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Chapter-5.1

NCERT Math Class 12

Prove that the function f'(x) = 5x —3 is continuous at x =0, at x =-3 and at x = 5.
Given function f (x) = Sx - 3

Atx =0,f(0)=5(0)-3=-3

LHL = lirré f(x) = lirr(l) (5x-3)=-3

RHL = ﬁné f(x) = lin% (5x-3)=-3

Here, at x = 0, LHL = RHL = {(0) = -3
Hence, the function fis continuous at x = 0.
Atx =-3,f(-3)=5(-3)-3=-18

LHL = lirré f(x) = lin% (5x-3)=-18

RHL = lirn0 f(x) = lin% (5x-3)=-18

Here, at x=-3, LHL = RHL = f(-3) =-18
Hence, the function f'is continuous at X = -3.
Atx=5f(5)=5(5)-3=22

LHL = lirré f(x) = limo (5x-3)=22

RHL= 1iII(l] f(x) = ling (5x-3)=22

Here, at x =5, LHL = RHL =f (5) =22

Hence, the function f'is continuous at x = 5.

Examine the continuity of the function f(x) = 2x? -1 at x = 3.
Given function f (x) =2x% - 1. Atx =3, f(3) =2(3)*-1 =17
LHL = lirr§ f(x) = llirr% 2x*-1)=17

RHL = lin} f(x) = ling 2x*-1)=17

Here, at x =3, LHL =RHL ={(3) =17

Hence, the function f'is continuous at x = 3.

Examine the following functions for continuity:



() flx) =x-5
1

(b) f(x)=——,x#5
x—5

(©) f(x)=xz_25,x¢—5
x+5

(d) f(x)=|]x-35|

(a) The given function is f(x) =x—5

We know that f is defined at every real number k and its value at k is k — 5.
We can see that lin]}f(x) = lin]}(x—S) =k —5=1(k)

Thus, )lcl—rfl:f(x):f(k)

Therefore, f is continuous at every real number and thus, it is continuous function.

(b) The given function is f/(x)= x#5

b

For any real number k # 5, we get,
1 1

li =1 =

i )= =S )

Also, f (k)=

(Ask #5)

1
(k-5)
Th 1 -

us. lim f(x) = f (¥)

Therefore, f is continuous at point in the domain of f and thus, it is continuous
function.

x* —25
x+5
For any real number k # 5, we get,

(c) The given function is f ( x) =

,X#S

: Xt =25 o (x=5)(x+5) 3
li /)= s =i s T hmlas)=(k)
(k=5)(k+5)

Also, f(k)=lim

x—k
Thus, i =f(k
lim f'(x) = f'(k)
Therefore, f is continuous at point in the domain of f and thus, it is continuous
function.

=1im(k—5)=(k—5)(Ask¢ 5)

x—k

5-x.if x<5

d) The given function i =|x—5|=
(d) The given function is f(x)=|x -S| {x—s,ifoS



The function fis defined at all points of the real line.
Let k be the point on a real line.

Then, we have 3 cases i.ee, k<5,ork=5ork>5
Now, Case I: k<5

Then, f(k)=5-k

}Cgr;f(x)z)lcl_r)lg(S—x) =5-k="1(k)

Thus, 1inl}f(x) = f (k)

Hence, f is continuous at all real number less than 5.

Casell: k=5
Then, f(k) =f(5)=5-5=0
lim f(x)=lim(5-x) =5-5=0
x—5

0

x5

1ir}51+ f(x)=lim(x-5)=5-5=

-5
= lim /(x) = lim /(x) = f (k)

Hence, fis continuous at x = 5.

Caselll: k> 5
Then, f(k)=k -5
llirl}j (x) :}Cl_r)r]:(x—S) =k -5=1(k)

Thus, )lciilzf(x)=f(k)

Hence, fis continuous at all real number greater than 5.
Therefore, f is a continuous function.

Prove that the function f(x) = x", is continuous at x = n, where n is a positive integer.
Given function f(x) = x".

Atx =n, f(n)=n"

lim f(x) =lim(x")=n"

X—>n X—>n

Here, at x =n, 1i_r>nf(x) =f(n)y=n"

Hence, the function f is continuous at x = n, where n is positive integer.

X,

. <1 .
Is the function f defined by f(x)= {5 1} continuous at x = 0? Atx =1? Atx =2?

