NCERT Solutions for Class-XII Maths

Chapter-9.5

NCERT Math Class 12

(X2 +Xy)dy:(x2 +y2)dx

The given differential equation i.e., (x? + xy) dy = (x> + y?) dx can be written as:

& _x v 1)
dx x*+xy

2 2
Let F(x, y)=X2er .

X+ Xy

() +(hy) X4y’
() +()(y) Xy
This shows that equation (1) is a homogeneous equation.
To solve it, we make the substitution as:

Now, F(Ax, Ay)= A’ F(x,y)

y = VX
Differentiating both sides with respect to x, we get:

ay_ .
dx dx

dv
X —

Substituting the values of v and j_y in equation (1), we get:
X

o
VHX—=—m—
dx x’ +X(VX)

dv 1+v?
> V+X—=
dx 1+v
dv 142 (1+v2)—v(1+v)
- = —V =
dx 1+v 1+v
ﬂ_l—v
dx 1+v




:(i_q@:d—x

I-v X
Integrating both sides, we get:
—210g(1—V)—V=10gx—logk
= v=-2log(1-v)-v=logx—logk

k

:>Z=10g kx 2}
x (x-y)
kx y
= Z:e"

(x-y)

oy
:>(x—y)2 =kxe *

This is the required solution of the given differential equation.

X+y

Let f(x,y) =
Here, putting x = kx and y =ky
f(kx, ky) = =&

kx

— kx+y
Tk ox
= k.f(x,y)
Therefore, the given differential equation is homogeneous.
y _ Xty

- X
dy _ x+y

dx X
To solve it we make the substitution.

X

y = VX
Differentiating eq. with respect to x, we get



v=logx +C

% = logx + C

y = xlogx + Cx

The required solution of the differential equation.

(x—y)dy—(x+ y)dx =0
The given differential equation is:
(x —y)dy—(x +y)dx =0

:gzﬂ (D)
dx x-y
Let F(x, y)= x+y.
X-y
% Bk, M) =2 XYY 0 gy y)
AX—Ay X-Yy

Thus, the given differential equation is a homogeneous equation.
To solve it, we make the substitution as:
y = VX

= < (¥) = (%)

dy dv
= -—=v+x—
dx dx
Substituting the values of y and j_y
X
dv x+vx 1+v
VEX—=—r-—"—=——
dx x-vx 1-v
dv 1+v 1+V—V(1—V)
X—= —V:
dx 1-v 1-v
dV_1-|-v2

d_x 1-v



I-v dV=d—X

(1+ V)2 X

1 \% dx
= > - 5 dv=—
1+v" 1-v X

Integrating both sides, we get:

tan ™' v—%log(l+v2)zlogx+c

2
= tan”' (Zj—%log|}+(zj }zlogx +C
X X

2 2
= tan™' (Zj—llogLX +2y J:longrC
x/) 2 X

= tan”' (%j—%[log(xz + yz)—logxz] =logx+C

-1y 1 2 2
=tan"'| < |- —log(x*+y*)+C
(2)-Jou( )

This is the required solution of the given differential equation.

(x2 —yz)dx+2xydy=0

2xydy = —(x% — y?)dx

E i %2 = y2
dx 2xy
X2 — y?
Let fi = = —— e
et f(x,y) 2%y
Here, putting x = kx and y = ky
— kZXZ_ k2y2
f(kx, ky) = iy
kZ XZ_yZ
f(kx,ky) = — i
=k f(x,y)

Therefore, the given differential equation is homogeneous.
(x2 —y?)dx + 2xydy = 0

2xydy = —(x% — y?)dx

dy _ _¥-y?

dx 2xy

To solve it we make the substitution.

y = VX

Differentiating eq. with respect to x, we get

dy dv
dx + dx



2 2,2

Vg okl X
dx 2X.VX
N dv.  x*(1-v?)
M de N 2vx2
dv. =~ 1- v?
de - v M
d_v _ -1+ v2-2v2
dx 2v
dv. -1 — v?2
de - 2v
2V dv = 44
1 + v2 V= X X
2V dv = 1d
1+ v2 V= X X
Integrating both sides, we get
2V 1 .
fl_l_vzdv:—f;dx (i)
2V
Let, I, = fHVZdV
Putl+v?=
2vdv = dt
1
dv = =dt
\Y% I/ 2d
f ;dt
log(t)

~ log(1 +v?) = -logx +1logC (- From (i) eq.)
2
y = —
log (1 + (;) ) = —logx + logC

g (227 = gt

The required solution of the differential equation.

