Class 12 Mathematics Chapter 7: Integrals

Short Answer

Verify the following
s2x—1

1. J 2x+3

Solution:

1
= Jld1—4jzl 3&
= [rdv-2f ]3‘“

it —

2

= _1'-—2!ng|2"€;3

= X-log| (2 +#8)%-1log 2° +C
= X-— Iogl!(z.\’ +8)° ] +Cy = RH.S.

LHS =RH.S.
- Hence Proved

j 2x+3
2. 3
Solution:

2+ 3
s frk}

¥ +3x
Putting, a3y =1

So, (Zv+ 3) dy = di

LHS.= |

i

1—2log

1]

+C = x-log

dx=x-log|(2x+3P|+C

[Dividing the numerator by the
denominator|

I] i A %J% dx
v+

2
.\'+é|+C
2

[ 2.1‘2+ 3)“ e

[~ 1 log m = log ")

|where C, = C - log 27

dx =log x> +3x| + C

— j‘? = 10gif‘::h}g|.\.3 4—3\1[+C=R-H.S-

LHS. =RHS.
- Hence proved.

Evaluate the following:
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J- (IE +2 } dx
3. X+ 1
Solution:

2
P

Let I= | dx

r+1

So, 1= I[{-"-ih

Performine long
division of the mven
integeral, we have

X+ I).\'f+2 (.'l.‘—l

x+1
X +x
S j(x —]}:’I,\'+3J- dy ) )
x+1 — _—x+4+2
il
-
- %—.t'+3lng|_r+l|+c IH"“]
Therefore, 3
I= "‘?-.\ +3loglx+1)+C
Eﬁiagx o E‘Slﬂgr d
.[ SHoer _ logs
Solution:
Lalog 2 _u"I\-HA' = rln:-p,a' —plogx &
Let "l = Jle-llngx R = '—[,Iuga" T ¢in
=y (Usmg properties of
= Iﬁdff logarithms)

1
Theretore.

[ = |x%dx=

1+cosx)
(+cosx) ;o
5. X+sinx
Solution:

1+ cos A
fo [LES,

T+siny

2004 _ 3
= IMEH = j\':d_1'=l.13 L e

Putting, Y+simy =t = (1 +cosx)dy=dt
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S0, | = J? =log|t|=log|x+sinaf+C
Therefore,
L= log|t|=log|v+sina]+C

=

6. 1+cosx

Solution:

dx _ J‘ dx

L'It I:
S I']+c05\ 2 cos? 1/2

X
[ 14 cos ¥ = 2 cos? E]

- l.[’;"xz 2 dy = 1.2 tant+C = tan> +C
2 2 2 2 2
Therefore,

I= lan£+C
2

J‘tanz: xsec” xdx
Solution:

Let 1= _[tan2 x.sec’ v dx
- J'tar'n.2 v sec’ x.sec” vy - Jtnnl 1 (1+tan? x).sec? v
Putting, tan v=¢, = sec X dy = dt
1= [ +1?)at = [+ t*yar = [ ar+ [ttt

1 5
tan” x +—tan® x +C

i +;r" = L. -
3 3 3

3
Therefore.

1= 1 tan” x +l tan® x +C
3 5

JB[I]I+LDSI

1+ sin 2x

Solutlon.
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,[ SIN Y 4+ Cos Y
J1+2sinxcosx
(sin ¥+ Cos 1)

Let | = dx

= J' dx
Jsin? x + cos? v + 2 sin ¥ cos x

sSin X + cos 2\ sin v 4 cos x
dy = _[— dy

J(sin X+ cos 1) SiN Y 4+ Cos X

= J- 1 dy

=1+ C _where C is a constant
Therefore,
I=x+C

0 Jﬁ“‘!‘Siﬂ.\'dx
S.olution:
Let] = j',,'l +siny dx

- J'J(sinz -'%-i-cosz;;--q-zﬁin % cos %] dy

2
. 4 X o,
J'J(am X Cos 2) dy = I[sms-ﬁms E)d.\

Iﬁin%i‘i+jt‘-_¢5%ﬁx =—2cns-';-+25in-';—+c

]

Il

= Z(s.ln % - (0% %] +C , where C is a constant
Therefare,
o

1=2[sin'—§-ms'—2-)+c

X
——dx i _
J (Hint : Put /x =2)
10. AJx+1

Solution:
X
i = dy
Let__ | IJT+1
Put V3 =t = 1= . dv=2t.dt
So 2 3 3
» te .28 .dt b F+l1-1
-J Pl "2-[;+1rﬂ_ I e
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J-(r+l;- -t+1)
t+1