2

. . , x<1
Given function f(x)= o
5 x>1



Atx=0,£0)=0

lirré f(x)= lir%(x) =0

Here, x =0, lir%f(x) =f(0)=0

Hence, the function fis discontinuous at x = 0.
Atx=1,A1)=1

LHL = lin} fx)= lin} =1

RHL = lin}f(x) = lin} 5)=5

Here, at x = 1, LHL # RHL. Hence, the function f'is discontinuous at x = 1.
Atx=2,f2)=5

lin; f(x)= lin%(S) =5

Here, at x =2, lin%f(x) =f2)=5

Hence, the function f'is continuous at x = 2.
Find all points of discontinuity off, where f'is defined by.

) 2x+3, Itx<2
X)=
2x—-3, Ifx>2
. N . 2x4+3.if x<2
The given function is f(x)= VLY
2x=3,ifx>2

The function f'is defined at all points of the real line.
Let k be the point on a real line.

Then, we have 3 casesi.e., k<2, ork=2ork>2
Now, Case I: k <2

Then, f(k) =2k + 3

)lclirlzf(x) :.1121:(2)“_3) =2k + 3=1(k)

Thus, Tim £ (x) = / (k)

Hence, fis continuous at all real number less than 2.

Casell: k=2

lim f(x)=lim (2x+3) =2x2+3=7
x—2" x—2"

lim f(x)=lim (2x-3) =2x2-3=1
x—2" x—2"

= lirgf(x);t lirlgf(x)zf(k)

Hence, f is not continuous at x = 2.

Case III: k> 2



Then, f(k) =2k -3
)lcig}f(x) zlig}(Zx—3) =2k -3 =1(k)
Thus, lim £ (x) = £ (k)

Hence, f'is continuous at all real number greater than 2.
Therefore, x = 2 is the only point of discontinuity of f.

| x|+3, Ifx<-3
f(x)= —2x, If-3<x<3
6x+2, If x>3
|x|+3.ifx£—3
The given function is f(x)=<-2x,if —3<x<3
6x+2.if x>3

The function fis defined at all points of the real line.

Let k be the point on a real line.

Then, we have 5 casesi.e., k<-3,k=-3,-3<k<3,k=3ork>3
Now, Case I: k <-3

Then, f(k) =-k + 3

)lcl_r)r]:f(x) :)lcl_r)r]:(—x+3) = -k + 3= f(k)

Th -y 4
us, tim (¥)=£ (k)
Hence, f is continuous at all real number x < -3.
Casell: k=-3

f(-3)=-(-3)+3=6

liril}f(x) = hrf}(_x”) =(-3)+3=6
lir_r;f(x) = 1ir_1g+(—2x) =-2x(-3) =6
= lim /(x) = lim /(x) = f (k)

Hence, f'is continuous at x = -3.

Case III: -3 <k <3

Then, f(k) =-2k

)1615} f (x) Z}cing(_zx) = -2k = (k)
Thus, )lci_rfl‘}f(x):f(k)

Hence, f is continuous in (-3,3).



CaselV:k=3

lim f(x) = lim (—Zx) =-2%(3) =-6

x—3 x—3

lim f(x)=lim (6x+2) =6 x3+2 =20

x—3* x—3"
= lim £ () = lim / (x)

Hence, fis not continuous at x = 3.

Case V: k>3
Then, f(k) = 6k + 2
lim / (x) = lim(6x+2) = 6k + 2= (k)

x—k
Th i =
us, lim /(x)= (k)
Hence, f'is continuous at all real number x < 3.
Therefore, x = 3 is the only point of discontinuity of f.

| x|
—, Ifx=0
fx) =y x
0, Ifx=0
. . Mifx;tO
The given functionis f(x)=4 x°
0,ifx =0
We know that if x > 0
= |x| =-x and
x>0
=2 [x|=x

So, we can rewrite the given function as:

M=_—x=—1.ifx<0
X X
f(x)=1 k=0

M=f=1.ifx>0
X X

The function fis defined at all points of the real line.
Let k be the point on a real line.
Then, we have 3 cases i.e., k <0, or k =0 or k >0.

Now, Case I: k<0
Then, f(k) =-1



lirrzf(x) = linz(—l) = -1= (k)
Thus, lim £ (x)= (k)

Hence, fis continuous at all real number less than 0.

Casell: k=0

lim f ()= lim (=1) =-1

Jim /(x)= lim (1) = 1

= i /() lm /()= (0
Hence, fis not continuous at x = 0.
CaseIll: k>0

Then, f(k) =1

lim / (x) = lim(1) = 1 = f(k)
Thus, lim f(x) = f (k)

Hence, fis continuous at all real number greater than 1.

i, Ifx<0
S @) =51x%l
-1, Ifx=0
: - i x<0
The given function is f(x)=1|x]
_Lif x>0
We know that if x <0
=2 [x|=-x

So, we can rewrite the given function as:

Lt 1ifx<0

S(x)=qbl ==
-1,ifx=0
= f(x)=-1forallxeR
Let k be the point on a real line.

