Conditional Identities Involving the Angles Of a Triangle

Exercise 16
Q.1.If A+ B + C =T, prove that
sin 2A +sin 2B - sin 2C =4cos Acos BsinC
Answer : = sin 2A + sin 2B —sin 2C
=2sin(B+C)cosA+2sin(A+C)cosB-2sin(A+B)cosC
Using formula, sin (A + B) =sin Acos B + cos Asin B
= sin 2A + sin 2B - sin 2C
Using formula
sin2A = 2sinAcosA
= 2sinAcosA + 2sinBcosB - 2sinCcosC
SinceA+B+C=m
—-B+C=180—-A
And sin(1T— A) = sinA
= 2sin(B + C)cos A + 2sin(A + C)cosB - 2sin(A + B)cosC

=2 (sinBcos C+cosBsinC)cos A + 2(sinAcosC + cosAsinC)cosB - 2(sinAcosB +
cosAsinB )cosC

= 2cosAsinBcosC + 2cosAcosBsinC + 2sinAcosBcosC + 2cosAcosBsinC—
2sinAcosBcosC — 2cosAsinBcosC

= 2cosAcosBsinC + 2cosAcosBsinC
= 4cosAcosBsinC

=R.H.S

Q.2.IfA+ B + C =T, prove that

cos2A-cos2B-cos2C=-1+4cosAsinBsinC



Answer : = cos2A — (cos2B + cos2C)

Using formula

cosA + cosB = 2cos (A;B) cos(A;B)

= C0S2A- [Zcos (ZB;ZC) cos (ZB‘;E)}

= cos2A - {2cos (B+C) cos (B-C)}
SinceA+B+C=m
—-B+C=180—-A

= cos2A — {2cos (11— A) cos (B-C)}
And cos(1m — A) = -cosA

= cos2A — {-2cosAcos (B-C)}

= cos2A + 2cosAcos (B-C)

Using cos2A = 2cos?A -1

= 2cos?A — 1 + 2cosAcos (B-C)

= 2cosA {cosA + cos (B-C)} — 1

Using,cosA + cosB = 2cos (%) cos(A;—B)

= 2cosA {Zcos (A+S_C) cos (AJ'.‘;_B)} -1

= 2cosA [Zcos (“_j_c) cos (ﬂ_‘B_B)} -1

As, cos (g— A) = sinA

= 2cosA {Zcos (g - %) cos (_1 —~ Z—B)} -1

2 2

= 2cosA {2sinCsinB} — 1



= 4cosAsinBsinC - 1

=R.H.S

Q.3.IfA+ B + C =T, prove that
cos2A-cos2B+cos2C=1-4sinAcos BsinC
Answer : = cos2A — cos2B + cos2C

Using,

. (A+B\ . [B-A
c0SA - cosB = 2sin (T) sin (T)

= C0S2A - {Zsin (28:2(:) sin (28‘;26)}

= cos2A - {2sin(B+C)sin(B-C)}

sinceA+B+C=m
—-B+C=180-A

And sin(1T — A) = sinA

= cos2A — {2sin(1m — A)sin(B-C)}

= cos2A — {2sinAsin(B-C)}

= cos2A - 2sinAsin(B-C)

Using, cos2A = 1 — 2sinA

= -2sinA + 1 — 2sinAsin(B-C)

= -2sinA{sinA + sin(B-C)} + 1

SinA + sinB = 2sin (%) cos (%)
= —2sinA {Zsin (A+§_c) cos (A+,2_B)} +1

= —2sinA {Zsin ("_s-c) cos (“—‘2—]3)} +1




= —2sinA [Zsin (g - ?) cos (3 - ﬁ)} +1

As, sin (E — A) = COSA
2

= -2sinA{2cosCsinB} + 1

= -4sinAcosBsinC + 1

=R.H.S

Q.4.If A+ B + C =T, prove that

. . . A B C
sSmA +smB+smnC = 4c057cos:cos:

Answer : = sinA + sinB + sinC

Using,

sinA + sinB = ZSiD(%) cos A—;_B)

- s+ oon (2859
Since A+B+C =1
SB+C=180—A

And,

sin (- A) = cosA

= sinA + {2sin (#) cos (%)}

. A B-C
= sinA + {2cos (5) cos (T)}
Using, sin2A = 2sinAcosA

= Zsin%cos% + {2cos (g) cos (%)}



A, . A B-C
= 2cos—{sin—+ cos (—)]
2 2 2

—-B+C=180—-A
And,
sin (g— A) = cosA

A B B-C
= 2cos;{c0s(T+ + cos (T)}

= 2cos %{2 cos (;B) COS(E)}

A B C
= 4cos—cos (;) cos(z)
=R.H.S
Q.5.If A+ B + C =, prove that

) AL VRAIC
cosA +cosB +cosC =1+4sm7sm?sm:

Answer : = cosA + cosB + cosC

Using,

cosA + cosB = 2cos (A;B) cos(A;B)