2[4t + 1t 2] ——d

1
dt - zjmm

.
-

ot
=2 -———-+l}-2lo*f+1
3 2 A
[ A2 ;
= - 13 —%+ﬁ]—2lagiﬁ+1|+c
Wx oA
= 2-—'_;—-5'1" _\-_lﬂg‘ﬁ-}-'ll}-}-c
Therefore,
_2[%—'—54- _t—log‘uq+1|}+t
J' a+x
11. a—x
Solution:
Tt I_J' ﬂ-l"l..dx
_J' A+ ﬂ"'"- J‘ a+x
SN |
a+ X
*—'di— ez | ————=olr
J\H —1 J-.Iia‘—l'g J'llﬂi—)_"'
Let's consider, ] = I, + 1,
X
Now, I, = dx = a.sin” —+C
J\,—n — :
J‘jidn.
Putting, a*—x% = t =5 - 2x dy = dt
vy = L.
-2
1
Heuce,lju—EITu-—fo_g_,,Jﬂ —12 +C;
As, l=1+1,

. -
= asin”! =+ C, = Ja® =1 +C;
f
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. 1= asin™’ }——1,!112 =x* +(C, +G,)
a

Therefore.l = asin”™ e J& =12 +C [C=C,+C,
a
1
x2
J 3 dx (Hint : Put x = z%)
12. 14+ x¢
Solution:
A2 2
] F+1)r ¢
Let,lzf 1”d_1' +) (
1+x™ E—}f Iiil
Putting, v = ! = dv=4"dl o
.4 i°
= | ——t = 4 it
1+ -[1 N

1}

Ldt

4][:2 -Ff—ii]m = 4[# dt -

Let's consider, | = [, - 1,
q

Now. r=qﬁm=4?+q %5“+Q

Putting, '+ 1=z = 38 dl=d=

Fm=§&
Se, I,= ;j% = %lobh.HLq = Iog[a‘ +1|+C3
= i_:logl(.r)' "i‘]l'f"::z
As, l=I-1,
4
- G- +1|-C
31 + !

) g[‘ “'0‘8-|(~"}" +]]:|+C1—C3

Therefore, | = %[1-“ ~log |(x)™" +1H +C [+ C=C -G,

j\fl-i-xj
5 elx
x

Solution:
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1+ x"
Let, 1= [¥——dv

—J 1-:_; —dx —J\J—H—d\

Talc:ing,L1 +1=

;
So, r—gd_r =2tdl = E = — F di
1 X
3 1 - ]
- - i fi‘.ﬂ' - — f‘f":—'-——'f“f'c
1= JH( tdy == -
1 1 sk
Therefore. | = ~—(—., +1] +C
s
_[ dx
2 =2
14, V16 —9x
Solution:
J16 - 91
1 dx 1 dx
E 5-[ 16 : EI

dx X

in~! v |—=sin B
sin 3 +C l: I = [ -

B

Therefore. | = %sin-l 3_‘ +C.
J' dr

V3 —2f
15.
Solution:
dl

[ g :
J3t -2t J_Z[r:_ r)

2

Let, I =
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1 it
= _EI - :; 59 [Making purf{'C:
o f e square
J( R m] 1
1 dt 1 dt
4 16 16 4
4 3
1 di 1 -1 _4
b Lo e
JE-[ = e 7 sin 3
U ‘(*' ] 4
44 -3
- %sin : fB +C
s« Lo [229]
Thenefme,l—\ri sin [ 3 +C.
Jx—1
£
I e -
16, 4%+
Solution:

1

Let,l—JﬁT IJr—+ J\f—

I=1-1

Now. |, = J%’d«f

Putting. 1*+9 = = 2vdyv=dl
Sa, vdy = —dt

. f-j—=-:»:«:f"+f:i =3/ +94C,
dv = log l.r+1/'.1'2 +{3]9|+C2
dx =log |.1' +VA |+C}

ay

& ;_ . S S
I jmd.x jm

== ‘l
= log I.n' +yx? +9| +C,

3 % It

= 3 a7 +9+C, - log ’.1' + ¥ +‘J|- Cs
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= 332 +9 —log [x + 1 +‘)|+{"C1 ;)
Therefore, 1= 3/x* +9 —log‘.1‘+ e +9‘+C

J\JS x4+ xtdx
17.

