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Binary Operation

EXERCISE 3.2

1. Let '*' be a binary operation on N defined bya * b=1.c.m. (a, b) foralla,b € N
() Find2*4,3*5,1*6.
(ii) Check the commutativity and associativity of '*' on N.

Solution:
(i) Givena *b=1.c.m. (a, b)
2*4=|lcm.(2,4)

=4
3*5=].c.m.(3,5)
=15
1*6=1IlLcm.(1,6)
=6

(ii) We have to prove commutativity of *
Leta,bEN

a*b=Ilc.m(a,b)

=l.c.m (b, a)

=b*a

Therefore

a*b=b*aVabeN

Thus * is commutative on N.

Now we have to prove associativity of *
Leta,b,cE€N
a*(b*c)=a*lcm.(b,c)

=l.c.m. (3, (b, c))

=l.c.m(a, b, ¢)
(@a*b)*c=Ilcm.(a,b)*c

=l.c.m. ((a, b), c)

=l.c.m.(a, b, ¢)

Therefore

(@*(b*c)=(a*b)*c, Va,b,ceN
Thus, * is associative on N.

2. Determine which of the following binary operation is associative and which is
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commutative:
(i) *on N definedbya*b=1foralla,bE N

(ii) *on Q definedbya *b=(a+b)/2foralla,b € Q

Solution:

(i) We have to prove commutativity of *
Leta,bEN

a*b=1

b*a=1

Therefore,

a*b=b*a,foralla,beN

Thus * is commutative on N.

Now we have to prove associativity of *
Leta,b,c€N

Thena*(b*c)=a* (1)

=1

(@*b)*c=(1) *c

=1

Thereforea *(b* c)=(a *b) *cforalla,b,c €N
Thus, * is associative on N.

(i) First we have to prove commutativity of *
Leta,bE€N

a*b=(a+b)/2

=(b+a)/2

=b*a
Therefore,a*b=b*a,Va,beN
Thus * is commutative on N.

Now we have to prove associativity of *
Leta,b,cEN

a*(b*c)=a*(b+c)/2
=[a+(b+¢)]/2

=(2a+b+c)/4

Now, (a *b)*c=(a+b)/2*c
=[(a+b)/2+c]/2

=(a+b+2c)/4
Thus,a*(b*c)#(a*b)*c



RD Sharma Solutions for Class 12 Maths Chapter 3
Binary Operation

Ifa=1,b=2,c=3
1*(2*3)=1%*(2+3)/2
=1%*(5/2)

=[1+(5/2)]/2

=7/4

(1*2)*3=(1+2)/2*3
=3/2*3

=[(3/2) +3]/2

=4/9

Therefore, there exista=1,b=2,c=3 €Nsuchthata*(b*c)z(a*b)*c
Thus, * is not associative on N.

3. Let A be any set containing more than one element. Let '*' be a binary operation
on Adefinedbya*b=bforalla,b € Als'*' commutative or associative on A?

Solution:

Leta,b €A

Then,a*b=>b

b*a=a

Thereforea*b #b * a

Thus, * is not commutative on A
Now we have to check associativity:

Leta,b,c€EA
a*(b*c)=a*c
=C

Therefore

a*(b*c)=(a*b)*c,Va, b, ceA
Thus, * is associative on A

4. Check the commutativity and associativity of each of the following binary
operations:

(i) "*'onZdefinedbya*b=a+b+abforalla,bE Z

(ii) “** on N definedbya * b=2*foralla,b € N

(iii) ‘“*’ on Qdefinedbya*b=a-bforalla,b € Q

(iv) ‘0" on Qdefinedbya © b =az+bzforalla,b € Q

(v) ‘o’ on Q defined byao b = (ab/2) foralla,b € Q

(vi) “*’ on Q defined by a * b=ab?foralla,b € Q
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(vii) “*’ on Q definedbya*b=a+abforalla,b € Q
(viii) “*’ on Rdefinedbya*b=a+b-7foralla,b € R
(ix) “*’ on Q defined by a * b=(a—b)*foralla,b € Q
(x) “*” on Qdefinedbya*b=ab+1foralla,b € Q
(xi) “*” on N definedbya *b=a"foralla,b € N

(xii) “*’ onZ definedbya*b=a-bforalla,bE Z

(xiii) ‘“*” on Q defined by a * b = (ab/4) foralla,b € Q
(xiv) ‘*’ onZ definedbya*b=a+b-abforalla,b € Z

(xv) ‘“*” on Q defined bya *b =gcd (a, b) foralla,b € Q

Solution:

(i) First we have to check commutativity of *
Leta,b€Z

Thena*b=a+b+ab

=b+a+ba

=b*a

Therefore,

a*b=b*a, Vabez

Now we have to prove associativity of *
Leta, b, c €Z, Then,
a*(b*c)=a*(b+c+bc)
=a+(b+c+bc)+a(b+c+bc)
=a+b+c+tbc+ab+ac+abc
(@a*b)*c=(a+b+ab)*c
=a+b+ab+c+(a+b+ab)c
=a+b+ab+c+ac+bc+abc
Therefore,
a*(b*c)=(a*b)*c,Va,b,cez
Thus, * is associative on Z.