Then, f(k) =-1
lingf(x) = lin]:(—l) = -1= (k)

Thus, linl}f(x) = f (k)

Therefore, the given function is a continuous function.



10.

10.

11.

11.

x+1, If>1
f(X)Z{xz +1, Ifx<l
Let, k£ be any real number. According to question, k<1l ork=1ork>1
First case: If, k<1

flk)=k*+ 1 and limk flx) = linz (x*+ 1) =K+ 1. Here, limk fx) = fk)

Hence, the function f'is continuous for all real numbers smaller than 1.

Second case: If, k=1,f(1)=1+1=2
LHL = lim filx)=X = lim (?+1)=1+1 =2
x—1 x—1
RHL = lim fix)= lim (x+1)=1+1=2,
x—1*

x—1*

Here, at x = 1, LHL = RHL = f(1). Hence, the function f'is continuous at x = 1.
Third case: If, k< 1,
fk)=k+1and lirr]} fx) =1irr]} (x+1)=k+ 1. Here, lin]: fx) =flk)

Hence, the function fis continuous for all real numbers greater than 1.
Therefore, the function fis continuous for all real numbers.

X =3, If<2
f)=5",
x“+l, Ifx>2
3 .
. .. —-3.fx<2
The given function is f(x)= o if x
x> +1ifc>2

The function fis defined at all points of the real line.
Let k be the point on a real line.
Then, we have 3 casesi.e., k<2, ork=2ork>2
Now, Case I: k<2
Then, f(k) =k* -3

: : 3 — —

lgmkf(x)zigmk(x -3) =13 - 3= f(k)

Thus, lim / (x) =/ (k)

Hence, fis continuous at all real number less than 2.

Casell: k=2
Then, f(k) = f(2) =23-3=5
lim f(x)=lim (x’ =3) =23-3=5

x—2" x—2"

lim f(x)= lim (¥ +1) =22+ 1=5

x—2" x—2*



12.

12.

13.

13.

= lir?f(x)z lir}}f(x)zf(k)

Hence, f'is continuous at x = 2.

Caselll: k>2
Then, flk)=22+1=5
lim f (x) = 1ir2(x2 +1) =22+ 1=5=1(k)

x—k
Thus, lim £ (x) = £ (k)

Hence, f'is continuous at all real number greater than 2.

10

x =1, Ifx<2
feo=1"""

x°, Ifx>2

Let, k£ be any real number. According to question, k<1l ork=1ork>1
First case: If, k<1,
fik) =k -1 and lirr]z fix)= lirr]: (x10-1)=£10-1.

Here, limk fx) = f(k)

x>
Hence, the function f'is continuous for all real numbers less than 1.
Second case: If, k=1, {1)=1'"-1=0
LHL = lm}j(x) = lin} x'"-1)=0
RHL = lin} fix) = lirr%(xz) =1,
Here, at x = 1, LHL RHL. Hence, the function f'is discontinuous at x = 1.
Third case: If, £ > 1,
flk) = k* and lim f{x) = lim (x?) = k%. Here, limAx) = f(k)

x—k x—k x—k

Hence, the function fis continuous for all real values greater than 1.

Hence, the function fis discontinuous only at x = 1.

x+5, Ifx<l
x=5 Ifx>1

If the function defined by f(x)= { a continuous function?

x+5,if x<1

x-=5, ifx>1

The function fis defined at all points of the real line.
Let k be the point on a real line.

Then, we have 3 casesi.e., k<1,ork=1ork>1

The given function is f(x)= {



14.

14.

Now,
Casel: k<1
Then, f(k) =k + 5
) 5 k45—
)lclilzf(x) )lclgl}(x+5) k + 5 = f(k)

Th i =

us, tim ()= £ (k)
Hence, fis continuous at all real number less than 1.
Casell: k=1

Then, f(k)=f(1)=1+5=6
lim f(x)=1lim(x+5) =1+5=6
x—=1" x—1"

lim f(x)=lim(x-5)=1-5=-4
x>1F

x—1*
= lim f(x)# lim /(%)
x—k~ x—k*

Hence, f is not continuous at x = 1.

Case IlIl: k> 1
Then, f(k) =k -5
limf(x):)lci_r)lz(x—S) =k-5

x—k
Thus, li E
us. tim /()= £ (k)
Hence, f is continuous at all real number greater than 1.
Therefore, x = 1 is the only point of discontinuity of f.