Solution:

Let | = I,p‘ﬁ -2y +2? dx = J,f.r:' =25+ 5 dx

= _[sz =21 +1=1+5dx (Making perfect square)

[ =17 +ady = [Yr-1) + 2 av
. ‘—;' (x =192 +(2)° +%Iog|{1‘-l)+m:"|+(f
(x=1) +4x 4 1-254d] +C

. 1; LT 205 +2logl(x 1)V 2143 #€

}+c]

- TT--I ¥ 1-2x+4+2log

Therefore,
I'= TT_I X _it+5+2[“‘6[(-1'—1}+\|’.11—2.\'+5|+C
X
j 3 dx
—1
18. ¥
Solution:
Let, 1= [ L
' x =1 )
Putting, ¥ = # = 2vdv=dt = viy= ?*
1 di 1 dt 1 1 P—1
T ot el Ly
2721 2P -1y 2'2-1 P|t+1
1 x—a
= fv=—Ilog|——| +C
[ Il*-azr a ‘grﬂr :[
1 A =1
= —lo 3 +C
2 5|2
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R |

= +C
¢+

Therefore, | = 1 log
4

2

J T _dx put x> =t

19, " 1=x

Solution:

Let 1= [X gy = X i
JI—.L'" ! ‘[(]—1"]{1+_1"‘]£

Putting. x* = t for the purpose of partial fractions.
We get !
(1-6X1+1H)
Resolving into partial fraction, we have
t A B
- -
(-840 A=t 1+
[where A and B are arbitrary constants]
So t A+ D+ B(1-1)
C-nasn Q-6+
= f=A+Al+B- B!
Comparing, the like lerms, weget A-B=1andA+B=0
On solving the above sgautions, we have

1 1
'2a“dﬂ__§ ;
1/2 =1/ .,
= | ——dx — dx utting £ = 1°
Now, | '[]-_1'“ +-fl+.1‘ X (Pulting t =x7)
11 I
= ——log|————=tan v+ C
221 Bl1-x|" 2
= 11{1 ]+'l|—1tcm 2
4 1-1%
Therefore. | = l]i;:pg 14 —ltan ‘x4 C
4 T 1-=-x| 2
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Letl = _|.‘,f2m‘ —x? dv

- J —(x* = 2ax) dx = J-J—(.l'l — 200 +a° —a*) dx

[T =af -] dx = [J@ —n—aF

= 1;ﬂ1” ~(x—a) +fg-'-zm 1(1‘-‘1]4‘{:
a
[ V& -2 dx=>Aa? - +£sin"i+c]
2 2 a
=% o —2m+.-i)+ﬂ—2-5in'T[—l;"]+c
= 't_um+n—5in"['r_“]+c
2 @) a
Therefore, | = I;ﬂ J2av-a? +£2F-sin"’(——-1 _H) +C.
. a
sin'x
[——
(1—x%)2
Solution:
Let I's I—sin-lx dv
; : ﬁ__xl_]'s_}z -

Putting, v =sinf = dx =cos 840
- j sin"(sin B)

cos 0 do
(1-sin” B}
B.cos 0 48 8. coa ¢
= j 32 '_'I e
{cm 0y cos’ B
. j d& je w: 0o
cos’

e.]‘s.cc~e d6 — [(D(). [sec” 0.a8)
[ vvdv=u.|vdv- J(D{H)Iv rh:) dv + C‘]

[ |

6.tan 8— [1.tan 6 d6
=0.tan 8 -log sec 6+ C
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= sin~! 1\,1_‘ —Iog|,jl - 1‘3|+C
4=k
when x =sin 6
x

stanB= and secB = .,."l -x
\rjll =7 .T:

1

Therefore. | = i-m# |Og!1,'l - .1'3| +C

J1-1° )

_[(COS S5x +cos4x)

X
22. 1—2cos3x
Solution:
x4y 5x —4x
COs 51 + cos 4y 2cos — _— .COS — TS
= = I—2cosar. n dx
" 'I-ZEZ-::os? ' —1]
S . 9% v [Using trigonometric
- [ 0 5 Py e [ 2y identities]
1_4":05:3}+2 3—4cos’ Bi—t
gL X 3x
2 0058 —. 005 — 2 CO5 —-.C08 —.C0S
- o[ —2—2av-- s e W
4:0523_“?._,_ ' 4':05:1 3x B 3y
2 2 5
[I\-lultiplying and dividing by cos %}
chng Cos : COS CA:
- ,..J’ 2 2 2 4y
cos 3 3
2

