RD Sharma Solutions for Class 11 Maths Chapter 13 —
Complex Numbers

EXFERCISE 13.4

Find the modulus and argument of the following complex numbers and hence
express each of them in the polar form:

(i) 1+i

(i) V3 +i

(i) 1-i

iv) 1-i)/ (A +i)

(v) 1/(1 +i)

(vi) (1 +2i)/ (A - 3i)

(vii) sin 120° —i cos 120°

(viii) -16 / (1 +iV3)

Solution:

We know that the polar form of a complex number Z = x + 1y is given by Z = |Z| (cos 0 +
1 sin 0)

Where,

1Z| = modulus of complex number = V(x2 + y?)

0 = arg (z) = argument of complex number = tan™! (|y| / |x|)

(i1+i

Given: Z=1+1

So now,

2] =N +y?)
=12+ 1)
=1 +1)
=12

0 =tan™' (ly|/ |x])
=tan! (1/1)
=tan’! 1

Since x > 0, y > 0 complex number lies in 1% quadrant and the value of 0 is 0°<6<90°.
0=mn/4

Z =2 (cos (w/4) + i sin (n/4))

= Polar form of (1 + 1) is V2 (cos (/4) + i sin (w/4))

(i) V3 +1i
Given: Z =3 +1i
So now,

Z| =V +y?)

= V(B3 + 1Y)
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=3+ 1)
— 4
=2
0 =tan" (ly|/ |x])
=tan™ (1/13)
Since x > 0, y > 0 complex number lies in 1% quadrant and the value of 0 is 0°<6<90°.
0= n/6
Z =2 (cos (m/6) + 1 sin (1/6))
= Polar form of (\'3 + i) is 2 (cos (/6) + i sin (/6))

(iii) 1 -1

Given: Z=1-1

So now,

Z) =6 +y?)
=N(1>+ (-1))
=N(1+1)
=2

0 =tan" (ly|/[x])

=tan! (1/1)
=tan’! 1

Since x > 0, y < 0 complex number lies in 2" quadrant and the value of 0 is -90°<0<0°.
0 =-n/4
Z =2 (cos (-n/4) + i sin (-1/4))
=12 (cos (1/4) - i sin (w/4))
= Polar form of (1 - 1) is V2 (cos (/4) - i sin (1/4))

@iv) (1 -1)/(1+1)
Given: Z=(1-1)/(1 +1)
Let us multiply and divide by (1 - 1), we get

__l—i 1-i

1+i 1-i

(1
R

1P -2(1)G)
T 1-(-1)
_1+(-1)-2i
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So now,
2] = VG £ 32
=0+ (-1))
=0+ 1)
=1
0= tan™ (ly|/ x])
=tan™ (1/0)
=tan! oo
Since x > 0, y < 0 complex number lies in 4™ quadrant and the value of 0 is -90°<0<(°.
=-1/2
Z =1 (cos (-n/2) + i sin (-1/2))
=1 (cos (1/2) - 1 sin (n/2))
=~ Polar form of (1 -1) /(1 +1)is 1 (cos (w/2) - 1 sin (71/2))

) 1/(1 +1)
Given: Z=1/(1+1)
Let us multiply and divide by (1 - 1), we get
1 1-i
=1t
1-i
- 1% -2

1-i
—(-1)

e

r |

So now,
Z| =N+ y)
=V((1/2)? + (-1/2)?)
=\(1/4 + 1/4)
=(2/4)
=12
6= tan™ (ly| / [x])
=tan™ ((1/2)/ (1/2))
=tan’! 1
Since x > 0, y < 0 complex number lies in 4™ quadrant and the value of 0 is -90°<0<(°.
0=-n/4
Z = 1/N2 (cos (-n/4) + i sin (-/4))
= 1/N2 (cos (n/4) - i sin (n/4))
= Polar form of 1/(1 +1) is 1/N2 (cos (w/4) - i sin (w/4))
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(vi) (1 +2i)/ (1 —31)
Given: Z = (1 +21) /(1 — 31)
Let us multiply and divide by (1 + 31), we get

1+2i 1+3i
= 1-3i 1+3i
1(1+3D+2i(1+31)
= 1232
1+3i+2i+61%
Co1-9z
1+5i+6(—1)
—53+3i1
10
—1+i
- 2
So now,
Z] =N+ y?)
= N((-1/2)> + (1/2))
=\(1/4 + 1/4)
=~(2/4)
= 1A2
0= tan™ (ly|/ [x])
=tan! ((1/2) / (1/2))
=tan' 1
Since x < 0, y > 0 complex number lies in 2" quadrant and the value of 0 is 90°<0<180°.
0 =3n/4
Z =12 (cos (3n/4) + i sin (31/4))
= Polar form of (1 + 2i) / (1 — 3i) is 1/\2 (cos (3m/4) + i sin (31/4))