= COSA + [Zcos (%) cos (B—;c)}

sinceA+B+C=1
- B+C=180—-A

And,

cos (g - A) = sinA



= cosA + {2cos (%\) cos (%)]
B-C

= cosA + {2sin (%) cos (T)}

Using , cos2A = 1 — 2sinA

=1— 23in2% + {2sin (%) cos (%)}

2sin A [—sin A + cos (E)] +1
2 2 2

= Zsin%[cos (#) + cos (?)} +1
Zsin% [2 cos (%C) cos (%B)} +1

= 4sin%cos (;B) cos (g) + 1

=R.H.S

Q.6.IfA+ B+ C =11, prove that

sin 2A +sin 2B +sm2C . A. B.C
- : : = 851 —S1n — s —

sinA +smB+smC 2 2 2

Answer : = sin2A + sin2B + sin2C

Using,

sinA + sinB = 2sin (%) cos (?)

Sin2A = 2sinAcosA

= 2sinAcosA + 2sin(B+C)cos(B - C)

sinceA+B+C=m

—-B+C=180—-A



= 2sinAcosA + 2sin(T - A)cos(B - C)
= 2sinAcosA + 2sinAcos(B - C)
= 2sinA{cosA + cos (B-C)}

(butcosA=cos{180-(B+C)}=-cos(B+C)

. A+B. . —A+B
And now using cosA - cosB = 2sin(—-)sin(——)

= 2sinA{2sinBsinC}

= 4sinAsinBsinC
. A A . B B. C C
= 32sin—cos—sin—cos—sin—-cos-
2 2 2 2 2 2
Now,

= sinA + sinB + sinC

Using,

sinA + sinB = Zsill(é-;—B) cos(‘?)

= SinA + [ZSin (Bzic) cos (B—;C)}

= sinA + {2sin (“%A) cos (?)]

= sinA + {2cos (%) cos (?)}

- ZSin%cos% + {2cos (g) cos (?)}

A, . A B-C
= 2cos—{sin—+ cos (—)}
2 2 2

A B+ B-C
= ZCOS;{COS(T + cos (T)}

= 2cos %{2 cos (;B) COS(E)}



A B C
= 4C0S—CO0S (—) cos(=)
2 2 2

Therefore,

. A A. B B.C C
32sIn—cos—sIN—_COS—SIN_-COS_

scoshcoscos
— BSinésinEsinE
2 27 2
=R.H.S
Q.7.1f A+ B + C =T, prove that
sihn(B+C-A)+sin(C+A-B)-sin(A+B-C)=4cos AcosBsinC
Answer:=sin(B+C-A)+sin(C+A-B)-sin(A+B-C)
Using,
sinA + sinB = 2sin(*") cos(*5)
= 2sinC cos(B-A) — sin(A+B-C)
SinceA+B+C=m
—-B+A=180-C
= 2sinCcos(B-A) —sin(m—C -C)
= 2sinCcos(B-A) — sin2C
Since , sin2A = 2sinAcosA,
= 2sinCcos(B-A) — 2sinCcosC
= 2sinC{cos(B-A) — cosC}

Using ,

. (A+B\ . [B-A
c0SA - cosB = 2sin (T) sin (T)



B-A+C, . ,C-B+A
2+ )sin( h

= 2sinC{2sin ("_':_A)sin(“_g_B)}

= 2sinC{2sin ( )}

= 4cosAcosBsinC
=R.H.S

Q.8.IfA+ B + C =T, prove that
COsA cosB cosC

ﬁ
smBsinC smCsinA sinAsinB

Answer :

cosA cosB cosC
sinBsinC sinCsinA sinAsinB

Taking L.C.M

cosAsinA + cosBsinB+cosCsinC
sinBsinCsinA

Multiplying and divide the above equation by 2, we get

2cosAsinA + 2cosBsinB+2cosCsinC
2sinBsinCsinA

Since , sin2A = 2sinAcosA

sin2ZA + sin2B+sin2C
2sinBsinCsinA

Now,

= sin2A + sin2B + sin2C

= 2sinAcosA + 2sin(B+C)cos(B - C)
sinceA+B+C=m
—-B+A=180-C

= 2sinAcosA + 2sin(T - A)cos(B - C)



= 2sinAcosA + 2sinAcos(B - C)
= 2sinA{cosA + cos (B-C)}

(butcosA=cos{180-(B+C)}=-cos(B+C)

. A+B, . —A+B
And now using cosA - cosB = 2sin( ; )sin( 5 )

= 2sinA{2sinBsinC}
= 4sinAsinBsinC

Putting the above value in the equation, we get

4sinAsinBsinC
2sinBsinCsinA

=2

=R.H.S

Q.9.If A+ B + C =T, prove that
cos?A+cos?2B+cos?C=1-2cos AcosBcosC
Answer : = cos? A +cos? B + cos? C