['s cos 3y =4cos’ ¥ -3 cos x|

9y hY 3x
2 cos ) .CO% 2.c05 2 Iy %
- dy = = | 2 cos —.cos = dy
| J2 cos =-.cos

cOs L
2

o3

- J (cos 21 + cos x) dx
| 2cos A cos B =cos (A+ B) + cos (A-B)]
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= - Jt:mi 2xdy - I-:u:.«: rdy = - % sin 2y =siny +C

Therefore,| = - [% sin 21 + sin J.'] +C.

sin® x +cos® x
I = —dx
Sill” x COS™ x
23.

Solution:

jmn X+ cos” 1'd1 J-[qm x)* +{u:)1-. x)°
sin’ x.cos® v sin® x.cos” ¥

Let | =

J-(a.m x+cos? 1)’ -3::1!1: xcos” a(sin® x + cos® 'l]d

sin” 1.cos” A
[ca™+ b =(a+b) —3ab (a+b)

j(lj ~3sin” X cos’ L[l)m

Sll'i 1{':05 ny

J1—331n ¥ cos® x
sin® v cos® v

[ 1 35in2.1'c1:-53_1']
= J - - - d

dv

sin‘acos’y  sin®acos’ x

sin® A +cos® x
J _ 3 d.\—_[j—f—.?. d
sin” ms X STV CosT Y

_[[ - Mn 1]—3]:11‘

bEC X+ cosec” x - 3)dx

= It:ec v dy +J'msec: Y= 3]1 dx
=tanxy-cota-+C
Therefore, | = tan x - cot 1 - 3v + C.

o i
“!'\

el ]_‘[;'a -7 J( Y22
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3 3‘ i 5 4
Putting, v =t = ;\']'2 dy =dt = x'*dy = Etﬂ
32

NOW, |= _I. ﬁ
X

Eblﬂ ': 1\,HC Esm ’[—;2—]+C

a1 a

=

Therefore, | = %s‘-in"(l] T%

L

COS X —COS2X
J _ dx
55, 1 —cosx
Solution:
COs X —C0s 2Y
Let I= J—:il‘
|l —cosx
L (2:\'—1')
2 sin .5in
= J' 2 2 /iy
.3 x
2sin” x/2 p— .
[ s C - cos D=2sin 5 sIn }
2 2
I k. . 3x . X
2 sin = .5in = sin 5 sin 3[2
J'___Z_l_.?;g_‘- =I - dx = J-——T-— dx
Dsin®= 2 sin 2 sirl'2
3 Sin -E = 4 Si!‘l:‘ 2 Smce
= J - © |sin3x=3sinx — 4 sin’ 1
sin -
2
sin 3 [3 ~ 4 sin” .1') 0
- [—£ 2/ 4y = _[[.3-4sin3'-]:1:r
o 2
sin 5

j[ﬂ—Z(l-cos.‘-:}]dI [ 2sin i—]—co&.t}

M

j{3 -2+ 2cos x)dx = I('l + 2 cos X) dx
r+2sinx+C
Therefore, | = x+2siny+ C.

Il

dx
jxm (Hint : Put x* = sec 0)

26
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Solution:

Lot | j' 11'_1' X dx
etl= _—

1'.\;.1"‘ -1 1“,{1"‘ -1
Putting_ v =sech
So. 2vdx = secOtan 640

xdx = %scc B tan B 40
sec @ tan @
Now. | = l = “51 df
2 :.ECBJSEC" 6-1
- TH (4
;o ji?._._t..‘" . ?-jme - BC
secB. tan @ 2 2

2
I iﬂuc" 2 3+C
5"

1 1 2
Therefore. | = 5 s~V xt +C)

Evaluate the following as limit of sums:

3

J(2 +3)dx
27.0 9
Solution:

2
Let 1 = (% +3)dx
0
Using, the formula,
b
[ fax = lim h[ flay+ fla+h)+ f(a+2m)+..+ flatn—1h)]
I} =k L

h-n

where It =

Here, wehavea=0andb=2

B 20
h=—— =2
1
Here, fx) =2*+3
H0)=0+3=3

fO+1) = (O+hy+3=h"+3
(O+20) = (0+2h)} +3 =4’ +3

------------------------------

FO+n=10) = (0+n—=1H7? + 30t -1)°h* +3
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MNow