3 If 0<x<1
f(x)= 4, If 1<x<3
5, If 3<x<10

Let, k be any real number. According to question,
0<k<lork=lorl<k<3ork=30r3<k<10
First case: If, 0 <k <1,

flk)=3and )1C1_)n]1€ fx) =)161_>n]1( (3) = 3. Here, )1C1_>n]1€ fx) =flk)

Hence, the function f'is continuous for 0 < x < 1.
Second case: If, k=1, f(1)=3
LHL = lim fix)= lim (3)=3
x—1" x—1"
RHL = lim f{x) = lim (4) =4,
x—1 x—1

Here, at x = 1, LHL # RHL. Hence, the function f is discontinuous at x = 1.



15.

15.

Third case: If, 1 <k <3,
flk)=4and linz fx) = lin]} (4 )=4. Here, linz fx) = flk)

Hence, the function f'is continuous for 1 < x < 3.

Fourth case: If k=3,
LHL = lim f{x)= lim (4 )=4 and RHL = lim f{x)= lim(5) =35,
x—=3" x—=3 x—3* x—3*

Here, at x = 3, LHL # RHL. Hence, the function f is discontinuous at x = 3.

Fifth case: If, 3 <5 k<5 10,
flk)=5and lirrlz fx) = lirrl‘} (5)=5. Here, lirrllC flx) =flk)

Hence, the function fis continuous for 3 < x < 10.
Hence, the function fis discontinuous only at x = 1 and x = 3.

2x, Ifx<0
f(x)1 0,  Ifo<x<I
4x, Ifx>1
2x,if x<0
The given function is f(x)=10, if 0<x<I
4x,if x>1

The function fis defined at all points of the real line.

Then, we have 5 casesi.e., k<0,k=0,0<k<I1l,k=1or k<I.
Now, Case I: k<0

Then, f(k) =2k

)lgr/}f(x) =)lciir]}(2x) = 2k= f(k)

Thus, Tim £(x) = / (k)

Hence, f is continuous at all points x, s.t. x <0.

Casell: k=0

f(0)=0

lim f(x)=1im (2x) =2x0=0
x—0" x—0"

lim f(x)=1im(0) =0
x—1t x—1*

= lim /(x)= lim f(x) =/ (k)

Hence, f'is continuous at x = 0.

11



16.

16.

Caselll: 0<k<1
Then, f(k) =0
)lcl_r)l’;f(x)z}cl_l’fl:(()) =0="1(k)

Thus, lim / (x) = / (k)

Hence, f'is continuous in (0, 1).

CaselV:k=1

Then f(k) =1f(1)=0

lim f(x)=1im(0) =0

x—1 x—1"

limf(x): lim(4x) =4x1=4
x—l1*

x—l1*
= lim f(x)# lim /(%)
x—k~ x—k*

Hence, f is not continuous at x = 1.

Case V: k<1
Then, f(k) =4k
lim f(x) =)lci_r)r;(4x) = 4k = f(k)

x—k
Thus, fim /()= / (k)

Hence, f is continuous at all points x, s.t. x > 1.
Therefore, x = 1 is the only point of discontinuity of f.

-2, Ifx<-1
f(x) 2x, If —1<x<1
2 Ifx>1

b

Let, k be any real number.
According to question, k<-lork=-lor-1<x<lork=1ork>1

First case: If, k< -1,
fk)=-2and lirrl: fix)= 1imk (-2) =-2. Here, 1inz f(x)=fk)
Hence, the function f'is continuous for all real numbers less than -1.

Second case: If, k=-1 on, f{-1) =-2
LHL = lim f(x)= lim (-2)=-2

x—>-1" x—>-1"
RHL = lim Ax)= lim (2x)=-2. Here, lim f(x) = f{k)
x—-1" x—>-1" x—-1"

12



17.

17.

18.

18.

Hence, the function f is continuous at x = -1.

Third case: If, -1 <x <1,
k) =2k and limk f(x)= lirrll (2x) = 2k. Here, linz fx) =flk)

Hence, the function f is continuous at -1 <x < 1.

Fourth case: If, k=1,
LHL = lim fix)= lim (2x)=2

x—>-1" x—>-1"

RHL = lim fix) = lim (2)=2. Here, lim fix) = f(4)
x——1" x—>-1" x—>

Hence, the function f is continuous at x = 1.

Fifth case: If, k> 1,
fk)=2and linz fi(x) = limk 2)=2.
Here, 1imk f(x) = f(k)

Hence, the function fis continuous for all real numbers greater than 1.
Therefore, the function fis continuous for all real numbers.

