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Show that the three lines with direction cosines 2 —3 j 4 2 3. i j E are
13713°13713713713°13713 713

mutually perpendicular.

If 11, m1, n; and 12, my, ny are the direction cosines of two lines; and 0 is the acute angle

between the two lines; then cos 0 = [1112 + mimz + niny|

If two lines are perpendicular, then the angle between the two is 6 = 90°

= For perpendicular lines, [lil2 + mimz + ninz | = cos 90° =0, i.e.

|1112 +mimy + ning | =0

So, in order to check if the three lines are mutually perpendicular, we compute |1;l> +

mim: + nino| for all the pairs of the three lines.

Now let the direction cosines of Li, L, and L3 be 1;, mi, ni; 1, mz, n and 13, m3, ns.

First, consider
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.. By (i), (ii) and (iii), we have
L1, L and L3 are mutually perpendicular.



Show that the line through the points (1, —1, 2) (3, 4, —2) is perpendicular to the line
through the points (0, 3, 2) and (3, 5, 6).

We know that

Two lines with direction ratios ai, b1, ¢1 and a2, bz, ¢z are perpendicular if the angle
between them is 0 = 90°, i.e. ajaz + bib, + cic2 =0

Also, we know that the direction ratios of the line segment joining (X1, y1, z1) and (X2,
Y2, Zz) is taken as x> — X1, Y2—Y1,22— 71 (OI‘ X1—X2, Y1 — Y2, 21 — Zz).

= The direction ratios of the line through the points (1, — 1, 2) and (3, 4, — 2) is:
aa=3-1=2,b1=4-(-1)=4+1=5,c1=-2-2=-4

and the direction ratios of the line through the points (0, 3, 2) and (3, 5, 6) is:
2=3-0=3,b=5-3=2,cc=6-2=4

Now, consider
ajaz+bibrtcica=2x3+5x2+(-4)x4=6+10+(-16)=16+(-16)=0

= The line through the points (1, — 1, 2), (3, 4, — 2) is perpendicular to the line through
the points (0, 3, 2) and (3, 5, 6).

Show that the line through the points (4, 7, 8) (2, 3, 4) is parallel to the line through the
points (=1, -2, 1), (1, 2, 5).
Let AB be the line through the points, (4, 7, 8) and (2, 3, 4), and CD be the line through
the points,
(-1,-2,1)and (1, 2, 5).
The directions ratios, ai, b1, ci, of AB are (2—4),(3 ~7),and (4 — 8)i.e., =2, —4, and —4.
The direction ratios, az, ba, c2, of CD are (1 — (1)), (2 —(-2)),and (5 — 1) i.e., 2, 4, and
4.
AB will be parallel to CD, if 2L- 21 _ St

ay by ¢
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Thus, AB is parallel to CD.

Find the equation of the line which passes through the point (1, 2, 3) and is parallel to the

vector 3i + 23 - 2k.



Vector equation of a line that passes through a given point whose position vector is a
and parallel to a given vector b is T =4 +1b.

So, here the position vector of the point (1, 2, 3) is given by & =1 + 2]+ 3k and the parallel
vector is 3i+2j—2k.

.. The vector equation of the required line is:

T=1+2j+3k+1(31+2j—2k), where | is a real number.

Find the equation of the line in vector and in Cartesian form that passes through the point
with position vector 2i — j+4k and is in the direction i+2j—k.
It is given that the line passes through the point with position vector
a=2i—j+4k (D
b=i+2j-k (2
It is known that a line through a point with position vector a and parallel to b is given
by
the equation, r=a + b
== ;=2f—3+412+7u(f+2}—12)
This is the required equation of the line in vector form.
r=xi-yj+zk
—Xi—yj+zk=(A+2)i+ A —1)j+ (L +4)k
Eliminating A, we obtain the Cartesian form equation as
x-2 y+l z-4
1 2 -1
This is the required equation of the given line in Cartesian form.

Find the Cartesian equation of the line which passes through the point (=2, 4, —5) and
x+3 y-4 z+8
56

The Cartesian equation of a line through a point (x1, y1, z1) and having direction ratios a,
5 _YTYh 2T
a b c
Here, The point (x1, y1, z1) is (-2, 4, —5) and the direction ratios are :
a=3,b=5,c=6
= The Cartesian equation of the required line is:
x702)=y74=2765)ﬁ x+2=y-4=Z+5

3 5 6 3 5 6

parallel to the line given by

. X
b, cis




Xx-5 y+4 z

The Cartesian equation of a line is .

