9. Continuity and Differentiability

Exercise 9A
1. Question
Show that f(x) = x2 is continues at x=2.

Answer

Left Hand Limit: _‘l(i_nzl_f(x_} =ii_l_1:}'x2
=4

Right Hand Limit: ﬁlci_lg‘f(x) =zl{i_r'1:§.1:;2
=4

f(2)=4

Since, Llig f(x) = f(2)

- Tis continuous at x=2.

2. Question

Show that f(x) = (x243x+4) is continuous at x=1.

Answer

Left Hand Limit: lin} f(x) =1m; X*+3x+4
x—1- x—1-

=7
Right Hand Limit: }lci_r.rll.f(x) =J131Hxl1-x3 +3x+4
=7

1)y =7

Since, lin} f(x) = f(1)
s
- fis continuous at x=1.

3. Question

Prove that
(9
{X*—x-6 hen x = 3

fx) =4 x-3 ° WHELX = 21 continuous at x=3
| 5. whenx =3

Answer

LHL: lim f(x) =]im x*-x-6
e -3

x—3- X

=lim &(:_3] [By middle term splitting]

x—3- X-—
=limx+2
x—3-
=5

RHL: lillj} f(X) =lim ¥—x—6

x—3- x-3




1 (x+2)(

x—3- X-
=limx+2
X—3+
=5
f(3)=5
Since, lim f(x) = f(3)
x—3

- fis continuous at x=3.

4. Question

Prove that
x2 -25
{7. whenx =35
j:(x) =4 xX=5
1 10. whenx =5
Answer

LHL: lln;l f(X) =lim x’-25
X—5- x—5- X—5

;_3-] [By middle term splitting]

is continuous at x=5

=lim {‘“'L(’;_SJ [By middle term splitting]

x—5- X
=limx+5

x—5-
=10

RHL: lim f(x) =]im w25

x—5- X—5

=lim &(:_SJ [By middle term splitting]

x—5- X-—
=limx+5
X—5-
=10
f(5)= 10
Since, lim f(x) = f(5)
X—a

- fis continuous at x=5.

5. Question

Prove that
sin 3x
{ . whenx = 0:
fx)=4 x
{ 1. whenx =0
Answer

LHL: lim f(x) =lim sin3x
R x—0- X
=3

sinnx = n]

[lim

x—a X

is discontinuous at x=0



RHL: lim f(x) =li53.ﬁ?x
=3

f(0)=1

Since, ll_ll(l} f(x) =+ (0)

~ fis discontinuous at x=0.

6. Question

Prove that

[1-cosx
I—,,. whenx =0: _
f(x) = > is discontinuous at x=0

L. whenx=0

Answer

1-cosx

LHL: lim f(x) =lim

x—0- X

-

x—0- X

RHL: lim f(x) = lim =52

f(0)=1

Since, Li_l_rtl}f(x) # f(0)

- Tis discontinuous at x=0.
7. Question

Prove that

[2-x, whenx <2; _
f(x) =4 is discontinuous at x=2
| 2+x. whenx =2

Answer
LHL: lim f(x) =lim 2 + x
X—2- X—2-

=4



RHL; lim f(x) =lim 2 — x
X—2- X—2-
=0
lim f(x) # lim f(x)
X—2- X—2-
- f(x) is discontinuous at x=2

8. Question

Prove that

[3— X. whenx < 0:

flx) = . is discontinuous at x=0
l Xx“. whenx >0

Answer

LHL: li_l_lg-f(x) =!l(1113'3 —X

=3

RHL: )l‘iqn;‘f(x) =}1{iﬁn;':l(2

=0

}lci_l.l?l'_f(x) # li_l"r?}‘f(x)

-~ f(x) is discontinuous at x=0
9. Question

Prove that

oy [ 5x —4. when0 <x 13
X) =<

< is continuous at x=1
[_4:{‘ —3x, whenl <x <2

Answer

LHL: }l‘i_r.rll_f(x) =?l{i_r.111_5x -4

=1

RHL: .‘l‘i_r‘lll.f(x) =_‘1<i_r‘1}_416(2 - 3x

=1

f(x)=5x-4 [this equation is taken as equality for x=1 lies there]
f(l)=1

Since, }‘1_1.1} f(x) = f(1)

- Tis continuous at x=1.

10. Question

Prove that

o J X -1 whenl<x <2
X) = ¢

is continuous at x=2

Answer

LHL: 111121 f(x)=limx—1
bl

X—2-



=1

RHL: Jl‘i_n:}.f(x) =li_n;_2x -3

=1

f(x)=2x-3 [this equation is taken as equality for x=1 lies there]
f(2)=1

Since, LIB% f(x) = f(2)

- Tis continuous at x=2.