Xzﬂ—x2 —2y? +xy
dx

The given differential equation is:

xzﬂ—x2 —2y* +xy
dx



dy x*-2y°+
L4y X2y ey )
dx X

x> +2y° +xy
X’ '

Let F(x,y)=

ax) =2(hy) +(Ax)(Ay) x2—2y® +x
gy 0 220) £ ()(13) _x* -2y ey
(%)
Therefore, the given differential equation is a homogeneous equation.
To solve it, we make the substitution as:

=1 F(x,y)

y = VX
bW
dx dx

Substituting the values of y and j_y
X
2_2(vx) +x-
vix X (VX)2 x-(vx)
dx X

:>V+Xﬂ=1—2vz+v
dx

:>xd—V=1—2v2
dx
dv _ﬂ
1—2v? X

dv dv

L_a |
&)

Integrating both sides, we get:

1
—=+V
. 11 log\/li =10g|x|+C
Ix—e |
X\/E NG v
1Ly
7_’_7
1 $2oox
SZﬁlogL_X —log|x|+C
2ox
1 X+\/§y|
= lo =log|x|+C
22 [x-2y] e

This is the required solution for the given differential equation.



xdy — ydx = /x* + y’dx
xdy = ({x2+y? + y)dx
dy _ (Jx2+y*+y)
dx X
(x*+y? +y)
X

Here, putting x = kx and y =ky
f(kX, ky) — (\Wé{;yz +Kky)

Let f(x,y) =

f(kx, ky) = &, Q40

=k f(x,y)

Therefore, the given differential equation is homogeneous.

xdy - ydx = /x? + y2?dx

xdy = (yx%2+y? + y)dx
dy _ (x*+y*+y)

dx X
To solve it we make the substitution.

y = VX

Differentiating eq. with respect to x, we get

dy dv
dx + dx
dv  Vx2+x2v2 +vx
d Bl i
dx X
dv  xV1+v2+vx
V+x—=——-—7—
dx X
dv
V+x—=vVi+vity
dv
X = V1 + v?2
1 1
——dv = =dx
Vi1+v2 X

Integrating both sides, we get
1 1
| o dv = [ Ldx
log(v + v1+ v?) =logx + logC

log<§+ ’1 + i’—i) = log Cx

1
Vx2 + a2

= log(x + Vx%+a?)



% + —'X2X+y2 = (Cx
y + /x2+y% = Cx?2

The required solution of the differential equation.

({2 2 s 2 o 2] s

The given differential equation is:

{xcos(yj+ysm }yd ={ys1 —xcos( j}xdy
X X

(D)

{XOCS(
Let F(x, y)=

f_/;\
«
Z’
f_\
X | M <

{ky sin 7»}') Ax sin (y]} AX
AX AX

{X COoS + ysm

ol

=1 F(x, y)
Therefore, the given differential equation is a homogeneous equation.
To solve it, we make the substitution as:

J
oly)-
~ FOx, Ay)= {MCO (gj”y“ (iyj}”y
(
)

y = VX
:>d—y=V+X dV
dx dx

Substituting the values of y and j_y in equation (1), we get:
X

(xcosv+vxsinv)-vx
V+X— =

dx (vxsinv—xcosv)-x




dv  vcosv+visinv
SVHX—=—————————
dx vsinv—cosv

dv  vcosv+visinv

dx vsinv-cosv
2 2
dv  vcosv+ v sInv—v sinv+vcosv

dx vsinv —cosv
dv 2vVCcosVv

2> XY=
dx vsinv-—cosv

[Vsmv—cosv} 2dx
= dv =

VCoSV X
1 2dx
=|tanv—— |dv=—r
\ X

Integrating both sides, we get:

log(secvj log(Cx)2

i

—secv=Cx’v

afthen
]

= Cxy

= sec (
( 1 1

= cos —
Cxy C Xy

:xycos(zjﬂ( (kzlj
X C

This is the required solution of the given differential equation.