(i) First we have to check commutativity of *
Leta,b €N

a*b=2%

= Qba

=b*a

Therefore,a*b=b*a,Va,beN

Thus, * is commutative on N
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Now we have to check associativity of *
Leta,b,c€N

Then,a * (b *c)=a * (2>)

- -Erl:*zr”

(a*b)*c=(2%) *c

— zrtﬁﬂzr
Therefore,a*(b*c)z(a*b)*c

Thus, * is not associative on N

(iii) First we have to check commutativity of *
Let a, b € Q, then

a*b=a-b

b*a=b-a

Therefore,a*b#b *a

Thus, * is not commutative on Q

Now we have to check associativity of *
Let a, b, c € Q, then
a*(b*c)=a*(b-c)

=a—(b—-c¢)

=a—-b+c

(@*b)*c=(a—b)*c

=a—-b-c

Therefore,

a*(b*c)z(a*b)*c

Thus, * is not associative on Q

(iv) First we have to check commutativity of ©
Leta, b € Q, then

a®Ob=a%+b?

= b? + a?

=b(®a

Therefore,a(®O b=b®a,Va beQ

Thus, © on Q

Now we have to check associativity of (O
Leta, b, c € Q, then
a®O(bOc=a0(b*+c)

= a2 + (b2 + ¢?)?
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=aZ+b*+c*+2b%c?
(@Ob)Oc=(%+b*)Oc
= (a2 +b?)2 + &
=a*+Db*+2a%b?+ 2
Therefore,
(@Ob)Ocza®(bOc)

Thus, (O is not associative on Q.

(v) First we have to check commutativity of o
Leta, b € Q, then

aob=(ab/2)

= (b a/2)

=boa
Therefore,aob=boa,Va,beQ
Thus, o is commutative on Q

Now we have to check associativity of o
Leta, b, c € Q, then
ao(boc)=ao(bc/2)

=[a(bc/2)]/2

=[a (b ¢/2)]/2

=(abc)/4

(@aob)oc=(ab/2)oc

= [(ab/2) c] /2

=(abc)/4

Thereforeao(boc)=(aob)oc,Va, b,ceQ

Thus, o is associative on Q.

(vi) First we have to check commutativity of *
Let a, b € Q, then

a*b=ab’

b * a = ba?

Therefore,

a*b#zb*a

Thus, * is not commutative on Q

Now we have to check associativity of *

Let a, b, c €Q, then

a*(b*c)=a*(bc?
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=a (bc?)?

=ab?c*

(a*b)*c=(ab? *c

= ab?c?
Thereforea*(b*c)z(a*b) *c
Thus, * is not associative on Q.

(vii) First we have to check commutativity of *
Let a, b € Q, then

a*b=a+ab

b*a=b+ba

=b+ab

Therefore,a*b#b *a

Thus, * is not commutative on Q.

Now we have to prove associativity on Q.
Let a, b, c € Q, then
a*(b*c)=a*(b+bc)

=a+a(b+bc)

=a+ab+abc

(@*b)*c=(a+ab)*c
=(a+ab)+(a+ab)c
—a+ab+ac+abc

Thereforea * (b *c)#(a*b) *c

Thus, * is not associative on Q.

(viii) First we have to check commutativity of *
Let a, b €R, then

a*b=a+b-7

=b+a-7

=b*a

Therefore,

a*b=b*a,foralla,b€eR

Thus, * is commutative on R

Now we have to prove associativity of * on R.
Let a, b, c ER, then

a*(b*c)=a*(b+c-7)

=a+b+c-7-7
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=a+b+c—-14
(@*b)*c=(a+b-7)*c
=a+b-7+c-7

=a+b+c-14

Therefore,

a*(b*c)=(@a*b)*c, foralla,b,ceR
Thus, * is associative on R.

(ix) First we have to check commutativity of *
Let a, b € Q, then

a*b=(a—-b)

=(b—a)?

=b*a

Therefore,

a*b=b*a, foralla,beQ

Thus, * is commutative on Q

Now we have to prove associativity of * on Q
Let a, b, c € Q, then

a*(b*c)=a*(b—c)?

=a*(b?+c?2-2bc)

=(a—b?-c? + 2bc)?

(a*b)*c=(a=b)>*c

=(a®+b%=2ab) *c

=(a?+b%?-2ab—c)?