Find the relationship between a and b so that the function f defined by

ax+1, Ifx<3 . .
f(x)= 1s continuous at x = 3.
bx+3, Ifx>3

Given that the function is continuous at x = 3. Therefore, LHL = RHL = F(3)
= lim f(x)= lim f(x)= f(3)
x—3" x—x*

= limax+1=limbx+3=3a+1

x—3" x—3"

=3a+1=3b+3=3a+1

=3a=3b+2 :>a=b+§

For what value of A is the function defined by
AMx? =2x), ;fnx<0
X)=
J&) { 4x+1, ;x>0
Continuous at x = 0? What about continuity at x = 1?

Given that the function is continuous at x = 0. Therefore, LHL = RHL = f{0)
= lim f(x)=lim f(x)= f(0)
x—0" x—0"

= lim A(x* —2x) = lim 4x +1=A[(0)> —2(0)]
x—0*

x—0"

13



19.

19.

20.
20.

21.

21.

= A[(0)* —2(0)] = 4(0) +1=21(0)
=0A=1 = Kl
0
Hence, there is no real value of A for which the given function be continuous.
If, x=1
F(1)=4(1) + 1 =5 and f(x) =4(1) =1 =5, Here, f(x) = f(1)
Hence, the function f'is continuous for all real values of A.

Show that the function defined by g(x) = x — [x] is discontinuous at all integral points.

Here [x] denotes the greatest integer less that or equal to x.
Let, k be any integer.
LHL = lim f(x)= lim x—[x]=k—-(k-1)=1

x—k~

x—k~

RHL = lim f(x)= lim x—[x]=k — (k) =0,
x—k* x—k*

Here, at x = k, LHL # RHL. Hence, the function f is discontinuous for all integers.

Is the function defined by f(x) = x> — sin x + 5 continuous at x = 7.
Given function: f(x) = x> —sin x + 53,
Atx=n,f(n)=n’>-sinn+5=n>-0+5=n>+35

lim £(x) =limx* —sinx+5=7> —sint+5=n"-0+5=1" +5

X=n X—>n

Here, at x =, limf(x) = f(r) = 1>+ 5

Hence, the function f'is continuous at x = .

Discus the continuity of the following functions:

(a) f(x) =sin x + cos x

(b) f(x) = sin x — cos x

(¢) f(x) = sin x. cos x

Let, g(x) = sin x

Let, k be any real number. At x =k, g(k) =sin k

LHL = lim g(x) = lim sinx = limsin(k— /) = lim sin k cos & — cos k sin & = sin k
x—k” x—k™ x—0 h—0

RHL = lim g(x) = xli)r?+ sin x = }}E;Sin(k +h) = },ig(l)sin k cos h+cos ksinh=sink

x—k*
Here, at x = k, LHL = RHL = g(k).
Hence, the function g is continuous for all real numbers.
Let, A(x) = cos x
Let, k be any real number. x = k up, h(k) = cos k
LHL = lim A(x) = lim cos x = limcos(k — h) = }g%cos kcos h+sinksinh=cos k

x—k~ x—k~ x—0

14



22.
22.

RHL = lim A(x) = lim cos x = limcos(k + &) = limcos k cos & —sin k sin &1 = cos k
x—k* x—k* h—0 h—0

Here, at x = k, LHL = RHL = A(k).

Hence, the function h is continuous for all real numbers.

We know that if g and / are two continuous functions, then the functions g + 4, g - & and
gh also be a continuous functions.

Hence,

(a) flx) =sinx + cos x

(b) fix) =sin x - cos x and

(c) flx) = sin x . cos x are continuous functions.

Discuss the continuity f the cosine, cosecant, secant and cotangent functions.
We know that if g and h are two continuous functions, then,

; h(x)
(1) o)

N |
(i) ——,g(x) # Ois continuous

g(x)

(1il) L, g(x) # Ois continuous

g(x)
So, first we have to prove that g(x) = sinx and h(x) = cosx are continuous functions.
Let g(x) = sinx

,g(x) # 0is continuous

We know that g(x) = sinx is defined for every real number.
Let h be a real number. Now, putx =k +h

So, if x> kandh—0

g(k) = sink

iy )=l

= %i_r)r(}sin(k + h)

= }1111% [sin k cos h + cos k sin h]
= sinkcos0 + cosksinQ

=sink + 0

= sink

Thus, )lclilzg(x) =g(k)

Therefore, g is a continuous function............ 1
Let h(x) = cos x

We know that h(x) = cos x is defined for every real number.
Let k be a real number. Now, put x =k +h

15



23.

23.

