Class 12 Mathematics Chapter 11: Three-Dimensional Geometry

Short Answer

1. Find the position vector of a point

OA|
to OY and ‘ =10 units.

Solution:

We know that, cos? a + cos? B + cos® y
cos? 60° + cos? 45° + cos? y =1
(1/2)% + (1\2)* + cos? y = 1
Va+Ya+cos’y=1
cos’y=1-%="Y

So, cosy=x%a=>cosy="%

Now,

OA ‘

5r+:>-\.-"—;+5k

Thus, the position vector of A is [5}3 +

2. Find the vector equation of the line which is parallel to the Vector

through the point (1, -2, 3).
Solution:

We know that the equation of line is
Fo=a+ b

A in space such that ~ "~ is inclined at 60° to OX and at 45°

=1

[Rejecting cos y = - 2, as Y < 90°]

iml[—HTH ﬂ]‘lﬂ(-;-l-",—;-i- A]

542 + 5k).

~ 2+ 6k and which passes

I'Iere, =i - 2;+'§F; andh—B:—?;+ﬁk

3 _quatmn of line is F —{r - 2; +'ﬂ.} + J‘..(?-J 2}' - !SI:')
—:-{u + w + zk)y=lI —7; B '3."'.] + A(31 -2j + 6k)

= (xi +y; +2k) = (i - 2; +3k) = M3i- 2_.= +6k)
—(x-Di+(y+2)+(z-3k = A3 -2]+6k)

Thus, the required equation is
(r=1)i+(y+2)j+(z=3k= A3

3. Show that the lines
¥=1 ¥=2 2z=3

2 3 4
x—4 -1

and ——— =——=7C tersect.
5 2

Also, find their point of intersection.
Solution:

—2] +6k)
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Given equation are,

xr—1 y=2 z=3 x=4 y-1_
> 3 g M5 T
Let, x-1 =1II-F2‘—"E:—-3=}.,
2 3 -+
=x=2A+1,y=3L+2andz=4A+3
e O oy (O
And, 5 2z 1 ¢

|
=x=5u+4,y=2Zu+landz=p
If the two lines intersect each other at one point,

then 2A+1=5u+4 = 2A-51=3 (1)
3h+2=20+1 = 3A-2u=-1 (1)
and  4A+3=p = 4h-u=-3 (i)
Solving eqns. (i) and (if) we get

2h-5u =3 [multiply by 3]
Jh=2p=~1 [multiply by 2]

=6A -150 = 9

6A - =di = -2

[ I 51 (+)

=1l = 11 -~ p=-1

Putting the value of {t in eq. (i) we get,
2A-5(-1)=3
2\ +5 =13
2L=-2 = A=-1
AL 08 B A 5
-4+1=-3
-3 = -3 (satisfied)

So, Coordinates of the point of intersection are
X=53(-1)+d==-5+4=-1
y=2-1)+1=m2+lm-]
zw=]

Thus, the given lines intersect each otherat (-1, -1,=1).
4. Find the angle between the lines

F=3i—2j+6k+A(2 + j+2k)and 7 =(27—5k)+ z(6i +3] +2F)
Solution:

Here, by = 2i + j +2k and b, = 61 + 3] + 2k

S0, cos 6= i:lh ) 1(257»1}7»2;2'—3.(&;? +13}+zi€} 1
B [B2] (207 + (1) +207 6) + (3P + (2
12+3+4 19 19 19

T Jit1+4.J36+9+4 OB 3.7 21
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o c[2)
21

[ 19
Thus, the required angle is cos ;{5)

5. Prove that the line through A (0, -1, —-1) and B (4, 5, 1) intersects the line through C (3, 9, 4) and
D (-4,4,4).
Solution:

Given points, A (0,—-1,-1)and B (4, 5, 1)
C@(3,9,4)and D (-4, 4, 4).
Cartesian form of equation AB is
x=0 p+1 z+1 x y+1 z+1