><|'*<

1

> <

xj—y—y+xsin(zjzo

X X
dy

. y

X— = — XSIn |-

dx y (x)
dy y—xsin(g)

y — Xsin (%)
X

Here, putting x=kx and y = ky

dx X

Letf(x,y) =



ky — kxsin(%)
kx
y— Xsin(g)

X

f(kx, ky) =

f(kx, ky) = .

=k f(x,y)

Therefore, the given differential equation is homogeneous.
dy __ . (Y

X& = y - xsin (X)

dy B y — Xsin (%)

dx X

To solve it we make the substitution.

y = VX
Differentiating eq. with respect to x, we get
dy dv
-V + x q
d vx—xsin|—
V4 x—= ( )
dx X
d .
V + X— = v- sinv
dx
dv _
X— = —sinv
dx
1
_—dV = — —dx
sinv X
1
cosecvdv = — ;dx

Integrating both side, we get
1
[ cosecvdv = —J ~dx

log(cosecv — cotv) = -logx + logC

y

Y _ cot)) = Jogt
log(cosecX cotX) = logX

C
COSGCZ - COtZ = -
X X X

1 COS; (o
sinX sinx - X
X X
c .
1 — cos= = —.sin=-
X X

10



x(1 — cosX) = CsinX
X X

The required solution of the differential equation.

ydx +x log(lj dy —2xdy =0
X

ydx + xlog(yjdy—Zxdy =0

X

= ydx = [2){ - xlog(zﬂ dy
X
:?:+ (1)
X x xlog(y)
X
Let F(x, y)=————.
2X—X10g(y)
X
. FOx, Ay) = Ay = Y =" F(x,y)
_ Y _ilosmsa
2(1x) (kx)log(kxj 2x 1og(xj

Therefore, the given differential equation is a homogeneous equation.

To solve it, we make the substitution as:
y = VX
9 _ 9 )

dx dx

dy dv

== =vV+X—
dx dx

Substituting the values of y and j_y
X

dv VX
VHX—=———
dx 2x-xlogv

A\

dv
=S V+X—=
dx 2-logv

dv \%
X—= -V
dx 2-logv

dv_ v-2v+vlogv

=

dx 2—logv

11



=

Xd_v_ vlogv-v
dx 2-logv
2—-logv dx

_£708Y v
v(logv—1) M

_1+(1—logv)]dv_ dx

| v(logv-1) X
D S P
 v(logv-1) v X

Integrating both sides, we get:

1
J.V(logv -1
dv
= '[ v(logv-1)

:>_[ dv
v(logv-1)

1 1
)dV—J.;dVZJ.;dX
—logv=Ilogx +1logC

—logv=1logx +1logC

= Letlogv—-1=t
d dt
= —(logv—-1)=—
dV( g ) dv
1oa
v dv
Dd—V:dt

\'%

Therefore, equation (1) becomes:

=

=

J‘%—logv=logx+logc

logt— log[zj =log(Cx)
X

= log

= log

log(

Y
X

y

X

log( -

Y
X

=31=()

= log(

X

J-1

S

—log(§j=log(Cx)

=log(Cx)

—1}=Cx

y]—I:Cy

..(2)



10.

10.

This is the required solution of the given differential equation.

[1+ey]dx+ey(l—§]dy=0
y

/ _ X _
(1 + e¥ y)dx + ex/y (1 y) dy = 0

/ = — _Xx
(1 + e¥ y)dx ex/y (1 y) dy

dy _ —eX/Y(1—§)
dx (1+ ex/y)

_ eX/Y(l_g)
Let f(X, y) = —(1+ eX/y)

Here, putting x = kx and y =ky
_ ekx/ky(1_ E_;)

f(x, ky) = =)

e

T (1+ex/y)

=kf(xy)

Therefore, the given differential equation is homogeneous.

/ v (1- % o
(1+ eV)dx + ev (1 y) dy = 0
/ = —ev(1=-Z%

(1 B 4" Y)dx ey (1 y) dy

dx — Xy (1_ g)

dy 1+ )

To solve it we make the substitution.

X =Vy

Differentiation eq. with respect to x, we get
dx dv

dy:V+yE

dy  (1+evw/y)
dv _ —eV(1-v)
d_y T 1+ev

1+ eV

eV+v

1
=— -d
v S dy
Integrating both sides, we get
1+ €Y 1 _
J dv = [ _dy ®

ev+ v
1+ eV

Letl; = fev+v
PuteV+v=t

dv

13



11.
11.

