RD Sharma Solutions for Class 11 Maths Chapter 9 — Values of
Trigonometric Functions at Multiples and Submultiples of an Angle

EXERCISE 9.1

Prove the following identities:
1. \/[(1 —cos 2x) / (1 + cos 2x)] = tan x
Solution:
Let us consider LHS:
V[(1 = cos 2x) / (1 + cos 2x)]
We know that cos 2x = 1 — 2 sin? x
=2cos’x - 1
So,
V(1 = cos 2x) / (1 + cos 2x)] = V[(1 — (1 - 2sin®x)) / (1 + (2cos’x - 1))]
=~[(1-1+2sin®x) /(1 +2cos?x - 1)]
=[2 sin? x / 2 cos? x]
= sin X/cos X
= tan x
= RHS
Hence proved.

2. sin 2x / (1 — cos 2x) = cot x

Solution:

Let us consider LHS:

sin 2x / (1 — cos 2x)

We know that cos 2x = 1 — 2 sin® x

Sin 2x =2 sin X COS X

So,

sin 2x / (1 — cos 2x) = (2 sin x cos x) / (1 - (1 — 2sin® X))
=(2sinx cos x) /(1 —1 + 2sin® x)]
=[2 sin X cos x / 2 sin? X]
= c0s X/sin X
=cotx
= RHS

Hence proved.

3.sin 2x /(1 + cos 2x) =tan x

Solution:

Let us consider LHS:

sin 2x / (1 + cos 2x)

We know that cos 2x =1 — 2 sin’ X
=2cos’?x—1
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Sin 2x =2 sin X oS X

So,

sin 2x / (1 + cos 2x) = [2 sin x cos x / (1 + (2cos’x - 1))]
=[2sinx cos x /(1 +2cos?x - 1)]
=[2 sin X cos x / 2 cos” X]
= sin x/cos x
=tan x
= RHS

Hence proved.

5. [1 - cos 2x + sin 2x] / [1 + cos 2x + sin 2x] = tan x
Solution:
Let us consider LHS:
[1 —cos 2x + sin 2x] /[1 + cos 2x + sin 2x]
We know that, cos 2x = 1 — 2 sin® x
=2cos’x—1
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Sin 2x =2 sin X coS X
So,
1 —(1—2sin’x) + 2sinxcosx

"~ 14 (2cos2x—1) +2sinxcosx
1—1+ 2sin“x+ 2sinxXcosx

14+ 2cos2x— 1+ 2sinXcosx

2sin®x+ 2sinxcosx
~ 2c0s2x + 2sinx cosx
2 sinx (sinx + cosx)
"~ 2cosx(cosx + sinx)
sinx

 COSX
= tan X
=RHS
Hence proved.

6. [sin x + sin 2x] / [1 + cos x + cos 2x] =tan x
Solution:

Let us consider LHS:

[sin X + sin 2x] / [1 + cos X + cos 2X]

We know that, cos 2x = cos’ x — sin® X

Sin 2x =2 sin X cOS X

So,

sin x - sin 2x sinXx + 2sinxXcosx
1 - cosx - cos 2x L+ cosx+ (2cos2x— 1)

sinx + 2sinxcosx
1+ cosx+2cos?x—1

sinx+ 2sinxcosx

~ cosx + 2cos2x
sinx (1 + 2 cosx)

" cosx(1+2cosx)

sinx

© COSX
=tan x
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=RHS
Hence proved.

7. cos 2x / (1 + sin 2x) = tan (7/4 - X)
Solution:

Let us consider LHS:

cos 2x /(1 + sin 2x)

We know that, cos 2x = cos? x — sin® x
Sin 2X = 2 sin X cOS X

So,

cos 2x cos’x —sin®x

1+sin2x 1+ 2sinxcosx
(cosx — sinx)(cosx + sinx)

" sin?x + cos2x + 2 sinx cosx
(since, a?—b?=(a-b)(a+b) & sin* x + cos?x = 1)
(cosx —sinx)(cosx + sinx)

(sinx + cosx)?2
(since, a2 + b2 + 2ab = (a + b)?)
(cosx —sinx)(cosx + sinx)
0 (sinx + cosx)(sinx + cosx)
(cosx —sinx)
- (sinx + cosx)

Multiplying numerator and denominator by 1/7/2
We get,

1 (cosx — sinx)
=
V2

1
—(sinx + cosx
YL )