So,if x > kandh —0
h(k) = sink

limh (x) = lim cosx
x—k x—k

= limcos(k + h)
h—0
= }llng [cos k cos h-sin k sin h]
= coskcos0 - sinksin0
=cosk-0
=cos k
Th i =
us, )lcl_r)rlzh(x) h(k)
Therefore, g is a continuous function............ 2)
So, from (1) and (2), we get,

. : .
cosec Xx=——,sinx # 0 1s continuous
sinx

= cosecC X, X# mz(n € Z) 1 s continuous
Thus, cosecant is continuous except at x =np, (n € Z)

1 . .
secx =—— ,cosx # 0 1S continuous
COSX

T . 3
= sec X, x#(2n+1)=(n € Z) is continuous

. . /4
Thus, secant is continuous except at x = (2n + 1)5, (neZ)

cosx . . .
cotx =——,sinx # 0 1s continuous
sinx

= Cot X, X # nﬂ(n e’ ) is continuous
Thus, cotangent is continuous except at x = np, (n € Z)

Find all points of discontinuity of f, where

sin x

—, Ifx<0
S(x)=1 x

x+1 If x<0

Let, k be any real number. According to question, k <0 ork=0k >0

First case: If, k<0

sink sin x
k)= and lim =lim| — |=
fU) =" and lim 1 (x) Hk[ . j ;

Hence, the function f is continuous for all real numbers less than 0.

sink

. Here, lim(x)= /(k)

16



24.

24.

Second case: If, k=0, f(0)=0+1=1
LHL = lim f(x)= lim(x+1)=0+1=1
x—0" x—0"

RHL = lim f(x)=lim(x+1)=0+1=1,
x—0" x—>0"
Here, at x = 0, LHL = RHL = f(0). Hence, the function f is continuous at x = 0.
Third case: If, k > 0,
f(k)=k+ 1 and lirrlz f(x) = lirr]z (x +1)=k +1, Here, lirrlz f(x) = f(k)

Hence, the function f is continuous for all real numbers greater than 0.
Therefore, the function f is continuous for all real numbers.

Determine fi f defined by
1
x*sin—, If x#0
fx)= X
0, If x=0

is a continuous function?
2 1
.. — 0
It is given that f(x)= xS x’lfx a
0, ifx=0
We know that f is defined at all points of the real line.
Let k be a real number.
Casel: k#0,
Then f(k) = kzsin%
limf(x) =lim stinl = /’czsinl
x—k x—k X k

wlim f(x) = £ (k)

Thus, f is continuous at all points x that is x # 0.

Casell: k=0
Then f(k) = f(0)=0

lim f(x) = lim (x2sin l) = 1im[x2sin l}

x—>0" x—0" X x—0 X

We know that -1 < sint <1,x#0

X

o1
= x*< x*sin= <0
X

17



25.

25.

26.

26.

= lim(xzsinlj =0
X

x—0
= lim f (x) =0
x—=0"
o . . 2 . 1 . 2 . 1
Similarly, lim f(x)= lim (x sin —j = hm(x sin —j =0
x—0" x—0" X x—=0 X

lim f(x)=f(0)= lim f(x)

x—0" x—0"

Therefore, fis continuous at x = 0.
Therefore, f has no point of discontinuity.

Examine the continuity of f, where f is defined by

f(X)={

sinx—cosx, Ifx=#0
-1, Ifx=0
Let, k be any real number. According to question, k # 0 or k=0
First case: If, k # 0, f(0)=0-1=-1
LHL = klng V= klin()@(sinx—cosx) =0-1=-1

RHL = lim f(x)= lim(sinx—cosx)=0—-1=-1
k—0" k—0"

Hence, at x # 0, LHL = RHL = {(x)
Hence, the function f is continuous at x # 0.

Second case: If, k=0, f(k) = -1

and lim f(x)= lim(~1)=—1,Here, lim f(x)= f(k)
k—0" k—0" k—>0"

Hence, the function f is continuous at x =0

Therefore, the function f is continuous for all real numbers.
Find the values of k so that the function f is continuous at the indicated point in exercises

26 to 29.
kcosx’ el
f)={"" 2Atx:g
3, Ifx=1
2
kcosx ,ifx;tE
It is given that f(x)= m-2x 2
3, ifi="
2

Also, it is given that function f is continuous at x =§ ,

18



So, if f'is defined at x = g and if the value of the fat x = g equals the limit of f at x =

T
5
We can see that fis defined at x = g and f[gj =3

kcosx

() 25

Now, let put x = g+ h

Then, x—>g:>h—>0

x—)% x—)% n—2x ko0

- 1im f (x) = lim 2% i ((

S MR St
o0 —2h 250 —2h 2

“lim (x) = f@

X

=

= N
Il
w

=
Therefore, the value of k is 6.