(&' + 1)dv = dt

dt
eV 1=—
+ dv

dt

dv = eV+1

[ =dt

Logt

log(e¥ + v)

=~ log(e¥ +v)=-logy +logC (- From (i) eq.)
log(eX/Y + 3) = —logy + logC

log(eX¥ + %) = log=
8( ") g,
ex/y + 5 — E
y oy

Multiply by y on both side, we get
ye¥ +x=C
x +ye?¥=C
The required solution of the differential equation.

(x+y)dy+(x—y)dy=0;y:1Whenx:l
(x+y)dy+(x—y)dy:0
:>(x+y)dy=—(x—y)dx

L4y _—(x-y) ()
dx X+y

Let F(x,y)= _Eg%_yY) .

- FOx, Ay) = _(:X ) = ~(x=y) =1’ F(x,y)
X — Ay X+y

Therefore, the given differential equation is a homogeneous equation.

To solve it, we make the substitution as:
y = VX

d d
=L (y)=(w)

Substituting the values of y and j_y in equation (1), we get:
X

dv —(X—VX)
VHX—=———~
dx X + VX

14



12.
12.

=S V+Xx—=
dx v+1
dv_v-1 _V—l—V(V+1)
dx v+l B v+1
ﬂ_v—l—vz—v (1+V2)
dx v+1 v+1
v+1
(v+1)y, o
1+v X

v 1 dx
= -+ - |dv=——
1+v: 1+v

Integrating both sides, we get:

1

—log(1+v*)+tan'v=—logx +k
Slog(1+v?) g

1

:>log(1+v2)+2tan’ v=-2logx +2k

:>10g[(1+v2)-x2}+2tan‘1V:2k

2
:log[[Hy—zj'XZ}Ztan‘lZzzk
X

X

= log(x2 +y2)+2tan’lZ:2k
X

Now,y=1latx=1.
—>log2+2tan"'1=2k

:>10g2+2><§=2k

:g+log2:2k

)

Substituting the value of 2k in equation (2), we get:

1og(x2 + y2)+2tan‘1 (Zj =E+log2
x) 2

This is the required solution of the given differential equation.

xzdy+(xy+ yz)dx =0;y=1when x =1
x2dy + (xy + y?)dx =0

dy _ _ (y+y?)
dx x2

2
Let f(x,y) = — &)

%2

Here, putting x = kx and y =ky



_ (kxky+ kzyz)
f(kx, ky) = — 520
_kK xy+y®)
Tk x2z

=k f(x,y)

Therefore, the given differential equation is homogeneous.

x2dy + (xy + y?)dx =0
dy _ _ (y+y?)

dx x2

To solve it we make the substitution.

y = VX
Differentiating eq. with respect to x, we get
dy dv
dx + dx
dv XVx+ v2x?
v + X‘—'::_‘g________l
dx x2
dv (vx?+ v?x?)
v X—=—————F"
+ dx x2
dv
V+ x—=-v-v?
dx
dv 2
X—=—V-V*"=-V
dx
x L = —v(v + 2)
dx
1 u

deZ —;dX

Integrating both sides, we get
[——dv=—] idx

v(v+2)

1
_f V(v+2) _f ;dX
e =Y _ l
_f v(v+2) dv = f XdX

_f(2+v V)dV:—fidX

v(v+2) v(v+2)

—(logv— log(v + 2)) = —logx + logC

y+2x
y=1whenx=1

16



13.

13.

1 1
=125
. Xy
Ty +2x
3x’y =y +2x

1
3

y +2x =3x%y
The required solution of the differential equation.

xsin’ (E—y]]dxﬂidy: O;yg when x =1

y
I .o X
X sin [——yﬂdxﬂ(dyzo
L y
| xsin?l Y |-
:g: {xsm (Xj y}
dx X

Let F(x,y)= {Xsmz){z) _ y} .

—{Xx -sin’ (;txj - ky} —{Xsinz (yj Ll y}
~ FOx Ay) = 2 = L 42" E(xy)

AX X

Therefore, the given differential equation is a homogeneous equation.

To solve this differential equation, we make the substitution as:
y = VX

dy d
=—(y)=—

dx (y) dx (VX)

dy dv
== =v+Xx=—o
dx dx

Substituting the values of y and j_y in equation (1), we get:
X

dx
= cosec’vdv=——
X

17



14.