(L COSX — Lsimx;)
2 V2

(1 1 )
—sinx + ——=cosx
(\E V2

. TO m
(51111 COSX — CDSE SlIlX)

= l ']T I ‘]T
(511115111x+ COSZ COSX) - S
(since, 1/Y2=smnm/4)



RD Sharma Solutions for Class 11 Maths Chapter 9 — Values of
Trigonometric Functions at Multiples and Submultiples of an Angle

sin (g — x)

COS (g — x)
By using the formulas,
sin(A—B)=sinAcosB-sinBcos A
cos (A—B)=cosAcosB+sinAsinB
=tan (m/4 - X)
=RHS
Hence proved.

8. cos x/ (1 - sin x) = tan (/4 + x/2)

Solution:

Let us consider LHS:

cos X / (1 - sin x)

We know that, cos 2x = cos? X — sin’ X
Cos x = cos’ x/2 — sin® x/2

Sin 2X = 2 sin X COS X

Sin x = 2 sin X/2 cos x/2

So,

2x = 2x
=l B 10 B

1 —sinx 11— 2sinj cos}
() 3+ 0
cos3 — sin5 ) { cos5 + sin;

X X X X
ine = 2= i — —_
sin 2 + COos 7 + 2 51112 EDSE

(By using the formula, a —b?=(a-b)(a+b) & sin?x +costx=1)

2 2

(sin% + cos %)2

(By using the formula, aZ + b2+ 2ab = (a + b)?)

(o5 - sn3) (s + 5n3)
_ CDSE SlI'l2 cos 11

(CDSE — sinﬁ) (c05§+ sinﬁ)
2 2

_ 2 2
- (sin% + ms%) (sin% + ms%)
_ (cnsi — sin%)

(sin% + cos %)
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X, . X
(msi + smi)
(3= cos}
sins — cos>
Let us multiply numerator and denominator by 1//2

We get,
1 X
— | coss + sins
5 (cos3+sin3)
1 X
—|sins —cos=
- (o3 )
1 X x)
— (0855 + —= 5111
(Geosz+ o
(L smx 1 CDSE)
V272 22
T X m. X
- (smg oSy + cosy 51112)
N (sm1T 5111E — n:n::tsaJT msx)
2 4 (since, 1/N2 = sin n/4)
sin(g > X)
COS {— — X)
= tan (/4 - X)
=RHS
Hence proved.
T 3T BT T
9. cusz—l — cusz—l — cuszo—l — cusz—l =2
e 5
Solution:
Let us consider LHS:
—_— — m— —
IEI:I-S21 - CDSE:}—” - lIZI:!S2 J—” - CDSET—”
8 8 8
We know that cos 2x =2cos?x - |
Cos2x+ 1=2cos’x
Costx=(Cos2x+ 1)/2
S0,
T 3?_ F.l T.l
CDSE—I -T- lEI:IS2 I -T- lEI:I-S2 o7 CDSE—I
o o o N
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10m 14m

ZL—H:(}SEB—FJT 1+m568_ﬂ 1+c05? 1+c05?
= + + +

2 2 2 2

- 1+mszg—ﬂ+1+'3'35(“_28_“)+1+m5(ﬂ+zﬂ_ﬂ)+l+ms(2ﬂ_gﬂ_ﬂ)

2 2 2 2
[ 2m 6T 2w 10m 2T l"—ITII}

Mg T "tE T8 " T8

1+ msz—1T 1-— CGSE—T[ 1— CGSE—T[ 1+ ::u::tsz—1T
_ 8 8 , 8
2 2 2 2
{we know, cos (T— A)=-cos A,cos(m+ A)=-cos A &cos (2m—A)=cos A}

1+c052—ﬂ 1_':052_11
el TP -
2 2

21 210
=1+ cnsE+ 1-— r:c-s?
=2
=RHS
Hence proved.