Therefore,a* (b *c)#(a*b) *c

Thus, * is not associative on Q.

(x) First we have to check commutativity of *
Let a, b € Q, then

a*b=ab+1

=ba+1

=b*a

Therefore

a*b=b*a,foralla,beqQ

Thus, * is commutative on Q

Now we have to prove associativity of * on Q
Let a, b, c € Q, then
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a*(b*c)=a*(bc+1)
=a(bc+1)+1

=abc+a+1l
(@*b)*c=(ab+1)*c
=(ab+1)c+1

=abc+c+1
Therefore,a*(b*c)z(a*b)*c
Thus, * is not associative on Q.

(xi) First we have to check commutativity of *
Leta, b €N, then

a*b=2a"

b*a=b

Therefore,a*b#b *a

Thus, * is not commutative on N.

Now we have to check associativity of *
a*(b*c)=a* (b9

= b

(a*b)*c=(a®) *c

— (ab)c

= abc

Therefore,a* (b *c)#(a*b) *c

Thus, * is not associative on N

(xii) First we have to check commutativity of *
Let a, b € Z, then

a*b=a-b

b*a=b-a

Therefore,

a*bzb*a

Thus, * is not commutative on Z.

Now we have to check associativity of *
Let a, b, c € Z, then
a*(b*c)=a*(b—c)

=a—(b—-c¢)

=a—(b+c¢)

(@*b)*c=(a—b)-c
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=a—-b-c
Therefore,a* (b *c)#(a*b) *c
Thus, * is not associative on Z

(xiii) First we have to check commutativity of *
Let a, b € Q, then

a * b= (ab/4)

= (ba/4)

=b*a

Therefore,a*b=b *a,foralla,beQ
Thus, * is commutative on Q

Now we have to check associativity of *
Let a, b, c € Q, then
a*(b*c)=a*(bc/4)

= [a (b c/4)]/4

=(a b c/16)

(a*b)*c=(ab/4) *c

= [(ab/4) c]/4

=abc/16

Therefore,
a*(b*c)=(a*b)*cforalla,b,ceQ
Thus, * is associative on Q.

(xiv) First we have to check commutativity of *
Let a, b € Z, then

a*b=a+b-ab

=b+a-ba

=b*a
Therefore,a*b=b*a,foralla,bez
Thus, * is commutative on Z.

Now we have to check associativity of *
Leta,b,c€Z
a*(b*c)=a*(b+c—-bc)
=a+b+c-bc—ab—-ac+abc
(@*b)*c=(a+b—-ab)c
=at+b—-ab+c—(a+b—-ab)c
=a+b+c—ab—-ac—bc+abc
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Therefore,
a*(b*c)=(a*b)*c foralla,b,cez
Thus, * is associative on Z.

(xv) First we have to check commutativity of *
Leta, b €N, then

a*b=gcd(a,b)

=gcd (b, a)

=b*a

Therefore,a*b=b *a,foralla,b €N
Thus, * is commutative on N.

Now we have to check associativity of *
Leta,b,cEN
a*(b*c)=a*[gcd(a, b)]

=gcd (a, b, ¢)
(@a*b)*c=[ged(a, b)] *c

=gcd(a, b, ¢)

Therefore,

a*(b*c)=(a*b)*c foralla,b,ce€N
Thus, * is associative on N.

5. If the binary operation o is defined by aOb = a + b — ab on the set Q - {-1} of all
rational numbers other than 1, show that o is commutative on Q - [1].

Solution:
Leta,be Q—-{-1}.
Thenaob=a+b—-ab

=b+a—ba
= boa
Therefore,

aob =boaforalla,be Q-{1}
Thus, o is commutative on Q — {-1}

6. Show that the binary operation * on Z defined by a * b =3a + 7b is not

commutative?

Solution:



m RD Sharma Solutions for Class 12 Maths Chapter 3

HOME Binary Operation
TUITION

Leta,b€eZ
a*b=3a+7b
b*a=3b+7a

Thus,a*b#b*a

leta=1landb=2

1*2=3x1+7x2

=3+14

=17

2*1=3x2+7x1

=6+7

=13

Therefore, there exista=1,b=2 € Zsuchthata*b#b *a
Thus, * is not commutative on Z.

7. On the set Z of integers a binary operation * is defined bya8b=ab+1foralla,b €
Z. Prove that * is not associative on Z.

Solution:

Leta,b,cE€Z
a*(b*c)=a*(bc+1)
=a(bc+1)+1

=abc+a+1l
(@*b)*c=(ab+1) *c
=(ab+1)c+1

=abc+c+1
Thus,a*(b*c)#(a*b)*c
Thus, * is not associative on Z.
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