14.

Integrating both sides, we get:
—cosv =—log|x|-C

= cosv =log|x|+C

= cos (Xj = 1og|x| +1logC
X

= cos(zj = 1og|Cx| ..(2)
X

=1=logC
=C=¢'=¢
Substituting C = e in equation (2), we get:

cot(zJ = loglex|

X

This is the required solution of the given differential equation.

g_z_i.cosec(zjzo;y:OWhenle
dx. x X

3—1 - % + cosec(i) =0
jz = g — cosec (i)
Letf(x,y) = )—}Z — cosec (z)

Here, putting x=kx and y = ky
f(kx, ky) = i—z — cosec (Q)

kx
= Yy _ cosec (X)
X be

=k f(x,y)

Therefore, the given differential equation is homogeneous.
d

F_Iy cosec(z) =0

dx X X

d

=~ =¥ _ cosec (X)

dx X X

To solve it we make the substitution.

y = VX

Differentiating eq. with respect to x, we get
dy dv

dx + dx

18



15.

15.

dv VX VX
V+ X— = — — cosec|—
X X

dx
dv
V + X— = V- cosecv
dx
dv
X— = — cosecv
dx
1 1
v = — =dx
cosecv X

Integrating both sides, we get
[sinvdv = — [ idx

-cosv =-logx + C
y

—cos_ = —logx + C
y=0whenx=1
—cos% = —logl + C
-1=C

—cosi = —logx-1
cosi = logx + loge

cosg = log|ex|

The required solution of the differential equation.

2xy+y2—2x2;1—y=0;y=2when)(:1
>

2xy+y2—2xzﬂ=0
dx

= 2xy’ dy =2xy+y’
dx

dy 2xy+ y2
== ..a

dx 2x? 1)

2xy + y2
LetF = .
€ (Xa Y) 2X2
2(0x)(hy) +(Ay) 2
P, hyy= 20RO 0y) 2945 g0 g
2(kx) 2x

Therefore, the given differential equation is a homogeneous equation.

To solve it, we make the substitution as:

y = VX
d d

—d—X(Y)—d—X(VX)

W
dx dx

19



16.

Substituting the value of y and g_y in equation (1), we get:
X

V+X@: 2X(VX)+(VX)2
dx 2x?

dv 2v+v?
SV+X—=
dx 2
dv v
SVHX—=V+—
dx 2

D%dv:d—x
A X

Integrating both sides, we get:
—2+1

2.Y

1:log|x|-|-C
:—3=10g|x|+c
\%

= 2 log|x|+C

2
= -—=log|x|+C
y =gl
X
2x
= —"==log|x|+C ...(2)
y
Now,y=2atx=1.
=-1=log(1)+C

=1
Substituting C = —1 in equation (2), we get:

—2—X=log|x|—1
:>2—X=1—10g|x|
y
2x
= 0
y Clogs (x#0,x#e)

This is the required solution of the given differential equation.

X

A homogeneous differential equation of the from dx_ h(
y

dy
the substitution.
(a) y=vx (b) v=yx

J can be solved by making



16.

17.

17.

(c) x=vy (d)x=v
The correct answer is: option (B)

. . dx . .
Explanation: Since, d—; is given equal to h (E)

h (E) is a function of =.
y y

Therefore, we shall substitute,
X =Vy

Which of the following is a homogeneous differential equation?

(a) (4x+6y+5)dy—(3y+2x+4)dx =0

(b) (xy)dx—(x*+y’)dy=0

(©) (x*+2y*)dx +2xydy =0

(d) y’dx+(x* —xy’ =y’ )dy=0

Function F(x, y) is said to be the homogenous function of degree n, if
F(Ax, Ay) = An F(x, y) for any non-zero constant ().

Consider the equation given in alternative D:
yzdx+(x2 —xy—yz)dy=0

&y vy Y
v dx  x° —xy—y’ i vy’ +xy —x’
2
Let F(X, y):%.
y +Xy—X
2
- FOx, Ay) = 3 (1) >
(Ry) +(x)(hy) = (3x)
}\(2y2
2 (y2 +xy—x2)
2
_ 40 y
=% vy +xy—x°
=" F(x,y)

Hence, the differential equation given in alternative D is a homogenous equation.

21
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