T 3T s T
10. sinzg 1 sin?2t £ sin?Tn o+ sinzgl — 2
Solution:
Let us consider LHS:
. T . 9OT . 90T . T

sin“— + sin + sin“— + sin”—
8 8 8 8

We know that, cos 2x=1—2sin’ x
2sin? x = 1- cos 2x
Sin? x =(1 — cos 2x)/2
So,
21 6T 10m 14m
l—ms? l—ms? l—n:n:rs—8 l—n:n:rs—8

T2 T2 Tz T3

:L—mrsz—1T l—ms(ﬂ—z—ﬂ) 1—1:05(114—2—“) l—CGS(ETII—E—T[)
_ . 8_|_ > 8 n S 8 n > 8
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{__ 2T 6T +E1T 101 5 21 14’1‘[}
Mg =g " g T g " g g
2 2
1—1:1::.52—’JT 1—(—1:05—“) 1—(—1:05—“) 1—1:052—“
_ 8_|_ 8 n 8 " 3]
2 2 2 2

{we know, cos (T— A)=-cos A, cos(T+A)=-cos A &cos (2m—A)=cos A}

iL—n:u::tszg—’JT iL—I—n:u::stE—1T 1+E0528_1T 1—1:»:}52'18;JT
= + + +

2 2 2 2
1-— cos%—ﬂ 14—':1:}5%JT
=2X—F+2X—
2 2
1 2T[+ 1+ °n
=1-—cos— COS—
8 8
=2
=RHS
Hence proved.

11. (cos @ +cos B)* + (sin o + sin B)> = 4 cos’ (a - B)/2
Solution:
Let us consider LHS:
(cos o+ cos B)? + (sin a + sin B)?
Upon expansion, we get,
(cos o+ cos B)* + (sin o + sin B)* =
= cos® o+ cos? B+ 2 cos a cos B+ sin® o + sin® B + 2 sin a sin B
=2+2cosacosP+2sinasinf
=2 (1 +cos acos B+ sin a sin B)
=2 (1 +cos (a-P)) [since, cos (A —B)=cos A cos B + sin A sin B]
=2 (1+2cos?(a-B)2-1) [since, cos2x = 2cos* x — 1]
=2 (2 cos? (o - B)/2)
=4 cos? (o - B)/2
= RHS
Hence Proved.

12. sin® (/8 + x/2) — sin® (n/8 — x/2) = 1/72 sin x
Solution:

Let us consider LHS:

sin? (n/8 + x/2) — sin® (/8 — x/2)
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we know, sin? A — sin? B = sin (A+B) sin (A-B)
S0,
sin? (/8 + x/2) — sin? (n/8 — x/2) = sin (n/8 + x/2 + n/8 — x/2) sin (n/8 + x/2 — (n/8 — x/2))
= sin (n/8 + n/8) sin (/8 + x/2 - w/8 + x/2)
= sin /4 sin X
= 1/\2 sin x [since, since m/4 = 1/\2]
= RHS
Hence proved.

13. 1+ cos? 2x =2 (cos* x + sin* x)

Solution:

Let us consider LHS:

1 + cos? 2x

We know, cos2x = cos’ X — sin’ X

cos?x +sin’x =1

50,

1 + cos? 2x = (cos® x + sin’ x) 2 + (cos? x — sin® x) 2
= (cos* x + sin* x + 2 cos? x sin® x) + (cos* x + sin* x — 2 cos? x sin’ x)
= cos* x + sin* x + cos* x + sin* x
=2 cos*x + 2 sin* x
=2 (cos*x + sin? x)
= RHS

Hence proved.

14. cos® 2x + 3 cos 2x = 4 (cos® x — sin® x)
Solution:
Let us consider RHS:
4 (cos® x — sin® x)
Upon expansion we get,
4 (cos® x —sin® x) = 4 [(cos® x)* — (sin® x)’]
=4 (cos® x — sin? X) (cos* x + sin* x + cos? x sin’® x)
By using the formula,
a’—b*=(a-b) (a> + b* + ab)
=4 cos 2x (cos* x + sin* x + cos? x sin? X + cos? x sin’ X — cos? X sin)
We know, cos 2x = cos’ X — sin’ X
So,
=4 cos 2x (cos* x + sin* x + 2 cos? x sin® X - cos’ x sin? x)
=4 cos 2x [(cos? x)? + (sin? x)*> + 2 cos? x sin” X - cos” x sin? x] We know, a° + b?
+2ab = (a +b)’
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=4 cos 2x [(1)*> — 1/4 (4 cos? x sin® X)]
=4 cos 2x [(1)* — 1/4 (2 cos x sin x)?]
We know, sin 2x = 2sin X cos X
=4 cos 2x [(1%) — 1/4 (sin 2x)?]
=4 cos 2x (1 — 1/4 sin? 2x)
We know, sin’ x = 1 — cos® X
=4 cos 2x [1 — 1/4 (1 — cos? 2x)]
=4 cos 2x [1 — 1/4 + 1/4 cos? 2x]
=4 cos 2x [3/4 + 1/4 cos® 2x]
=4 (3/4 cos 2x + 1/4 cos® 2x)
=3 cos 2x + cos® 2x
= cos’ 2x + 3 cos 2x
=LHS
Hence proved.