Using formula,

1+cos2A
2

= cos?A

1+cos2A 1+cos2B 1+cos2C
2 + 2 + 2

1+ cos2A+ 1+ cos2B+ 1+ cos2C
2

3 +cos2A + cos2B + cos2C
2

Using,



2B+2C 2B-2C
3 +cos2ZA+ Zcos( Z )cos( 5

2

)

3 + cos2A + 2cos(B+C)cos(B-C)
2

Using, since A+B+C=T1r
—-B+C=180—-A

And, cos(Tm— A ) = -cosA

3 + cos2A + 2cos(m—A)cos(B-C)
2

3 + cos2A — 2cos(A)cos(B-C)
2

Using cos2A = 2cos?A -1

3 + 2cos*A—1 — 2cos(A)cos(B-C)
2

2 + 2cos?A - 2cos(Ajces(B-C)
2

=1 + cos’A — cosAcos(B-C)
=1 + cosA{cosA - cos(B-C)}
Using,

c0osA - cosB = 2sin (%) sin (?)

Yan(252)

=1+ cosA( 2sin (A+B

Since , A+B+C=m
=1+ cosA( 2sin (“'S-c) sin (B-(:-B)))

=1+ cosA( 2cosCsin@—g))




=1 — 2cosAcosCcosC

=R.H.S

Q.10.If A+ B + C =T, prove that

sin? A-sin?B +sin?2C=2sinAcos BsinC
Answer : =sin? A—sin?B +sin? C

Using formula,

1 —cos2A .
————— = sin’A

1- cos2A 1 —cos2B " 1 —cos2C
2 2 2

1- cos2A — 1+ cos2B+ 1- cos2C
2

1- cos2A + cos2B — cos2C
2

Using ,

cosA— cosB = 2sin (%) sin (?)

1— tcosz‘:iH[:Zsin(2 Bzzc)sin(2 C,;EB)}

2

1- cos2A+2sin(B+C)sin(C-B)
2

sinceA+B+C=T
—-B+C=180—-A

And sin(1T— A) = sinA

1- cos2A+2sin(n—A)sin(C-B)
2

1- cos2A+2sin Asin(C-B)
2




Using , cos2A = 1 — 2sin’A

1—-1 + 2sin® A + 2sinAsin(C-B)
2

2sinA{sinA +sin(C-B)}
2

2sinA{sinA +sin(C-B)}
2

sinA + sinB = 2sin (%) cos (%)

25inA{25in(A+§_B)cos(A_ o B)}

2

m-C-C

1- ZsinA{Zsin(n_ :_B)cos( )]

2

2sinA(2sin(; - = )cos(s = =)
2

As, sin (g — A) = cosA

2sinA{2cosBsinC}
2

= 2sinAcosBsinC
=R.H.S

Q.11.If A+ B + C =, prove that

LA .,B .,C . .. A.B.C
SIN° — +S1M- —+s1m-— =1—2s1m —sin —simn —
9 “ 9 , , 9

Answer :
. A Y . C
= sin?=+ sin®— + sin?-=
2 2 2

Using formula ,

1 —cos2A .
———— = sin’A



1-cosA 1 —cosB 1 —cosC
+ +
2 2 2

1- cosA+ 1- cosB+ 1- cosC
2

3— cosA- cosB — cosC
2

Using,

3-cosA-{ 2cos(¥)cos(?)}
2

3— cosA- 2cos(BT+c)cos(%
2

Using,sinceA+B+C =T
—-B+C=180-A

And, cos(Tm — A ) = -cosA

3— cosA— zcos(g—%)cos(jT_c)
2

3—cosA - Zsin(‘;‘)cos(#‘)
2

Using , cos2A = 1 — 2sinA

T . A B-C
3—-1 + 2sin” >— 2sin_cos—— )
2

. A, A B-C
2- 2sin_{sin; - cos( )}

2

SinceA+B+C=T

And Using ,



cosA— cosB = 2sin (%) sin(%)

B+C+B—C) B+C _l,-B—C)

2-2sing{2sin( 2—2— Isin(-2——2—)}

2

A 2B’ 2¢
2 - 2sin:{2sin(—-:-—)sin(—f:-—)}

2

[

Using, since A+B+C=T1r

2— 2sin%{2sin(§)sin(§)}
2

=1- ZsinésinEsinE

2 2 2
=R.H.S
Q.12. If A+ B + C = m, prove that
tan 2A + tan 2B + tan 2C =tan 2A tan 2B tan 2C
Answer : =tan 2A + tan 2B + tan 2C
SinceA+B+C=rr
A+B=1m-C
2A+2B=2m-2C
Tan (2A+2B) = tan (2 — 2C)
Sincetan (2m-C)=-tan C
Tan (2A + 2B) = -tan 2C

Now using formula,

tanA+tanB
+ = —
tan(A B) 1-tanAtanB
tan2A+tan2B
= —tan2C

1-tan2Atan2B -



Tan 2A + tan 2B = -tan 2C + tan 2C tan 2B tan 2A

Tan 2A + tan 2B + tan 2C = tan 2A tan 2B tan 2C

=R.H.S