I
@)

kx*, Ifx<2
3, Ifx>2

27. Given that the function is continuous at x = 2.
Therefore, LHL = RHL = {(2)

= lim f(x) = lim /()= /(2)

= lim kx* = lim 3 = k(2)’

27. f(x):{ atx=2

x—2" x—=2"
=4k =3=4k
:>k=g
4
kx+1, Ifx<m
28. f(x)= at x=m
cosx, Ifx>mn

19



28.

29.

29.

30.

30.

Given that the function is continuous at x = .
Therefore, LHL = RHL = f(r)
= lim f(x) = lim f(x)= f(m)

= lim kx+1= lim cosx = k() +1

= k(n)=1=cosnt=kn+1

=kn+l=-1=kn+1

=>nk=-2
:>k=—2
T
%) kx +1, Ifxslt 5
x)= atx =
3x-5, Ifx>5
. kx+1,if x<5
It is given that f(x)= thifx
3x-5, ifx>5

Also, it is given that function f is continuous at x = 5,

So, if f is defined at x = 5 and if the value of the f at x = 5 equals the limit of fat x = 5.

We can see that f is defined at x = 5 and
f(5)=kx+1=5k+1

lim £ (x)= lim £ (x)=/ (x)

= lim (kx+1) = lim (3x—=5) =5k +1
x5 x—5"
= Sk+1=15-5=5k+1
= 5k+1=10
= 5k=9
& k=2
5

Therefore, the required value of k is % .

Find the values of a and b such that the function defined by

5, Ifx<2
f(x)=3 ax+b, If 2 <x <10 is a continuous function.
21, Ifx>10
5,if x<2
It is given function is f(x)=1ax+b, if 2<x<10
21,if x=10

We know that the given function f is defined at all points of the real line.
Thus, fis continuous at x = 2, we get,

20



31.
31.

lim f(x)= lim £ (x)=£(2)

x—2" x—2+

= lim (5): lim (ax+b):5

x—2" x—2t

> 5=2a+b=5

Thus, fis continuous at x = 10, we get,

lim f(x)= lim f(x)=/(10)

x—10"

= lim (ax+b)= lim (21)=21

X107 X107
= 10a+b=21=21
= 10a+b=21.................. )
On subtracting eq. (1) from eq. (2), we get,
8a=16
= a=2
Thus, puttinga =2 ineq. (1), we get,
2x2+b=5
= 4+b=5
2 b=1
Therefore, the values of a and b for which f is a continuous function are 2 and 1
resp.

Show that the function defined by f (x) = cos (x?) is a continuous function.

It is given function is f(x) = cos (x?)

This function f is defined for every real number and f can be written as the composition
of two function as,

f= goh, where, g(x) = cosx and h(x) = x?

First we have to prove that g(x) = cosx and h(x) = x? are continuous functions.
We know that g is defined for every real number.

Let k be a real number.

Then, g(k) =cos k

Now, putx=k+h

If x> k,thenh —0

lim g(x)=limcosx
xakg( ) x—k

= limcos(k + h)
h—0

= limcos|coskcosh — sinksinh)
h—0

= lim coskcosh — limsinksinh
h—0 h—0
= coskcos0 — sinksin0

=cosk x1—-sinx0
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32.
32,

= cosk
~limg(x) =g (k)

Thus, g(x) = cosx is continuous function.

Now, h(x) = x?
So, h is defined for every real number.
Let ¢ be a real number, then h(c) = ¢?

. 1 2
fimh(x)= i

limh(x)=h(c)

X—>C

Therefore, h is a continuous function.

We know that for real valued functions g and h,

Such that (fog) is continuous at c.

Therefore, f(x) = (goh)(x) = cos(x?) is a continuous function.

Show that the function defined by f(x) = |cos x| is a continuous function.
Assuming that the functions are well defined for all real numbers, we can write the given
function f in the combination of g and h (f = goh). Where, g(x) = [x| and h(x) = cos x. If
g and h both are continuous function then f also be continuous.
[Q goh(x) = g(h(x)) = g(cos x) = | cos x]]
Function g(x) = [
Rearranging the function g, we get
=, Ifx<0
g(x)—{ x, Ifx>0
Let, k be any real number. According to question, k <0 or k = 0 or k > 0 First case: If, k
<0,
g(k)=0and )1(1_1)1/} g(x) = )1(1_r>r/: (-x) =0, here, )161_r>12 g(x) = g(k)

Hence, the function g is continuous for all real numbers less than 0.
Second case: If, k=0, g(0)=0+1=1
LHL= lim g(x) = lim (-x)=0
x—>0" x—0"
RHL = lim g(x) = lim (x) =0,
x—>0" x—>0"
Here, at x = 0, LHL = RHL = g(0)
Hence, the function g is continuous at x = 0.