;6. Write its vector form.

The Cartesian equation of the line is

X;Szy;4:z;6 (1)

The given line passes through the point (5, —4, 6). The position vector of this point is
a=5i—4]+6k

Also, the direction ratios of the given line are 3, 7, and 2.

This means that the line is in the direction of vector, b = 3i + 73 +2k

It is known that the line through position vector a and in the direction of the vector b is
given by the equation, =3 +1b,] R

fi T=(51-4j+6k)+1(3i+7]+2k)

This is the required equation of the given line in vector form.

Find the vector and the Cartesian equations of the lines that pass through the origin and
(5,2, 3).

We know that

The vector equation of as line which passes through two points whose position vectors

are @ and b is T =d +1 (b—a).

Here, the position vectors of the two points (0, 0, 0) and (5, —2, 3) are a = 0i + 0] +0k and
b =5i 2]+ 3k respectively.

So, The vector equation of the required line is:
F=0i+0j+0k+1[(51—2]+3k)— (01 + 0] + 0k)]

= F=1(51-2j+3Kk)

Now, we know that

Cartesian equation of a line that passes through two points (x1, y1, z1) and (x2, y2, Z2) is
X=X _ Y-y _%2-7%

X X ) Yo=Y ) Z,~7

So, the Cartesian equation of the line that passes through the origin (0, 0, 0) and (5, -2,

3)is
x—0:y-0224%i§:2L:
5-0 -2-0 3-0 5 -2

W | N

Find the vector and the Cartesian equations of the line that passes through the points (3,
-2, -5),
(3,2, 6).

Let the line passing through the points, P (3, =2, —=5) and Q (3, =2, 6), be PQ.



10.

10.

Since PQ passes through P (3, =2, —5), its position vector is given by,
a=3i-2j-5k
The direction ratios of PQ are given by,
3-3)=0,(-2+2)=0,(6+5=11
The equation of the vector in the direction of PQ is
b=0i-0]j+11k=11k
The equation of PQ in vector form is given by,
f=a+AbAeR-
= T=0i-2j-5k)+11nk-
The equation of PQ in Cartesian form is
X=X _Y=N1_277%

a b c
X-3 y+2 z+5

0 0 11

Find the angle between the following pairs of lines:

(i) T=2i—5j+k+AGi—2j+6k)-and F=7i— 6k +pi+2j+2k)
(i) F=3i+]- 2k +A(i—j—2k) and T =2i—j— 56k +p(3i—5j— 4k)
We know that

If @ is the acute angle between ¥ =4, +1b, and T =4, +nb, then

b, 1|, |
() F=2i- 5j+k+1(3i+2j+6k) and F=7i- 6k +n(i+2j+2Kk)
Here b, =3i+2j+6k and b, =i+2j+2k

So form (i), we have

cosq = (31A+ 2{+ 6kA)'(A1 i 2} i 2}() .....(ii)
37 +2j+6k .‘i+2j+2k

‘ai+bj+cf<‘=\/a2 +b’ +¢’
\ ‘3f+2j+6f<‘:\/32+22+62 =Jo+4+36=49=7
And |1 +2]+2k|=y 1P +22+2> =1+4+4=9=3

Now - (a,i +b,j+ck).(ai +b,]j+c,k)aia + bibr + cic
\ (Gi+2j+6k).(1+2j+2k)=3x1+2x2+6x2=3+4+12=19

0sq= (1)

= By (iii), we have



11.

11.

(ii) T=3i+]- 2k +1(i- j- 2k) and T=2i- j- 56k +n(3i- 5j- 4k)
Here, b, =i- j- 2k and b, =3i- 5]j- 4k

So, from (i) we have

‘A (- 20 ‘ (i)

i- - 26t - 5j- 412H

[af +bj+ ck| = Va7 + b7+

\[i-3- 2K = P+ P2t =Tk T+ 4 =6 =3 ¥\2

And [3i- 53 4k = 3" + (-5 + (-4 =0 +25+16 =50 =52

Now (ali + blj + clﬁ).(azf + blj + clﬁ].(azf + sz + czﬁ] =ajax + bib2 + cic2

cosq=

3 (1 i- 212).[31- 55- 412] —1x34(-1) X (-5)+(2) x ((4)=3+5+8=16

= By (iii), we have
16 B 6% /8
B¥L2¥5(2 5¥23 58

fi q=cos’’ Ei:
53

cosq=

Find the angle between the following pairs of lines:
(i) x-2 y-1 z+3 and x+2 y-4 z-5
2 5 -3 -1 8 4
(i) XY Zang 2 2_Y-2_ 23