15. (sin 3x + sin x) sin x + (cos 3x — cos x) cos x =0

Solution:

Let us consider LHS:

(sin 3x + sin x) sin X + (cos 3x — cos X) cos X
= (sin 3x) (sin x) + sin® x + (cos 3x) (cos x) — cos’ X
=[(sin 3x) (sin x) + (cos 3x) (cos x)] + (sin® x — cos® X)
= [(sin 3x) (sin x) + (cos 3x) (cos x)] — (cos? x — sin® x)
=cos (3x — x) — cos 2x

We know, cos 2X = cos” X — sin” X

cos A cos B+ sin A sin B = cos(A — B)

So,
= C0S 2X — Cos 2X
=0
= RHS

Hence Proved.

16. cos® (r/4 - x) — sin” (7/4 - X) = sin 2x

Solution:

Let us consider LHS:

cos” (m/4 - x) — sin? (/4 - x)

We know, cos®> A —sin®> A = cos 2A

So,

cos? (m/4 - x) — sin® (/4 - X) = cos 2 (n/4 - X)
= cos (/2 - 2x)
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= sin 2x [since, cos (/2 - A) = sin A]
= RHS
Hence proved.

17. cos 4x =1 — 8 cos* x + 8 cos* x

Solution:

Let us consider LHS:

cos 4x

We know, cos 2x =2 cos” x — 1
So,

cos4x =2 cos?2x — 1
=2(2cos?x—1)>—1
=2[(2 cos?x) 2+ 12 —2x2 cos* x] — 1
=2(4cos*x+1—-4cos’x)—1
=8cos*x+2—-8cos’x—1
=8 cos*x+1—8cos’x
= RHS

Hence Proved.

18. sin 4x = 4 sin x cos® x — 4 cos x sin’ x

Solution:

Let us consider LHS:

sin 4x

We know, sin 2x = 2 sin X oS X

cos 2X = cos” X — sin’ X

So,

sin 4x = 2 sin 2X cos 2X
=2 (2 sin x cos x) (cos® X — sin® x)
=4 sin x cos x (cos® X — sin? x)
=4 sin X cos® x — 4 sin® x cos x
= RHS

Hence proved.

19. 3(sin x — cos X)* + 6 (sin x + cos x) > + 4 (sin® x + cos® x) = 13
Solution:

Let us consider LHS:

3(sin x — cos x)*+ 6 (sin x + cos X) 2 + 4 (sin® x + cos® x)

We know, (a +b)?> = a? + b*>+ 2ab

(a—b)>=a’+b’>-2ab
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a’+b*=(a+Db)(a’>+b*-ab)
So,
3(sin x — cos x)* + 6 (sin X + cos x) 2 + 4 (sin® x + cos® x) = 3{(sin x — cos x) 2}% + 6 {(sin
x)? + (cos x)? + 2 sin x cos x)} + 4 {(sin? x)* + (cos? x)*}
=3{(sin x) 2 + (cos x)* — 2 sin x
cos x)}2 + 6 (sin? x + cos? x + 2 sin x cos x) + 4{(sin? x + cos? x) (sin* x + cos* x — sin® x
cos® x)}
=3(1 -2sinxcosx)?+6(1+

2 sin x cos x) +4{(1) (sin* x + cos* x — sin® x cos? x)}
We know, sin? X + cos?> x = 1
So,

=3{12+ (2 sinx cos x) 2 —4 sin x
cos X} + 6 (1 + 2 sin x cos x) + 4{(sin? x)* + (cos? x)*> + 2 sin’ x cos® x — 3 sin® x cos? x)}

=3{1 +4 sin’® x cos’ x — 4 sin x
cos x} + 6 (1 + 2 sin x cos x) + 4{(sin? x + cos? x) ? — 3 sin® x cos? x)}

=3+ 12sin’x cos>x — 12 sin x
cos X + 6 + 12 sin x cos x + 4{(1)?> — 3 sin® x cos® x)}

=9+ 12sin’x cos’x +4(1-3
sin’ X cos’ X)

=9+ 12sin’x cos>x +4— 12
sin? X cos” X

=13

= RHS
Hence proved.