11. Question

Prove that

[ cosX. whenx = 0:
flx) =
\ —cosXx. whenx <0

L

is discontinuous at x=0

Answer

LHL: lillg_f(x) =_‘l(i_ng.cosx

=1

RHL: )l‘iwl_lgtf(x) =l§13_—cosx
=-1

}l‘i_l.xc}_f(x) + li_r.ré’f(x)

=~ f(x) is discontinuous at x=0

12. Question

Prove that
]-r‘x—a| whenx = a:
flx) =1 x ) "is discontinuous at x=a

) X —a
]\ 1. whenx =a
Answer

LHL: ll_fg f(x) =lim 2=

X—a- X—a
s —(x—a)
-4 T)
=-1
RHL: lim f()() =lim |
X—a- X—ga- X—a
=]im &2
X—a- X—a
=1

lim f(x) = lim f(x)
X—=a- X—a-
- f(x) is discontinuous at x=a

13. Question

Prove that



1
| =(x —|x|). whenx=0: _
fix) = \] 2 is discontinuous at x=0
[‘ 2. whenx =0
Answer

1 I 3 S
LHL: !l‘l_r.r(}_f(x) _11‘1_113'2 (x—|xD
TS L
—]l‘ryg_z(x (%)
= lim 2x

x—0-

=0

2 T .
RHL: li_lg_f(_X) —11_1'13'2 x—Ix])

=lim > (x— (x))

=0

f(0)=2

Since, llllg f(x) = f(0)

- Tis discontinuous at x=0.

14. Question

Prove that

r

.1
sin—, whenx =0 o | 2
X is discontinuous at x=0

f(x) =<
]__ 0. whenx =0:

Answer

li_ngsini =0

sini is bounded function between -1 and +1.
Also, f(0)=0

Since, Ll—l-]c]} f(x) = f(0)

Hence, f is a continuous function.

15. Question

Prove that

{ 2x. whenx < 2:

f(x) = 2. whenx =2: is discontinuous at x=2
o

w Xx“. whenx >2:

Answer

LHL: lim f(x) =lim 2x
X—2- X—2-

=4



RHL: )l(i_n:}_f(x) =i§1%_x2

=4

f(2)=2

Since, }‘I_I.Ié f(x) = f(2)

- Tis discontinuous at x=2.
16. Question

Prove that

(—x. whenx <0;
f(x) =4 1. whenx = 0: is discontinuous at x=0

X, whenx > 0:

“

Answer
LHL: lim f(x) = -x
x—=0-
=0
RHL: lim f(x) =lim x
x—2- x—+2-
=0
f(0)=1
Since, Ll_lg f(x) # f(0)
- fis discontinuous at x=0.

17. Question

Find the value of k for which

sin 2x
. Whenx =0; _
5x is continuous at x=0

f(x) = <
. whenx =0

Answer

Since, f(x) is continuous at x=0

= lim ™2 = f(0)
x—0 5x

sin2x

: -
= -lim =i
Sx—=0 X

1 —_—
= gx2—)\

NN

= A=
18. Question

Find the value of A for which

-
X"—-2x-3
—  whenx=-L. .

is continuous at x=-1

j:(x)= ‘{ x+1

7. whenx =-1



Answer

Since, f(x) is continuous at x=0

= lim ——— = f(0)
x—-—1 X+1

= lim (x—3)(x+1) -
w=—r=1 x+1

A

= limx—3 =)
=1

= A=-4

19. Question

For what valve of k is the following function continuous at x=2
{Zx +1, whenx <2

f(x) = < k. whenx =2
l 3x-1 whenx>2

Answer

Since, f(x) is continuous at x=2

= !lct_nz{ 2X+1 = chi_n;_Sx —1=f(2)

= :l(i_n;ZX +1=1(2)

k=5

20. Question

For what valve of k is the following function
{xl =0 .

flx) = - : whenx = 3:is continuous at x=3
\ k. whenx =3

Ans. k=6

Answer

Since, f(x) is continuous at x=3

= lim==2 =f(3)
x—3 X3

= lim (x—3)(x+3) =f(3)
x—3 x-3

= lim(x + 3) =f(3)
x—3

= k=9

21. Question

For what valve of k is the following function

kcosx .. m
rt—“x‘l 2

f(x) = {

is continuous at x=
. T
\ 3 ifx=—
2

2] A



Ans. k=6

Answer

. ;s 1] 4
f is continuous at x = =

= Inf(X)= £C)