2 2 1 4 1 8

(i) Let b, and b, be the vectors parallel to the pair of lines,

x72=y71:z+3 and x+2:y—4=275
2 5 -3 -1 8 4

[B1]= @2 + (57 +(-37 = 38

62| =\ D2 + 87 + (@) =BT =9

b,.b, = (2i+5j—3K).(~i + 8] + 4k)
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=2(-1)+5%x8+(-3)4
=-2+40-12
=26
The angle, Q, between the given pair of lines is given by the relation,

L 26
= Q=cos (—9\/§j

(ii) Let by, b, be the vectors parallel to the given pair of lines,

X5 _¥Y=3_7273 ond 3:%:% respectively.

4 1 8 2
Bz =2f+2j+12
b,y = 4i+j+8k

o by =22 + (2> + (1) =0 =3
by = V42 +12+8% =81 =9

by.b, =(21 + 2§+ k).(41 + ]+ 8K)
=2x4+2x1+1x8

=8+2+8
=18
| o b b,
If' Q 1s the angle between the given pair of lines, then cosQ = m -
by|b;

18
= cosQ= =
Q 3x9

2

3

4 2)
= =C0S =| —
Q 3

—X:7y—14:z—3 and 7-7x :y—S :6—
2p 2 3p 1

Find the values of p so the line ! Z are at right

angles.

For any two lines to be at right angles, the angle between them should be 6 = 90°.

= ajay + biba + cic2 =0, where aj, by, ¢1 and a, b, ¢2 are the direction ratios of two lines.
The standard form of a pair of Cartesian lines is:
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XX _ Y- Nh_72-%

and 22 X2 Y Yo (27 % ....(1)
a1 bl Cl aZ b2 CZ

Now, first we rewrite the given equations according to the standard form, i.e.
-(x-1) _ T(y-2) _Z- 3 and -7(x- 1) _y- 5 _ -(z- 6),i.e.
3 2p 2 3p 1 5
x—l= y- 2 =Z-3 and x-1 =y—5=Z—6
-3 2p/7 2 -3p/7 1 -5
Now, comparing (i) and (ii), we get

..(ii)

a1=—3,b1=@,cl=2and a2=ﬁ,b2=1,02=—5
7 7

Now, as both the lines are at right angles,
soajaz +biby +cic2 =0

fi (- 3)¥g%3 +E%§ ¥1+2¥(-5)=0

fi 9_p+2_7p 10=0

fi 2P

fi —=10

fi 11p=70
70
T
RO IS - Y2 _Z ang 2o
7 -5 1 1

. . . Xx-5 y+2 z X y z

The equations of the given lines are ——=7—-== and —=<==
7 =5 1 1 2 3

The direction ratios of the given lines are 7, —5, 1 and 1, 2, 3 respectively.
Two lines with direction ratios, al, bl, ¢l and a2, b2, c2, are perpendicular to each other,
ifajay + biba +cica=0
LTIX1H(5)x2+1x%x3
=7-10+3
=0
Therefore, the given lines are perpendicular to each other.

are perpendicular to each other.

N <
W N

Find the shortest distance between the lines
f=(1+2j+k)and +r(i—j+k) and
fz2§—j—f<+u(2f+3+2lz)
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We know that
Shortest distance between two lines T =4, +1b, and T =4, + b, is
b, ¥b,|.(d,4
d= ( ‘ f]ﬁ - ‘)| ()
o] |

Here & =i+2j+k,b,=i- j+k and

a,=2i- j- k,b, =2i+]+2k
Now (Xli"'}ﬁj*’zlf{)' (Xzi+3’2j+zzf() = (- Xz)i'*'(}ﬁ - YZ)3+(ZI - Zz)l2

\ 4,- 8 =[20-]- K- [i+25+k]=i- 3j- 2k .....(ii)
Now, B] !!ﬂ;2 :(f- 3+l§]¥(2§+j+2l§]
i ]k
=l -1 1|=-3i+3k
2 12
fi b, ¥b,=-3i+3k .....(iii)

fi [b,¥b,[=/(-32+3* =0+9=18- 32 (V)
Now, - (alf +bj+ clﬁ).[azf +b,j+ czfq] = aja2 +biby + cica