20. 2(sin® x + cos® x) — 3(sin* x + cos* x) + 1 =10
Solution:
Let us consider LHS:
2(sin® x + cos® x) — 3(sin* x + cos* x) + 1
We know, (a + b)? = a? + b*> + 2ab
a’+b’=(a+Db)(a’+b>—ab)
So,
2(sin® x + cos® x) — 3(sin* x + cos* x) + 1 = 2{(sin® x) > + (cos? x) *} — 3{(sin® x) > +
(cos? x) 2} +1
= 2{(sin’? x + cos? x) (sin* x + cos* x — sin? x
cos? x} — 3{(sin? x) 2 + (cos? x) 2 + 2sin® x cos® x — 2sin? x cos? x} + 1
=2{(1) (sin* x + cos* x + 2 sin® x cos* x — 3
sin x cos? x} — 3{(sin? x + cos? x) ? — 2sin” x cos® x} + 1
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We know, sin® x + cos? x = 1
=2{(sin? x + cos? x) 2 — 3 sin? x cos? x} — 3{(1)* -
2sin’ x cos® x} + 1
=2{(1)*> - 3 sin® x cos® x} — 3(1 — 2sin® x cos?* x) + 1
=2(1 -3 sin’ x cos> x) — 3 + 6 sin” x cos? x + 1
=2 —6sin? x cos? x — 2 + 6 sin? X cos? x
=0
= RHS
Hence proved.

21. cos® x — sin® x = cos 2x (1 — 1/4 sin® 2x)
Solution:
Let us consider LHS:
cos® x — sin® x
We know, (a+b)?=a’+b? +2ab
a3 — b® =(@—b) (a2 + b2+ ab)
So,
cos® x — sin® x = (cos? x)? — (sin® x)°
= (cos? x — sin® x) (cos* x + sin* x + cos® X sin? x)
We know, cos 2x = ¢os’ X — sin’ X
So,
= ¢0s 2x [(cos® x) 2 + (sin® x) 2 + 2 cos? x sin? x — cos? x sin® x|
= c0s 2x [(cos? x) 2 + (sin? x) 2 — 1/4 x 4 cos® x sin® X]
We know, sin’ X + cos” x = 1
So,
= cos 2x [(1)> - 1/4 x (2 cos x sin X) ?]
We know, sin 2x = 2 sin X cos X
So,
=cos 2x [1 — 1/4 x (sin 2x) 7]
= c0s 2x [1 — 1/4 x sin® 2x]
= RHS
Hence proved.

22. tan (/4 + x) + tan (/4 - X) =2 sec 2x
Solution:

Let us consider LHS:

tan (1/4 + x) + tan (/4 - x)

We know,
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tan (A+B) = (tan A + tan B)/(1- tan A tan B)

tan (A-B) = (tan A - tan B)/(1+ tan A tan B)

So, ) )

tany + tanx tang — tanx

T m
t —_ 1 <4t —_ = — - —
an(4 X) an(4 %) 1 —tangtanx 1+ tanjtanx|

We know, tan /4 = 1
S0,
l1+tanx 1—tanx
- 1-— tanx+ 1+tanx
(1 +tanx)? + (1 — tanx)?
- (1 —tanx)(1l+ tanx)
We know, (a—b) (a + b) = a’— b?;
(at+by=a’+bl+2ab&
(a—b)l=a’+b?—2ab
S0,

12+ tan®x+ 2tanx + 12 + tan®x — 2tanx
N 12 — tan2x
1+tan’x+ 1 +tan’x

1—tan®x
2(1 + tan®x)

1 —tan®x
We know, tan X = sin x/cos X
S50,

- 2
smx)
2 (l + (msx )
L (sinx)?
COSX
sin® x
C0s2x
B sin?x
COS2X
5 cos?x +sinx
COS2X
c0s2x — sin?x
C0s2x

2(1—!—
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We know, coslXx+sin?x=1&cos2x=cos!Xx—sin’x

S0,
2 (-:-3512 x)

C0S2X
Cos2X
2
~ Ccos 2x
=2 sec 2xX (since, 1/cos2x = sec 2X)
=RHS

Hence proved.
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