= 1.1lkcosx
i n-2x 3
X—=—

kcos(E—h]

i = =E-
riu‘_l}énmg_—m—B[Herex . h]

i ksinh
= lim =3
h—0 mn-m+2Zh
. ksinh
= lim =3
h—-0 2h

R
2
:>k=6

22. Question

Show that function:

5 . 1 .
{x'sm—. ifx=0;, _
X is continuous at x=0

fx) = -
l_ 0.1fx=0

Answer

lim f(x) = lim x®sin~

x—0 x—0 4

As Iin&x2 =0 and sin(i] is bounded function between -1 and +1.
X— X

~ limx%sin= = 0
x—0 X
Also, f(0)=0
Since, lim f(x) = f(0)
x—0
Hence, f is a continuous function.

23. Question

[ ¥41 ifXsE

Show that: f(x) = - < is continuous at x=1
lx‘ +1, if x <1

Answer

. LHL: lim f(x) =lim x* + 1

x—1- x—1-
=2
RHL: lim f(x) =limx + 1
X—2- x—1-
=2
f(l)=2



Since, lim f(x) = f(1)
x—=1
~ fis continuous at x=1.

24. Question

-

Lad

1M

x’ -3, ifx<2;

Show that: f(x) = is continuous at x=2

. .
llx‘—l. ifx>2
Answer
: LHL: lim f(x) =lim x® — 3

x—=2- x—1-
=5
RHL: lim f(x) =lim x* + 1

X2+ X—2+

=5
f(2)=5
Since, lin1 f(x) = f(2)

X—Z
- fis continuous at x=2.
25. Question
5. whenx <

Find the values of a and b such that the following functions continuous.! ax +b. when2 <x <10
{21, whenx =10

Answer

f is continuous at x=2
lin; f(x) =lim f(x) = f(2)
X—2- Xx—=2+

1111;_(5) = 111%1+[ax ¥bl=5

f is continuous at x=10
‘l‘l_].'Tzl_f(X) =‘(lil’£1+f()() = f(2)
— 10a+b=21 ....... (1)
(1) - (2)

-8a =-16

a=2

Puttingainl

b=1

26. Question



|(asm2 (x+1),x<0;

Find the values of a and b such that the following functions f, defined as! is continuous

I tanx —sinx
b ——— - ¢

L o
at x=0
Answer
: fis continuous at x=0

B = By i)

' L g tanx—sinx
!l‘l_l."l'(}_(aSlIlz (x+1)) _xh_l},h[iﬁ ]

(asm (0+1) =1im [ ‘"‘"]
x—0+ "
a= lim [““”‘( gy

x—0+

. 1 .
— g sinx(——=-1)
= lim [cesx )
x—=0+ X

& sinx(1—cosx)
= lim [
x—0+ COSX X

-
e sinx .2sin’=
= lim [

x—0+4  COSXX ]

= lim [sinx .Zs’in:’-_f] XL

x—0+ XX CosX

=1x2xix1
4

SR

27. Question

Prove that the function f given f(x)=|x-3|, x € R is continuous but not differentiable at x=3
Answer

f(x)=|x-3|

Since every modulus function is continuous for all real x, f(x) is continuous at x=3.

3—xx<0

) =fx) = {2 35S,

To prove differentiable , we will use the following formula.

. f(x)—f . f(x)-f
lim & @) = |im o (a) = f(a)

x—a- X-a X—a-
. flx)—f(
LH.L lim =@
x—a- X—a
= lim =222
K—3- x-3
5 x-3
= lim —
x—3-%-3

R.H.L: Jjm f&-f@

X3~ X—a



3-x-0

= lim

x—3- x-3

Since, L.H.L & R.H.L, f(x) is not differentiable at x=5.

Exercise 9B

1. Question

(+5). whenx =0:
Show that function f(x) = is continuous function.

[(7x+5)
[_(5 —3x). whenx <0

Answer

Given:

il = {(7x + 5),whenx = 0;
(5 —3x),whenx<0

Let’s calculate the limit of f(x) when x approaches 0 from the right
Jim f(x) = lim (7x+5) =7(0) + 5

=5

Therefore,

xli_l_igj(x) =5

Let's calculate the limit of f(x) when x approaches 0 from the left
xli_g.l_f(x) = KlEIQl_(S —3x) =5 - 3(0)

=5

Therefore,

lim f() =5

Also, f(0) =5

As we can see,

Jim_f(x) = lim, f(x) = (0) = 5

Thus, we can say that f(x) is continuous function.