= = :_ g
4-0 5+1 1+1 4

6 2
and its vector form is F = (- ; - -i:'] + 1(4? +6:I:+ Eﬁj
Similarly, equation of CD is

x-3 =9 z—-4 ¥-3 y-9 z-4
—1-3 4=9 B=a" 7 T "5 0
and its vector form is 7 = (3i + 9] +4k) + W(-7i - 5)
Now, here @& = = b, =4f+6}+2!:'

iy = 3i +9j +4k, b, =—7i - 5]
Shartestdistance between AB and CD

iy~ )b 3B
RN (CEARCELN)
|b. xhzl I
i — 1y = (31 +9] +4k)— (- j — k) = 31 +10] +5k.
-7 -5 0
= 1(0 +10) = j(0 +14) + k(- 20 +42)
= 10i — 14] + 22k
By, xB| = J(10)* + (= 14)% + (22)°
= /100 + 196 + 484 = /780
b= (37 +10] + 5k)+ (107 — 14] + 22k)
S J780
_30-140+110

780

Thus, the two lines intersect each other.
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6. Prove that the linesx=py+¢q,z=ry+sandx=p'y+¢q',z=r'y + 5" are perpendicular if pp’ +
rr'+1=0.

Solution:

= X =1

Given, Xx=pytg = y= 5
Z—5

and I=ry g = y:

S0, the equation becomes
X=q Y _ Z-§ : s

== in which d'ratios are m=pb=1¢=r
P 1 r

X— t}’

P
- L
=

Similarly x=py+qy = y=

and z=ry+s’ = y= -

Hence, the equation becomes )

x=q" i _3—5§

! 1

[f the lines are perpendicular to cach other, then
My + iy +ci62 = 0
pp+11+rr =0

Thus, pp + o +1=01is the required condition.

in whicha, = Iu', h=1c=r

7. Find the equation of a plane which bisects perpendicularly the line joining the points A (2, 3, 4)
and B (4, 5, 8) at right angles.
Solution:

Given coordinates are A (2, 3, 4) and B (4, 5, 8)

Now, the coordinates of the mid-point C are (2+4/2, 3+5/2, 4+8/2) = (3, 4, 6)

And, the direction ratios of the normal to the plane = direction ratios of AB
=4-2,5-3,8-4=(2,2,4)

Equation of the plane is

ax—x1)+bly—y1)+c(z-—z1)=0

2(x-3)+2(y-4)+4(z-6)=0

2x—6+2y—-8+4z-24=0

2x +2y +4z=138

x+y+2z=19 o )

Thus, the required equation of plane is x +y +2z =19 or "/ +] +2k) =19,

8. Find the equation of a plane which is at a distance 33 units from origin and the normal to

which is equally inclined to coordinate axis.
Solution:

As the normal to the plane is equally inclined to the axes we have,
cos a=cos B =cosy
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So, cos’ o, + cos® o + cos? o = 1
3cos2a=1=cosa=+1A3
And, cos o= cos p=cosy =+ 13

Now, the normal is N = %; +%; +%ﬁ:
». Equation of the plane is F.N =4
_ N
faTer = il
NI
F [—i—;+ & f+ 2 ‘.J
= .
V3 { V3 ) _ 13

f1a 14 1=
Fl—=i+—=j+—=k| =33
iR thtv RN
{J.'; + 5,{} + :ﬂ'}.%[? + } + .T:') = 33
3
.T+31r+;— :"\Eﬁ

=l 2 =9

Thus, the equation of the planeisx +y+z=9

9. If the line drawn from the point (-2, — 1, — 3) meets a plane at right angle at the point (1, - 3, 3),
find the equation of the plane.
Solution:

Given, points (-2, — 1,—3) and (1, -3, 3)

Direction ratios of the normal to the plane are (1 +2,-3+ 1,3 +3)=(3,-2,6)
Now, the equation of plane passing through one point (x1, y1, z1) is
ax—x1)+bly=y1) tc(z—z1)=0

3x-1)-2(y+3)+6(z-3)=0

3x-3-2y-6+6z—18=0

3x-2y+6z-27=0=>3x-2y+6z=27

Thus, the required equation of plane is 3x — 2y + 6z = 27.

10. Find the equation of the plane through the points (2, 1, 0), (3, -2,-2) and (3, 1, 7).
Solution:

Given points are (2, 1, 0), (3, -2,-2)and (3, 1, 7)

As the equation of the plane passing through the points (x1, y1, 1), (X2, y2, z2) and (x3, y3, Z3) 1S
x-2)(2)=(y-1)(T+2)+z(3)=0

21 (x-2)-9(y-1)+3z=0

21x+42-9y+9+3z=0

21x-9y+3z+51=0=>7x+3y-z-17=0

Thus, the required equation of plane is 7x + 3y —z— 17 =0.