\ (b ¥b:).(a, - &) =31+ 3k].[i- 3j- 2k) ==3=6==9" “..()
Now, using (i), we have

The shortest distance between the two lines, d = ‘ [From (iv) and (V)]

i‘_i
32| 32
3

g

Rationalizing the fraction by multiplying the numerator and denominator by /2

3 N2 32

fi d=—y 2 =202

V2 20 2

Find the shortest distance between the lines
x+1 _ y+1 :z+1 and x-3 _ y—5 :Z—7
7 -6 1 1 -2 1
The given lines are
x+1 _ y+1 :z+1 and x-3 _ y—=35 :z—7
7 -6 1 1 -2 1
It is known that the shortest distance between the two lines,
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X—X - Z—2 X—X - 2—72) - o
1_Y~=Y1_ L and 2 _Y7Ya 2 is given by,
al bl Cl az b2 02

X=X Y2=Y1 2277

a b, ¢

92 b % (1)
\/(blcz —bye)? +(cjay —cyay)’ +(ajby —asby)?
Comparing the given equations, we obtain
xi=-l,yi=-1,z1=-1
ar=7,bi=-6,c1=1
x2=3,y2=5,22=7
a = 1,b2=—2, C2 = 1

Xo=Xp Y2=Y1 Z-z| |4 6 8

d=

Then, Then, | a b, ¢ [=]7 -6 1
5 b2 (%) 1 2 1
=4(-6+2)-6(7-1)+8(-14+6)
=-16-36—-64
=-116

= (b1cs —byc;)? +(cias — ;) +(aby —asby)> = y(<6+2)2(1+7)> +(14+6)°
= 16136+ 64
= 116
2429

Substituting all the values in equation (1), we obtain
116 58 -2x29_ ) o5

e I

Since distance is always non-negative, the distance between the given lines is 24/29 units.

Find the shortest distance between the lines whose vector equations are
f:(i+2}+312)+k(i+33+212)and T=4i+5]+6k+pu2i+3j+k)

We know that

Shortest distance between two lines T =4, +1b, and T =4, +1b, is

. (b, ¥b,).(a, ¥a,)
pos| |

Here, a, =1+2j+3k, b, =1- 3j+2k and

a, =4f+53+6f<, 52 =2i+3j+f<

10
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Now, - [Xli + Y1j + Zlfi) - (Xzi + Y2j + sz() =(x, - Xz)i +(y, - YQ)j +(z, - Zz)f(
\ & - 4 =(4i+5]+6k)- (i+2)+3k)= (31 +3]+3K]

Now, b, ¥b, =i - 3j+2k]¥(2i +3j+K]

i j ok
=1 -3 2/=-91+3]+9k
2 3 1
fi b, ¥b,=-9i+3]+9%k .....(iii)

fi \Bl ¥Bz\ = J(9) +3°+97 =/B1+9+81 =171 =319 . (iv)
Now, - (alf +bj+ cll;].(azf +b,j+ czl;) =aiay + biby + cic2

(b, ¥b,).(a, ¥a,) = (91 + 3]+ 9k] 31 +3j+3k] =27+ 9 +27 =9 ...(V)
Now, using (i), we have

The shortest distance between the two lines, d

_ ‘ 9 | 9 3

ENTIEN TN T

Find the shortest distance between the lines whose vector equations are
F=(1-1t)i+(t—2)j+(3-2t)kand

=(s+Di+(2s—1)j—(2s+Dk

The given lines are

f=(1-t)i+(t—2)j+(3 -2tk

=71 =(1—2]+3k) + t(—i + j— 2k) (D)
F=(s+Di+(2s—1)j—(2s+1k
=T =(i—j+k)+s(i+2]-2k) (2
It is known that the shortest distance between the lines, ¥ =4, +Ab; and T =&, +ub, is
given by,
d=|(BIXl€2)'(?1_52)| 3)
‘ b, 5| ‘

For the given equations,
d, =1-2j+3k

B =i+ 2k

gy =)k

b, =i+2j-2k



a,-a,=(1-)-k) —(1-2]+3k) = -4k

i j Kk
b, ¥b,=|-1 1 —2|=(2+4)i-(2+2)j+(2-Dk=2i-4j-3k
1 2 -2

fi b, ¥b,|=/(2)* + (-4)" +(-3)* =/4+16+9 =29
\ (b, ¥b,).(a,- &)= (21 -4]-3Kk).(j-4k) =4 +12=8
Substituting all the values in equation (3), we obtain

8 | 8

V291 29

Therefore, the shortest distance between the liens is % units.
29

12
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