(vii) sin 120° —i cos 120°
Given: Z =sin 120° —1cos 120°
=3/2 -1 (-1/2)

=\3/2+1(1/2)
So now,
1z =N + y)
=V((N3/2)2 + (1/2)3)
=(3/4 + 1/4)
=(4/4)
=11

=1
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0 =tan" (ly|/ |x])
=tan! ((1/2) / (\N3/2))
=tan’' (1/\3)
Since x > 0, y > 0 complex number lies in 1% quadrant and the value of 0 is 0°<6<90°.
0=m/6
Z. =1 (cos (m/6) + i sin (1/6))
= Polar form of V3/2 + 1 (1/2) is 1 (cos (n/6) + i sin (1/6))

(viii) -16 / (1 +1V3)
Given: Z=-16/ (1 +iV3)
Let us multiply and divide by (1 - iV3), we get
—15 1—i4/3
- 1+i \-'E 1-i -ﬁ
_ —16+i1643
N 12—{:'-\-"5}2
—16+i1643
1-3i®

—16+i164/3
1-3(-1)
—16+i164/3
4
= 4+i4V3

So now,

Z] =N +y?)
= V((-4)? + (4\3))
=(16 + 43)
=(64)
=38

0 =tan" (ly|/ [x])
=tan! ((4N3)/4)
= tan' (\3)
Since x < 0, y > 0 complex number lies in 2™ quadrant and the value of 0 is 90°<0<180°.
0 =2n/3
Z =8 (cos (2m/3) + 1 sin (27/3))
= Polar form of -16 / (1 + iV3) is 8 (cos (2n/3) + i sin (271/3))

2. Write (i°)* in polar form.

Solution:

Given: Z = (i®)?
_ s
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So now,
Z| =N +y)
=N+ (-1))
=N+ 1)
=1
0 =tan" (lyl/[x])
=tan™' (1/0)
=tan! oo
Since x > 0, y < 0 complex number lies in 4™ quadrant and the value of 0 is -90°<0<0°.
0=-n/2
Z =1 (cos (-n/2) + 1 sin (-1/2))
=1 (cos (1/2) - 1 sin (n/2))
=~ Polar form of (i*°)? is 1 (cos (7/2) - i sin (7/2))

3. Express the following complex numbers in the form r (cos 0 + i sin 0):
()1+itana

(ii) tan o — i

(iii) 1 —sin o +1icos a

(iv) (1 -i)/ (cos m/3 + i sin 7/3)

Solution:

(i)1 +itana

Given: Z=1+1itana

We know that the polar form of a complex number Z = x + iy is given by Z = |Z| (cos 0 +
1sin 0)

Where,

|1Z| = modulus of complex number = V(x2 + y?)

0 = arg (z) = argument of complex number = tan™! (|y| / |x|)

We also know that tan a is a periodic function with period .

So a is lying in the interval [0, ©/2) U (n/2, wt].

Let us consider case 1:
o € [0, m/2)
So now,
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Z)=r =6 +y)
=12+ tan? a)
= (sec? a)
= |sec a] since, sec a is positive in the interval [0, 7/2)
6= tan™ (ly| /[x|)

=tan (tan o/ 1)

= tan™! (tan o)

= a since, tan a is positive in the interval [0, 7/2)
=~ Polar form is Z = sec a (cos a + 1 sin a)

Let us consider case 2:
o € (m/2, mt]
So now,
Z|=r=(x +y?)
= (12 + tan? o)
=( sec? a)
= |sec q
= - sec o since, sec o is negative in the interval (n/2, ]
0 =tan" (|y|/[x])
=tan™! (tana/ 1)
=tan! (tan o)
= -1 + a since, tan o is negative in the interval (n/2, ]
0 = -m + a [since, 0 lies in 4™ quadrant]
Z = -sec a (cos (o - ) +1sin (a - T))
=~ Polar form is Z = -sec a (cos (o - ) + 1 sin (o - 7))

(ii) tan o — 1

Given: Z=tan o — 1

We know that the polar form of a complex number Z = x + 1y is given by Z = |Z| (cos 0 +
1 sin 0)

Where,

IZ| = modulus of complex number = V(x2 + y?)