11. Find the equations of the two lines through the origin which intersect the line



Class 12 Mathematics Chapter 11: Three-Dimensional Geometry

at angles of n/3 each.

Solution:

Any point in the given line is
x=3/2=y-3/1=z/1=A
x=2A+3,y=A+3andz=2r
Let it be the coordinates of P
So, the direction ratios of OP are A +3-0), A +3-0)and (A-0)=2A+3, A+ 3, A
But the direction ratios of the line PQ are 2, 1, 1
Now, we know that
ytty + by + €105

cos 0 =
\{fﬁ +h| "'C| .Jﬂ'} +ll-"') 'LL'J

S 2024+ 3)+ WA + 3) + 1.4
3 P T+ J2h+3) (43 412
) dh+6+A+3+A
2 _ E.J4lz+9+12l+l3+9+ﬁl+h1
N 6A+9  6AL+9
2 JoaTeisae1s  Voufnl+3n+3
HE S8 A
2 hiaha . N eamnes

Z?L 3
- = AT +3h+3 =24 +3
\M +3A+3

A +30+3=4)>+9+ 120 (On squaring on both sides)
3N+ +6=0
AM+30+2=0
A+1D)(A+2)=0
=-1,-2
So, the direction are:
[2(-1)+3,-1+3,-1]=(-2,2,-1) when A =-1 and
[2(-2) +3,-2+3,-2]=(-1, 1, -2) when A = -2.
Thus, the required equation of planes are
x/1 =y/2=17/-1 and x/-1 =y/1 =z/-2

12. Find the angle between the lines whose direction cosines are given by the equations / +m + n=
0,2+ m?—n*=0.
Solution:

Given equations are,
[+m+n=0.....(»)
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P+m?—n*=0.... (i)

From equation (i), we have n =- (1 + m)

Putting the value of n is equation (ii), we get
P+m?+[-1+m)]*=0
P+m>—1?P-m>-2lm=0

2lm =0

Im=0=>(C-m-nm=0 [Since, 1 =-m - n]
(m+nm=0=>m=0orm=-n

=1=0orl=-n

Now, the direction cosines of the two lines are
0,-n,nand-n,0,n=0,-1,1and -1, 0, 1

S— Qi =j+K).(=i+0j+k) _ 1 _

I
JED 717 e V22 2
T

E’.l=‘§

Thus, the required angle /3.

13. If a variable line in two adjacent positions has direction cosines /, m, n and / + 6/, m + 6m, n +
on, show that the small angle 66 between the two positions is given by

50% = 8 + dm?* + 6n?

Solution:

Given that |, m, n and / + 8/, m + dm, n + On are the direction cosines of a variable line in two positions
P+m?+n’=1....(i)and
(1+ 812+ (m+dm)’+ (n+dn)y =1... (i)
12+ 812+ 2080 + m® + dm® + 2n1.8m + 17 + St + 2n.dn =1
(P + m>+ 1?) + (B + m® + &) + 2(1.81 + .S + ndu) =1
14 (812 + Sm?+ 81y + 2(L.61 + m.dm + n.dn) =1
= L&+ m.dm + n.dn = - %{5!2 + 8 + dn?)
Let Gand b be the unit veclors along a line with d'cosines [, m, i and (I + 81), (m + 8m), (i1 + Sn).
wdo= i +m} +uk and b = (! +E-f}f + (m +5m)} -|-(M+5ﬂ]§
i.b
cos 08 = £
il lB|
5 (li + m:f + 1k) .[{I + 60 + (i + ﬁm}}: +(n+ Err]k]

1.1 [ 17l =16l =1]

cos o

cos 08 = [(I + &) + m(m + &m) + n(n + dn)
cos 80 = P+ L&l + m® + m.dm + 1 + 1.9
cos 88 = (F+ > + %) + (L8] + n.5u + 11.8n)
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cos 80 =1 u—l{ﬁ.‘: +8m® +8u°)

] —cos 80 = %{EIE +dm* + 8i%)

.3 ot 1 5 5 4
2sin 5 Efﬁf +8m” +8n%)
dsind % 87 + 8m* + dn?
< . ‘
s0} : Tlmfe-r}'smnll:.n,
4(?) = 8P +8m + & = -
sin—=—
(80)% = &1° + dm + on® 5 9

Hence proved.