Third case: If, k > 0,
g(k)=0and lirrz g(x) = lin]} (x)=0, Here, lirrlz g(x) = g(k)
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33.
33.

Hence, the function g is continuous for all real numbers greater than 0. Hence, the
function g is continuous for all real numbers.

Function h(x) = cos x

Let, k be any real number. At x =k, h(k) = cos k

lim h(x) = lim cos x = cos k

x—k x—k

Here, linz h(x) = h(k), Hence, the function his continuous for all real numbers.
x—>

Therefore, g and h both are continuous function. Hence, f is continuous.

Examine that sin Ixl is a continuous function.

Assuming that the functions are well defined for all real numbers, we can write the given
function fin the combination of g and h (f = hog). Where, h(x) = sinx and g(x) = Ixl . If g
and h both are continuous function then f also be continuous.

[ Qhog(x) = h(g(x)) = h(lx| ) = sin [x]

Function h(x) = sin x

Let, k be any real number. At x =k, h(k) = sin k

lim h(x) = lirrl: sin X =sink

x—k x—>

Here, limk h(x) = h(k), Hence, the function his continuous for all real numbers.
x—>

Function g(x) = [
Redefining the function g, we get
-x, Ifx<0
g(x):{ v, Ifx>0
Let, k be any real number. According to question, k <O ork=0ork >0
First case: If, k <0,
g(k)=0and lim g(x) = lim (-x) =0, Here, lim g(x) = g(k)

Hence, the function g is continuous for all real numbers less than 0.

Hence, the function g is continuous for all real numbers greater than 0.
Hence, the function g is continuous for all real numbers.

Therefore, g and h both are continuous function. Hence, f is continuous.
Second case: If, k=0, g(0)=0+1=1

LHL = lirg g(x) = linO@ (x)=0

RHL = lim g(x) = lim (x) =0,
x—0" x—0"

Here, at x =0, LHL = RHL g(0)
Hence, at x = 0, the function g is continuous.
Third case: If, k> 0,
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34.
34.

g(k)=0and lin; g(x) = linl} (x)=0, Here, linlz g(x) = g(k)

Find all the points of discontinuity of f defined by f (x) =| x| — | x + 1|.

It is given that f(x) = [x| - |[x + 1

The given function f is defined for real number and f can be written as the composition
of two functions, as

f = goh, where g(x) = |x| and h(x) =[x + 1|

Then, f=g-h

First we have to prove that g(x) = |x| and h(x) = |x + 1| are continuous functions.

g(x) = [x| can be written as

—x,if x<0
= T

x, ifx=>0
Now, g is defined for all real number.
Let k be a real number.
Case I: I[fk <0,
Then g(k) = -k
And )161_r)r13g(x) = )161_r>r]:(—x) =—k
Thus, )lclilzg(x) =g(k)

Therefore, g is continuous at all points x, i.e., x >0

Case II: Ifk > 0,
Then g(k) =k and

lim g (x) =limx =k
Th i =
us, limg(x) = g (k)
Therefore, g is continuous at all points x, i.e., x <O0.
Case III: Ifk =0,

Then, g(k) =g(0)=0
lim g(x)=lim (—x)=0

x—0" x—0"
lim g(x) = lim (x) =0
x—0" x—0"

- lim g(x) = lim g(x)=g(0)
x—0" x—0"
Therefore, g is continuous at x =0
From the above 3 cases, we get that g is continuous at all points.

g(x) =[x *+ 1| can be written as
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g(x)={_(x+1)’ifx<—1

x+1, ifk>-1

Now, h is defined for all real number.
Let k be a real number.
CaseI: Ifk<-1,
Then h(k) =-(k + 1)
And I el _
nd hmh(x) )1(1_1)1}1[ (x+1)] (k+1)

x—k

Thus, lim/(x) = h(k)

Therefore, h is continuous at all points x, i.e., x <-1

Case II: If k > -1,
Then h(k) =k + 1 and
limA(x)=lim(x+1)=k+1

x—k x—k

Th i =

us, )lcl_r)rzh(x) h(k)

Therefore, h is continuous at all points x, i.e., x > -1.
Case III: Ifk=-1,

Then, h(k) =h(-1)=-1+1=0
lim/2(x) =lim [ —(x+1) ]=—(-1+1)=0

x—1" x—1"
lim (x) = lim (x+1) =(~1+1)=0
x—1" x—1*

i h(x) = lim h(x) = (1)

x—-1"
Therefore, g is continuous at x = -1
From the above 3 cases, we get that h is continuous at all points.
Hence, g and h are continuous function.
Therefore, f =g — h is also a continuous function.
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