0 = arg (z) = argument of complex number = tan™! (|y| / [x|)

We also know that tan a is a periodic function with period 7.

So a is lying in the interval [0, n/2) U (n/2, ].

Let us consider case 1:
a € [0, m/2)
So now,
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Z) =1 =0 +y?)
=(tan? a + 12)
= (sec? a)
= |sec af since, sec a is positive in the interval [0, /2)
= sec o

0= tan™ (ly|/ [x))
=tan™ (1/tan o)
=tan! (cot o) since, cot a is positive in the interval [0, 7/2)
= q - /2 [since, 0 lies in 4™ quadrant]

Z =sec a(cos (o -m/2) +1sin (a - 1/2))

=~ Polar form is Z = sec a (cos (o - m/2) + 1 sin (o - /2))

Let us consider case 2:
o € (m/2, ]
So now,
2] =1 = +y?)
=(tan? o + 1)
=( sec? a)
= |sec qf
= - sec a since, sec o is negative in the interval (n/2, ]
0 =tan" (|y|/[x])
=tan! (1/tan o)
=tan™! (cot )
=n/2 + a since, cot a 1s negative in the interval (n/2, «]
0 = m/2 + o [since, 0 lies in 3" quadrant]
Z =-sec a (cos (n/2 + o) +1sin (1/2 + o))
=~ Polar form is Z = -sec a (cos (n/2 + a) + 1 sin (/2 + a))

(iii) 1 —sin o +1cos a
Given: Z=1-sinoa+1cosa
By using the formulas,

Sin? 0 + cos? 0 =1

Sin 20 =2 sin 0 cos 0

Cos 20 = cos? O —sin? 0

So,

z= (51'112 (%) + cos? (%3 — 2 sin @—[] cos (%D +1 I:cctsz e) — sin? (g))
= (cos (%) — sin (g)) +1i (msz (%I) — sin? (g):l
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We know that the polar form of a complex number Z = x + 1y is given by Z = |Z| (cos 0 +
i s1n.0)

Where,

|1Z| = modulus of complex number = V(x2 + y?)

0 = arg (z) = argument of complex number = tan™ (|y| / x])

Now,

|z] = /(1 — sina)? + cos?a

=+/1+sinZa — 2sina + cosZa

=41+ 1-—2sina
=/ (2)(1 —sina)

= J[E) (51112 G) + cos? G) — 2sin G) cos G))
- J(E) (ms G) —sin GDE

= | f_(cos (E) — sin G))l
ccw{%)+sm<%n)

&)
sl —
2 2

g =tan~!

Il

—t

[4F}

:

,--""-__""u,-""-__""x z‘:-__;“\ .-“"'-__""‘\ »""__"“'»

D D

IQNIQ

+
E n.
= E
NIQ
““-—-_.-'fh‘_'-r_

,.,.
<
.—-"ﬁ"‘-
| =
"'\-\_:-f'
+
o
w
=
—
b3 | =
"'\-\_o-P'
“'-_-"

tan( tan(%
=tan~?! (tan( + 5))

We know that sine and cosine functions are periodic with period 2n
Here we have 3 intervals:

0<a<mn/?2

n/2<0<3m/2

3n/2<a<2m
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Let us consider case 1:

In the interval 0 < a < /2

Cos (0/2)> sin (o/2) and also 0 <m/4 + o/2 <1/2
So,

121 = [v2(cos (&) —sin (%)),
= V2 (cos(3) —sin(3))

g =tan~! (tan (E + ED
4 2

= m/4 + a/2 [since, O lies in 1 quadrant]
= Polar form is Z = V2 (cos (a/2) — sin (0/2)) (cos (/4 + 0/2) + i sin (/4 + a/2))

Let us consider case 2:

In the interval n/2 < o < 37/2

Cos (/2) <sin (a/2) and also /2 <m/4d + /2 <m
So,

- N2 os(9) ~sn 2)
-~ (cos(3) - (9)
- 2 (an(2) ~eos(2)

o -t (san 5 +9)

=1 — [n/4 + a/2] [since, 6 lies in 4% quadrant]
=3w/4 -2
Since, (1 - sin a) > 0 and cos o < 0 [Z lies in 4™ quadrant]
=a/2 - 3n/4
~ Polar form is Z = -\2 (cos (a/2) — sin (/2)) (cos (o/2 - 37/4) + i sin (0/2 - 3/4))

