[kx(k+ 1)x(k +2) + 2x(k + 1)x(k + 2) ]+ (k + 1)x(k + 2)
=[6m+2x(k+ 1)x(k+2)]+ (k+ 1)x(k + 2)

=6m + 3x(k + 1)x(k + 2)

Now, (k + 1) & (k + 2) are consecutive integers, so their product is even
Then, (k + 1) x (k + 2) = 2xw (even)

Therefore,

=6m + 3 x [2xw ]

=6m + 6xw



=6(m+w)
= 6xq where g = (m + w) is some natural number

Therefore

k+1) x(k+1) +1)x ((k+1)+ Z)ismultipleofﬁ

Therefore, P (k + 1) is true whenever P(k) is true.
By the principle of mathematical induction, P(n) is true for all natural numbers, ie, N
Hence proved.

Q. 17. Using the principle of mathematical induction, prove each of the following
for all n e N:

(x2n — y2) is divisible by (x +y).
Answer : To Prove:
x2n — }.v"l“ is divisible byx + Yy

Let us prove this question by principle of mathematical induction (PMI) for all natural
numbers

2n

a . 2n : i il o ,
Let P(n): * y<"is divisible by x + )

2n __ a2n 22 2 3 r A
For n =1 P(n) is true since * ) X ) x+y)x(x—y)

Which is divisible by x + y
Assume P(k) is true for some positive integer k , ie,

_ x%* —y?* isdivisiblebyx + y

Let x?* —y?* = mx (x + y) ,wherem e N ...(1)
We will now prove that P(k + 1) is true whenever P( k) is true

Consider,

— xz(k +1) _ }I,z(_k +1)



2k

— oy 2(y2k _ 2k o 2k _ 02k o o2
= x*(x yE A yT) —yTEXy [Adding and subtracting Y ]

= x2(mx (x + y) + y*F)—y** x y? [Using 1]
=mx(x + y)x? + y*x2— y2ky?
=mx(x+ y)x* + _\-'zk(l'z -y?)
=mx(x+ yx2+ y*(x—y)x +y)

= (x + ) {mx® + y** (x=¥)} which is factor of (x +y)

Therefore, P (k + 1) is true whenever P(k) is true

By the principle of mathematical induction, P(n) is true for all natural numbers ie, N
Hence proved

Q. 18. Using the principle of mathematical induction, prove each of the following
for all n e N:

(x2" —=1) -1 is divisible by (x - y), where x # 1.
Answer : To Prove:
x*"1 —1isdivisible by x — 1

Let us prove this question by principle of mathematical induction (PMI) for all natural
numbers

Let P(n): x?"~1 — 1isdivisible by x — 1

Forn=1

2n—1 __ —_ ar2=1 _ .
P(n) is true since * 1 =x 1 =(x-1)

Which is divisible by x - 1

Assume P(k) is true for some positive integer k , ie,



_ x?k1 _ 1 isdivisible by x — 1

Letx?™1—1 =mx (x—1) whereme N ...(1)
We will now prove that P(k + 1) is true whenever P( k) is true

Consider,

— XEU" +1)-1_ 1

= x2 (sz—l) -1

= x*(x* -1+ 1-1 [Adding and subtracting 1]
= x*(mx (x=1) + 1) =1 gnq 1]
=x*(mx(x—1)) + x*x1-1

= x*(mx (x—1)) # x2=—1

=x(mx -1+ &E* -1+ 1)

= (-D{mx*+ (x+1) },which is factor of (x-1)

Therefore, P (k + 1) is true whenever P(k) is true
By the principle of mathematical induction, P(n) is true for all natural numbers, ie, N.
Hence proved.

Q. 19. Using the principle of mathematical induction, prove each of the following
for all n e N:

{(41)" — (14)"} is divisible by 27.
Answer : To Prove:

41" — 14" is a divisible of 27



Let us prove this question by principle of mathematical induction (PMI) for all natural
numbers

Let P(n): 41" — 14" is a divisible of 27
‘ ‘ o 1_ 1 _
For n =1 P(n) is true since 41" — 14" = 41 14> = 27

Which is multiple of 27

Assume P(k) is true for some positive integer k , ie,
- 41" — 14" isa divisible of 27
~ 41% —14F = mx 27 ,whereme N ...(1)

We will now prove that P(k + 1) is true whenever P( k) is true

Consider,

— 41k+1 _ 14k+4

= 41% x 41 - 148 % 14

- 41(41F — 14 +14%) —14% X 14 [p4qing and subtracting 14"]
= 41(41F — 14%) + 41 x 14F —14% x 14

= 41(27m) + 14%(41 - 14) [yging 1]

= 41(27m) + 14%(27)

= 27(41m + 14%)

_ - k
= 27 X1 . wherer = (41m + 14%) s 3 natural number

k+1 _ qak+1
Therefore 417 77 — 147 % is divisible of 27
Therefore, P (k + 1) is true whenever P(k) is true

By the principle of mathematical induction, P(n) is true for all natural numbers, ie, N.



Hence proved.