2. Question

[sin:\'. ifx <0;

) is continuous.
| x.ifx=0

Show that function f(x) =

Answer

Given:

_ (sinx,ifx < 0;
i =[P me

Left hand limitatx =0



lim f(x) = lim (sinx) = sin(0) = 0
x—-0" x—=0"

Therefore,

lim f(x)=0

x—0

Right hand limitat x =0

Jim f(x) = lim (x) =0

Therefore,

3(11_1'15}+ f(x)=0

Also, f(0) =0

As,

xll_r_g_f(x) = xll_nol+ f(x) =f0)=0
Thus, we can say that f(x) is continuous function.

3. Question

n

ol = whenx =1:
Show that function f(x) = { x 1~ * 7™ is continuous.
n. whenx =1
Answer
Given:
<1 wh
n, whenx =1
Left hand limitand x =1
lim f(x) = lim f(1 ~h) = g 20"
A G
—_hyn_ n_ B Ty D
lim G 1 lim e P lxm N xc.
h—=0 1-h-1 h—=0 -h h
. (1-h)"-1 . .
= —lim ———— (Because limc.f(x) = climf(x))
-0 X—a X—a

Applying L hospital’s rule (llm o e )
x—a g(x) x—a g'(x)
-n(1-h)"t

= ~ln(1-0)™* =n

= —lim
h—=0
Right hand limitand x =1

lim, f(x) = lim f(1+h) = o Gt
S - 0 (1+h)—1

(1+h)%-1 . (A+h)"
lim = lim
h—=0 1+h-1 h=0 h

Applying L hospital’s rule (llm @)

x—a B(x) x—a §/'(x)

s n—i
= i n(1+h)

lim =—==—= [n(1+0)**]=n

Also, f(x) = natx =1



As we can see that 1.,1}111_ f(x) = l.inil f(x) =f(x)

Thus, f(x) is continuous atx =1

4. Question

Show that sec x is a continuous function.
Answer

Let f(x) = sec x

1

Therefore, f(x) =

COsSX

f(x) is not defined when cos x = 0

And cos x = 0 when, x =% and odd multiples of% like —g

Let us consider the function
f(a) = cos a and let ¢ be any real number. Then,
: _n +
alﬂh f(a) ll}EEi f(c+h)
lim cos(c+h) = lim [cosccosh — sin csin h]
h—o0 h—0
= cos c lim cosh - sin ¢ lim sinh
h—0 h—-0
= cos c (1) - sin c (0)
Therefore,
lim_ f(a) = cos c
a—C
Similarly,
lim f(a) = f(c) = cos c
a-—c
Therefore,
lim f(a) = lim, f(a) = f(c) = cos c
a—c a—c

So, f(a) is continuous ata = ¢

Similarly, cos x is also continuous everywhere

™

Therefore, sec x is continuous on the open interval (—— _E)
2 2

Z

5. Question

Show that sec |x| is a continuous function
Answer

Let f(x) = sec |x| and a be any real number. Then,
Left hand limitatx = a

lim f(x) = lim_sec|x| = lim sec|a —h| = sec|a|
7] X—>a- h-0

X—a
Right hand limitat x = a

Kl_l.I:L f(x) = K1_1.n;1+ sec|x| = %1131) secla + h| = sec|al

Also, f(a) = sec |a|



Therefore,
lim f(x) = lim f(x) =f(a)
X—a X—a
Thus, f(x) is continuous at x = a.

6. Question

i [(2-x). whenx = 1;
Show that function f(x) = ;

l

is continuous.

_ X. when0=x <1.
Answer
We know that sin x is continuous everywhere

Consider the point x =0

Left hand limit:

Jim 0 = 1im_ (%) = im (S757) = 1im (F57) = 2

B o-h -h

Right hand limit:

Jim 160 =t (5) = Jim (S557) = Jim (557) =1

Also we have,

f(0) =2

As,

K1_1.1101_1‘()() = xlingj(x) # f(0)

Therefore, f(x) is discontinuous at x = 0.
7. Question

Discuss the continuity of f(x) = [x].
Answer

Let n be any integer

[x] = Greatest integer less than or equal to x.
Some values of [x] for specific values of x
[3]1=3

[4.4] =4

[-1.6] =-2

Therefore,

Left hand limitatx = n
lim f(x) = lim [X]=n-1
x—n x—n

Right hand limitat x = n
Yo 1) = B ] =
Also, f(n) = [n] =n

As ‘}_i};l_f(x) # l}}}}+f{x)



Therefore, f(x) = [x] is discontinuous at x = n.
8. Question
((Zx—l). ifx <2;
3x is continuous.

l =, ifx22

Show that f(x) =

\Vi

Answer

(2x—1),ifx< 2;

Given function f(x) = X,
(x) { ?;_—',lfx 22

Left hand limit at x = 2
lim f(x)= lim(2x—1) =2(2)-1=3
x—2" x—2
Right hand limitat x = 2
3x

xl_i‘ng+ f(x) = lim =

=_3(2] =3
x—+2 2

Also,

f(2) =22 =3
2
As
xl—i-lg" f(x) = ,cli“-h f(x) =1(2) =3
Therefore,

The function f(x) is continuous at x = 2.