14. O is the origin and A is (a, b, ¢). Find the direction cosines of the line OA and the equation of
plane through A at right angle to OA.
Solution:

Given, O (0, 0, 0) and A(a, b, c)
So, the direction ratios of OA=a—-0,b—-0,c—-0=a,b, c
And, the direction cosines of line OA

i b c

Va2 +12 4¢3 ' Vi +b + & N P+
Now, the direction ratios of the normal to the plane are (a, b, ¢).
We know that, the equation of the plan passing through the point A(a, b, ¢) is
a(x—a)+tb(y-b)+tc(z-¢c)=0
ax—a’+by—-b>+cz—-c?=0
ax + by +cz=a’ +b? + ¢?
Thus, the required equation of the plane is ax + by + cz=a? + b? + ¢?

15. Two systems of rectangular axis have the same origin. If a plane cuts them at distances a, b, ¢
and a', b', ', respectively, from the origin, prove that

f.d ol 3. T

T oo o ¥ 3 1
. 2 K 2 2 2 LA e
a b ¢ g bT e

Solution:

Let’s take OX, OY, OZ and ox, oy, 0z to be two rectangular systems.
And, the equations of two planes are

. x z ..
Zr—+==1.() and —+=+—=1 ..{if)
[ | T R | M
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Length of perpendicular from origin to plane (ii)

g+{_]_+9._‘|

s ’

a b o 2

1
\[ 1 .2 . 1| \{ P P
ke gde g ey

”r.. II:._ "_r_ ”J.. hr- ‘._.'._

As per the condition of the question

1 2 E P 1 1 . |
Thus. ”,3 b: L.Z ﬂ.-Z b;z ; L?il
Long Answer (L.A.)

16. Find the foot of perpendicular from the point (2, 3, —8) to the line - 6 3 Also,
find the perpendicular distance from the given point to the line.

Solution:
Given,
4-x "y 1=2 1s the equation of the line.
F m e
So. 8 B_F fwy
-2 6 -3

Now, the coordinates of any point Q on the line are
x=-2L+4,y=6Aand z= -3\ + 1 and the given point is P(2, 3, -8)

The direction ratios of PQ are -2A +4 -2, 6A—3,-3A+ 1 +81ie. -2A+2,6A—3,-3A+9
And the direction ratios of the given line are -2, 6, -3.

If PQ 1 line, then

220+ 2)+6(6A-3)-3(-3A+9)=0

4A—4+36L—18+9A—-27=0

490 —-49=0

A=1

Now, the foot of the perpendicular is -2(1) + 4, 6(1), -3(1) + 1 1.e. 2, 6, -2
Hence, the distance PQ is

= J2-27+(3-6)* +(-8+2)°

= J0+36 = V45=35

Thus, the required coordinates of the foot of perpendicular are 2, 6, -2 and the required distance is 3V5
units.

17. Find the distance of a point (2, 4, —1) from the line
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Y g+ _z—6
1 4 -9
Solution:

Given equation of line,
r+5 y+3_:—

2 A and any point (2, 4, - 1)
1 + -9
Let Q be any point on the given line
So,Coordinates of Qarex =4 -5, y=4A-3,2=- 9%+ 6
D'ratios of PQare A-5-2,4A -3 -4, -9A+6+1ie,A—7,4L-7,-9A+7

and the d'ratios of the line are 1, 4, - 9
If PQ 1 line then
L(A—7) + 44\~ 7) =9~ 9% +7) = 0
A=7+16A=28+8B1L-63=0
O8L-98=0 = A=1
So, the coordinates of Qare 1 =5,4=1-3,-9x1+6 ie,—-4,1,-3

2 PQ= (-4-2) +(1-4) +(-3+1)
= =6 +(-8P +(-2) = f36+9+4=VI0=7

Thus, the required distance is 7 units,

18. Find the length and the foot of perpendicular from the point (1, 3/2, 2) to the plane 2x — 2y + 4z
+5=0.
Solution:

Given plane is 2x — 2y + 4z + 5 = 0 and point (1, 3/2, 2)