2
_[ (x* +3)dx
0

lim W3+ +3+402 +3 4.+ —1)"1* +3]

= limh[(3+3+3 4..ctm)+{h* +4h tot (=101}

- limh| 3m + h:{] b urm—1H" }J

h=al] &
= lim/t| 3n + Ii° ”(”‘II{ZH—‘[)}

it | 6
["1+4+9+ +(n-1)° =”{”‘1}(2ﬂ—'l]]
2 :

lim [3”’1 N feon(n = 1) (2 — 1}]

=0 &
o [311!1 o ot — Ta)(2uh — h)}
h—0 6
2(2-0)(2x2-0) cnh=2
= [3x2+ z =0
- I3 x-rl] 8 26
=16+ =6+ =—
[ 6 8 '3
2
7 26
TJlereﬁm*e,j(-l‘ +3)dx = 3
0
Jex dx
28. ©
Solution:
let. 1= e’ dx
1
bh—a 2-0
Here,a=0and b=2 . 1= e h= ; sLnh=12

Now,  fx) =¢*
floy =¢"=1
O+l =" " =¢"
O+ 20 =¢° 2 g2h
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f{[j+,; = ”,} — 1'-‘ (TR 1:1'1:L,1|: 1h

Using _[f (x) dx
- lim n[ fla)+ fla+hy+ fla+2h)+...+ fla+n—1h) ]

J’r"' dr = lim .'.'[I po 4 e g el m’]
fi=0

1 St 1
= lim hﬁ%—}—}
=0 A |

Fi
_ alr” =1
[ a+ar+art +..+ar"! =(—1}}
r_n.

PPl ol ¥ -1
= lim - = T -
=0 ;3“ -1 1 ol { | ;!'_I‘Hr A !

h
Therefore. | = ¢° 1.

Evaluate the following:
j‘ dx

A R
29.
Solution:

dv j dx j e" dx
= ,-' = 2\_

D¢ +— 0f +1 Vvt 5
_ ¢ o

Putting.¢* =t = ¢'dy=dt

Changing the limit, we have

Whenv=0 o f=¢"=1

Whenx=1 . i=¢'=¢

Ncw

!

= [tan™ " t];

1

=4 —1 -1 T
=ltan "e-tan (1)| = tan " e——
[ ¢ ()] ¢ 7

Therefore. 1 = tan~' {r—%
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tan x dx

O et |

1+m” tan” x
30.
Solution:

n2

Let, [ = —_—
' '[[ 1+n tan”

sin x

wd .
COS X
- I —dX j
s SIN° X
O 1k —— v
cos” X
w - :
_l SN X €OS X

tan v
dx

2

]
n2

J

Putting, sin“x =t
2sinycosy a‘.x = dt

: dt
sinyecos vy = ?

Changing the limits we gel,

Sin x cos x
= e L
1=sin™x(1—n")

Whena =il

Now.

I -_11—-(1—:111')1'

sin X
cos X

dx

El A el d—"‘:_[ . 7 - T
COos™ Y+ s X l1-sin~x+m sin”x

st=sint0=0; Wheny =

log [1+ (m* —1)H]

F] ¢ I R
COS" X+ N siIn~ X

2
Cos™ X

2 Sin X €Os

dy

0

L
2

j'l +(m -1)t

=%[

- —[log{i+m =1)=log {1}]

Z{m
_log |m|
2(n* -1)

Therefore.| -

= !
nre =1

j‘[ dx
- J[x—l)(2+x)

Solution:

Ji
Iog ||
~k)

S |
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T dx
Let ] = j
1 {'1-1]':2_1}
_ j- du _ T dx
|J2.t—.1'3~2+1 Ty—X" +3x-2
- j dy
o= (6% =3x42)
= ] = T [Making perfect
IJ_[II __3,,‘_1_1 _,_4_1_2 square]
=f dy _ i d
V=33 =)
. R 4 4 \1- Z
r o 3\F
5 X -
= J dx - | sin™! 2
B g 3y ]
R )

5 -2

= [:ain"T(le 3)} =sin '(4-3)-sin '(2-3)
: 1

- sin (1) —sin (=1 =sin " (1) +sin ' (1)

=2sin ()= 2X ===

Therefore.l = it &