Q. 20. Using the principle of mathematical induction, prove each of the following
for all n e N:

(4" + 15n — 1) is divisible by 9.
Answer : To Prove:

4" + 15n— lisadivisible of 9

Let us prove this question by principle of mathematical induction (PMI) for all natural
numbers

Let P(n): 4" + 15n— lisadivisible of 9

Y _ 1 _ —
Forn=1 P(n)istruesince‘l'I +1n—-1=4"+15x1-1 =18

Which is divisible of 9

Assume P(k) is true for some positive integer k , ie,

_ 4% + 15k — 1isa divisible of 9
. k » -
- 4 +15k—1_mxg,wheremEN...U)

We will now prove that P(k + 1) is true whenever P( k) is true.

Consider,
= 48*1 4 15k + 1)1
= 4% x 4 + 15k + 151

= 4% x 4 + 15k + 14 + (60k + 4) — (60k + 4) [Adding and subtracting
60k + 4,
= (4**1 + 60k —4) + 15k + 14— (60k — 4)

= 4(4* + 15k —1) + 15k + 14— (60k — 4)



= 4(9m) — 45k + 18 [Using 1]
= 4(9m) — 9(5k — 2)
= 9[(4m)— (5k — 2)]

=9xX7r [ (4m) — (5k — 2)]

, Wherer = is a natural number

Therefore 4° + 15k — 1is a divisible of 9

Therefore, P (k + 1) is true whenever P(k) is true
By the principle of mathematical induction, P(n) is true for all natural numbers, ie, N.
Hence proved.

Q. 21. Using the principle of mathematical induction, prove each of the following
for all n e N:

(322 — 8n - 9) is divisible by 8.
Answer : To Prove:

32"+*2 —8n — 9 s a divisible of 8

Let us prove this question by principle of mathematical induction (PMI) for all natural
numbers

Let P(n): 32"+*2 _8n —9isa divisible of 8

For n =1 P(n) is true since

32n*2 _8n—-9 =322 -8x1-9 = 8117 = 64
Which is divisible of 8

Assume P(k) is true for some positive integer k , ie,

_3%k+2_ g8k —9isadivisible of 8

. 22k+2 —
» 3%*2-8k—9 = mX8 wheremeN..(1)



We will now prove that P(k + 1) is true whenever P( k) is true

Consider,

= 32k+D+2_g(k + 1)—9

= 32(k*+1) % 32 —8k—-8-9

= 3%(32k*1_8k—-9 + 8k +9) —8k—8—-9
[Adding and subtracting 8k + 9]

= 32(32k+V 8k —9) + 32(8k + 9) — 8k — 17
= 9(3%%+*2 -8k —9) + 9(8k + 9) —8k — 17
=9(8m) + 72k + 81 -8k-17 [ Using 1 ]

= 9(8m) + 64k + 64

= 8(9m + 8k + 8)

= 8xr, where r = 9m + 8k + 8 is a natural number

2k + 2
3°% 75— 8k — 95 2 divisible of 8

Therefore
Therefore, P (k + 1) is true whenever P(k) is true
By the principle of mathematical induction, P(n) is true for all natural numbers, ie, N.

Hence proved.

Q. 22. Using the principle of mathematical induction, prove each of the following
for all n e N:

(237 — 1) is a multiple of 7
Answer : To Prove:

2311 —1
, which is multiple of 7

Let us prove this question by principle of mathematical induction (PMI) for all natural
numbers



n _
L 1 is multiple of 7

2311 -1 ) ) ]
Let P(n): , Which is multiple of 7

22-1=8-1=17

For n =1 P(n) is true since , which is multiple of 7

Assume P(k) is true for some positive integer k , ie,

3k _
=27 —=1=7m wheremeN ...(1)

We will now prove that P(k + 1) is true whenever P( k) is true

Consider,

— 23('k+ 1) _ 1

= 23k x 23 -1

= 23k x 23 + 232221 [Adding and subtracting 2’ ]
=23(2%-1) + 2°%— 1

= 2°(7m) + 2° =1 yging 1]

=23(7m) + 7

=7(2°m+ 1)

= 7 X1 m+ 1

. 3
, Wherer = : is a natural number

an _
Therefore 2 1

is multiple of 7
Therefore, P (k + 1) is true whenever P(k) is true
By the principle of mathematical induction, P(n) is true for all natural numbers ie, N

Hence proved

Q. 23. Using the principle of mathematical induction, prove each of the following
for all n e N:



3> 2N,
Answer: To Prove:

3?? :_> 2??.

Let us prove this question by principle of mathematical induction (PMI) for all natural
numbers

Let P(n): 3 = 2"

3"=22"ixex 3=22

For n =1 P(n) is true since , Which is true

Assume P(k) is true for some positive integer k , ie,
=3 =2
We will now prove that P(k + 1) is true whenever P( k ) is true

Consider,

— g(k+1)
. k ) - k k
w3+ — 3k w3 S 2 xs[Using 1]

k k 3
3 3>2 2 2 [Multiplying and dividing by 2 on RHS]

— 3k+l > 2k+1 X;

) 3
2A+1 X =
Now, 2

. 3k+1 > 2k+1
Therefore, P (k + 1) is true whenever P(k) is true

By the principle of mathematical induction, P(n) is true for all natural numbers, ie, N.

Hence proved.
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