The direction ratios of the normal to the plane are 2, -2, 4

So, the equation of the line passing through (1, 3/2, 2) and direction ratios are equal to the direction
ratios of the normal to the plane i.e. 2, -2, 4 is

- I
2 -2 4

Now, any point in the plane is 2A + 1, -2A + 3/2, 4L + 2
Since, the point lies in the plane, then
20+ 1) =2(-20+3/2) +4(4rL+2)+5=0
AA+2+40-3+16A+8+5=0
240+ 12=0A1="%
So, the coordinates of the point in the plane are
2(-1/2) + 1, -2(-1/2) + 3/2,4(-1/2) + 2 =10, 5/2, 0
Thus, the foot of the perpendicular is (0, 5/2, 0) and the required length
2.3 5Y 2
~ \/(1 -0y +{-_§) +(2 -0y

7

= J1+1+4 = /6 units
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19. Find the equations of the line passing through the point (3,0,1) and parallel to the planes x + 2y
=0and3y—-z=0.
Solution:

Given point is (3, 0, 1) and the equation of planes are
x+2y=0....(1)and 3y —z=0 .... (i1
Equation of any line I passing through (3, 0, 1) is
lL(x-3)a=(y-0)/b=(z-1)c
Now, the direction ratios of the normal to plane (i) and plane (ii) are (1, 2, 0) and (0, 3, 1).
As the line is parallel to both the planes, we have
la+2b+0.c=0=>a+2b+0c=0and
0a+3b-1lc=0=0a+3b—-c=0
SG: {1 = - I} - s = ;‘.
-2-p -1-0 3-0
sa=—X b=k c=3A
So, the equation of line is
r=3 y z-1]

_2% A 3A
Thus, - the r&qu.imd equation is
x=3 y_z-]

-2 1 3

or in vector form is
(x =8) 4y +(z— DF= M=2i +] + 35

20. Find the equation of the plane through the points (2, 1,—-1) and (-1, 3, 4) and perpendicular to
the plane x — 2y + 4z = 10.
Solution:

We know that, equation of the plane passing through two points (X1, y1, z1) and (x2, y2, z2) with its
normal’s direction ratios is
ax—x1)+bly—y)+tc(z-z1)=0....(1)
Now, if the plane is passing through two points (2, 1, -1) and (-1, 3, 4) then
a(x2 -x1) +b(y2 —y1) +c(z2 —z1) =0
a(-1-2)+b3-1)+cd+1)=0
-3a+2b+5¢=0.... (i)
As the required plane is perpendicular to the given plane x — 2y + 4z = 10, then
la—2b+4.c=10.... (i)
On solving (ii) and (iii) we get,
it -0 c

$§+10 -12-5 6-2
So,a=18\, b=17k and c =4A
Thus, the required plane is
I8L(x-2)+17A(y-1)+4r(z+1)=0
18x—-36+17y—-17+4z+4=0

A
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= 18x+17y+4z-49=0

21. Find the shortest distance between the lines given by © =(8+3%i —(9+161) j+ (10+TA)k ang
F=15i+29 j4+5k+u(3i +85-5k) .

QUIUUVILS

Given equations of lines are

Fo= (843 = (9 +161)] +(10 +7A)k (i)
and F = 15 +29] + 5k + u(3f + 8] - 5k) (i)
Equation (i) can be re-written as

Fo= 81 —0f +10k + A{(3i — 16] +7k) i)

Here, @ = 8i 9] +10k and @, =15i +29; + 5k

Iy = 3r:—lﬁf+?fr and !;3 =3f+g;_5j:-
i =y = 70 +38] - 5k
: = | 7 &
ril xbl = 3 _16 ?
3 8 -5
= i(80 = 56) = j(=15 - 21) + k(24 + 48)
= 24i +36] + 72k
=5 (# = iiy)-(by Xj;-'!)l

Shortest distance, SD =

(77 +38] — 5k).(24i +36] +726)|
Jeu? + @+ |

168 + 1368 — 360
J576 + 1296 + 5184

1By x b,

1ﬁ8+'l(}ﬂ8[ 1176 ;
= = =14 units
J7056 | 84

22. Find the equation of the plane which is perpendicular to the plane 5x + 3y + 6z + 8 =0 and
which contains the line of intersection of the planesx +2y+3z—-4=0and2x+y—-z+5=0.
Solution:

The given planes are

Pi: 5x+3y+6z+8=0

Paux+2y+3z-4=0

P3:2x+y—z+5=0

Now, the equation of the plane passing through the line of intersection of P1 and P3 is
(x+2y+3z—4)+M2x+y—-2z+5)=0
(1+20)x+2+A0)y+(B-M)z—4+50=0....(1)

From the question its understood that plane (i) is perpendicular to P1, then
51+20)+32+A)+6(3-1)=0
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5+10A+6+30+18—-6A=0

TA+29=0

A=-29/7

Putting the value of ; in equation (i), we get

-29 29 29 —29]
— 13 jdﬁ_ - — el | — r—
[]+2( - ]:|.1+[- ?]_:;+[3+ ?:I.. 4+5[ > 0

_13_1;_1_51”.E3..4_E =0

Vi e ol 7

-15x — 15y +50z—28 - 145=0

-15x — 15y +50z—-173=0=51x+ 15y - 50z+ 173 =0

Thus, the required equation of plane is 51x + 15y — 50z + 173 = 0.

=

23. The plane ax + by = 0 is rotated about its line of intersection with the plane z =0 through an
angle a. Prove that the equation of the plane in its new position is

ax + by +(yJa® +b* tano) == 0.

Solution:

Given planes are: ax + by =0.... (i)and z=0 .... (ii)
Now, the equation of any plan passing through the line of intersection of plane (i) and (ii) is
(ax +by) tkz=0=ax+tby +kz=0 .... (iii)

Dividing both sides by Jat 07 + 1, we get
fa ol b y+ k .
N R N POl e

S0, direction cosines of the normal to the plane are
a b k

L o
J@ 0P + B @ P+ 2 Ja? 0 i
and the direction cosines of the plane (i) are

i b
L4 fﬂ
Z 1.2 2,2
,fﬂ +h -Jﬂ" + b
As, o is the angle between the planes (i) and (iii), we get
a.a+b.h+k.0
Jﬂz +b* k2 ..Jnl + b®
a® +h*
\jﬂz +8* + k2 ..an + 12
1,’:1: + b X e+
cos o = _"#' = Cos~Q= _:u__g_:'
1,'.1' + b2 4 k2 A+ +k
(@ + 0P+ k%) cos’ = a® + *
Peostotbtcostu+eostu=at+
KeosPa=m-acosto+ b2 =0 costa

=0

= cos =

Cos @ =
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k* cos? o = ¢(1 - cos® o) + b*(1 — cos? i)
3 1 9 i 5" .
k= cos® o = a“ sin- ot + - sin“ o
A cos? o = (a° + b%) sin® o
.7
sin” ot
= k= (a? +0*)— = k=%.Ja" +b* .tana

) _€COs” O
Putting the value of k in eq. (ifi) we get

ax + by + (,fﬂz +b* .tan -:1.).:-‘ =0whichis the required equation
of plane.
- Hence proved.

24. Find the equation of the plane through the intersection of the planes Foli ¥37)-6=0

and 7 Gi - j-4K)=0 whose perpendicular distance from origin is unity.
Solution:

Given planes are

Fi+3)-6=0 = x+3y-6=0 (i)
and  F.(3i-j-4k) =0 = S3x-y-42=0 (i)
Equation of the plane passing through the line of intersection
of plane (i) and (/i) is

(x +3y—6) +k(3x—y—4z) = 0 .. i)

(1+30)x + (3= k)y—dkz =6 = 0

Perpendicular distance from origin

3 5,
|\{(1 +3K)° + (3-K)? +(-4k)* [
36
2 5 = 1 [Squaring both sides
o T + 162 | Pauarng |
?ﬁ_ =] = 26.{3 +10 = 36
26k +10
26k =26 = k=1 - k=+1

Putting the value of k in eq. (i) we get,
(x+3y-6)+(Sx-y—-4z) =0

=y +3y-6+3r-y-4z=0andx+3y-6-3x+y+dz=

S4x+2y-4z-6=0and -2x+4y+4z-6=0

Thus, the required equations of planes are;
4x +2y—4z—-6=0and -2x -4y +4z—-6=0.