Let us consider case 3:

In the interval 3n/2 < a < 2=

Cos (0/2) < sin (a/2) and also t < /4 + o/2 < Sm/4
So,
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Iz] = |\E (ms (g] —sin G))l
L L ) s (9)
= 2 (sin(£) — cos (%))

0 = tan’! (tan (1/4 + 0/2))
=n— (n/4 + o/2) [since, O lies in 1st quadrant and tan’s period is 7]
=0/2 - 3n/4
= Polar form is Z = -2 (cos (a/2) — sin (a/2)) (cos (/2 - 3m/4) + i sin (a/2 - 31/4))

(iv) (1 - 1)/ (cos /3 + 1 sin 7/3)

Given: Z=(1-1)/(cos n/3 +1sin n/3)

Let us multiply and divide by (1 - iV3), we get
1—-i

Z= 1
-+
1—i 1—i4/3
1+i '.,"E 1-i '.,."§
1+iz¢§—i{1+yﬁ}
1-i23
(l+{—'.,"§}—!'{1+',."§})
1-(-3)
1—3)—-i(1+y3
-7 x (1-vy ]4 (1+v3)
(1-v3)-i(1+/3)
2
We know that the polar form of a complex number Z = x + 1y is given by Z = |Z| (cos 0 +
1 sin 0)
Where,
|1Z| = modulus of complex number = V(x2 + y?)
0 = arg (z) = argument of complex number = tan™ (|y| / [x])
Now,

A= () + (359)

J 1+3-24/3+1424243

4
(s
Y

=12

=2

=2 X

2
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l+w3
_Z_

g =tan™

1+».."_

)
al)
[1+¢'§

)
(1- x3H1+\F}

)

tan!

3)

1+3+2y3
1-3

— 4+2J§
=tan~?! (—)
2

Since x < 0, y < 0 complex number lies in 3" quadrant and the value of 0 is 180°<0<-90°.
=tan! (2 +13)
=-Tn/12
Z =12 (cos (-7n/12) + i sin (-71/12))
=2 (cos (7n/12) - i sin (71/12))
«. Polar form of (1 - 1) / (cos /3 + i sin @/3) is V2 (cos (7n/12) - i sin (7n/12))

1

=tfan

=
tan™ 1(
(
(

4. If z; and z; are two complex number such that |zi| = |z;| and arg (z:) + arg (z2) =,
then show that Z1 = —Z

Solution:

Given:

|z1| = |z2| and arg (z1) + arg (z2) =@

Let us assume arg (z1) =6

arg (z2)=m-0
We know that in the polar form, z = |z| (cos 0 + 1 sin 0)
= |zi1| (cos O + 18N 0).....c.ccu... (1)

7> =z2| (cos (m - B) + 1 sin (7« - 0))

= |z2| (-cos O + 1 sin 0)

= - |z2| (cos 6 — 1 sin 0)
Now let us find the conjugate of
Zy=- |z (cos O +isin0)...... (ii) (since, |22 = |22))
Now,
71/ 2Z2=[|z1| (cos 0 + i sin 0)] / [-|z2| (cos O + i sin 0)]

- |z1|/ |z2| [since, |zi| = |z2|]
=-1

When we cross multiply we get,
z1=-2
Hence proved.
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S. If z1, 22 and z3, z4 are two pairs of conjugate complex numbers, prove that arg
(z1/24) + arg (z2/23) = 0
Solution:
Given:
zZy=2p
£3 — Iy
We know that arg (z;/z;) = arg (z1) — arg (z2)
S0,
arg (z1/zy) + arg (z/z3) = arg (z1) — arg (z:) + arg (z2) — arg (zz)
= arg (22) —arg (z4) + arg (z2) —arg (%)
= [arg (z2) + arg (Z2)] — [arg (zs) + arg (Za)]
=0—0 [since, arg (z) + arg (Z) = 0]
=0
Hence proved.

6. Express sin ©t/5 + i (1 — cos «/5) in polar form.
Solution:
Given:
Z=sinn/5+1(1 —cosn/5)
By using the formula,
sin 20 =2 sin 0 cos 0
1- cos 20 =2 sin* 0
So,
Z =2 sin /10 cos n/10 + i (2 sin’ w/10)
=2 sin /10 (cos /10 + 1 sin w/10)
=~ The polar form of sin /5 +1 (1 — cos n/5) is 2 sin /10 (cos n/10 + 1 sin 7w/10)
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