9. Question

[x. if x =0
Show that f(x) = | Lif 0
1I X =

is continuous at each point except 0.

Answer

xifx# 0;
1ifx=0

Given function is f(x) = [
Left hand limitatx =0
1‘{1_1.1'51_f(x) — 11,1_1.% fl0—h)= 1111_1:1}J f(-h)=0

Right hand limitat x =0

x1_1_11&,{f(x) = }lllll}) flo0+h)= 11111110 f(h)=0

Also,

flo)=1

As,

Lim f(x) = lim, f(x) = f(0)

x—0 x—=0

f(x) = x for other values of x expect 0 f(x) = 1,2,3,4...
Therefore,

f(x) is not continuous everywhere expect at x = 0



10. Question

Locate the point of discontinuity of the function

i “3{3’—3;2 —23{—2). ifx=1L
| 4. ifx =0

Answer

(x3—x%2+2x-2),ifx= 1;

Given function f(x) = { i
4ifx=1

Left hand limit at x = 1: }_i.‘?-f(x) = Kly?_(x?' —-x2+2x—2)
= Lin}){(l —h)*— (1—-h)?+2(1—h) -2}

— 13 - 3 __ - 2 1 o —

= L]lno(l h) Li_l}‘é(l h) "'2,129(1 h) -2
=1-1+2-2

=0

Right hand limit at x = 1: Jin11+f(x) = Jln11+(x3 —-x2+2x-2)
= lim{(1 + h)*— (1+h)?*+2(1+h) -2}

e 3 3_ 1 2 ; _
= }]1_1:1%{1+h) }’t_l}'é(l+h) +2§1_‘1}31(1+h) 2

=1-1+2-2
=0
Also, f(1) = 4

As we can see that,

xlin}_f(x) = xl_i_nllj(x) = f(1)

Therefore,

f(x) is not continuous atx =1

11. Question

Discus the continuity of the function f(x)= |x|+]|x-1]| in the interval of [-1, 2]
Answer

Given function f(x) = |x| + |x - 1]

A function f(x) is said to be continuous on a closed interval [a, b] if and only if,

(i) f is continuous on the open interval (a, b)

(i) Jim, f(x) = f(a)

(iif) lim f(x) = f(b)

Let’s check continuity on the open interval (-1, 2)
As-l <x<?2

Left hand limit:

Jim_f(x) =lim{|-1—h| +[(-1 —h) - 1]}



=|-1-0] + |[(-1-0) - 1]
=1+ 2

=3

Right hand limit:

21_1:121+f(x) = lllin}){IZ +h|+|(2+h) —1[}

=[2| + |2 - 1]

=2+1

=3

Left hand limit = Right hand limit
Herea=-landb =2
Therefore,

lim, f(x) = lim (|1 +h| +|(~1 +h) - 1]}

=|-14+0]+]|(-1+0)-1]

=|-1| +|-1-1]

=1+2=3

Alsof(-1) =|-1| + |-1-1]=1+2=3
Now,

lim f(x) = lim {|2— b + |2~ h) = 1]}
=[2-0] +[(2-0)-1]

=|2]+|2-1]

=2+1=3
Alsof(2)=12|+|2-1|=2+1=3
Therefore,

f(x) is continuous on the closed interval [-1, 2].

Exercise 9C
1. Question

Show that f(x) = x3 is continuous as well as differentiable at x=3.

Answer

Given:

f(x) = x3

If a function is differentiable at a point, it is necessarily continuous at that point.
Left hand derivative (LHD) at x = 3

. f(x)-f(3 . f(3-h)-f(3
lim ——= l')=1 Bt 10)
x—3- x-3 h—0 (3-h)-3

. (3-h)3-3? ; h{(3-h)*+3(3-h)+9}
= lim = = lim —
h—0 (3-h)-3 h—0 —h h—0 h

= Li_rf‘l)—{(3—h)2+3(3—h)+9}= Li_rg—[—{—(3—h)2—3(3—h)—9}]



=Lin}]—{—h2+9h—27}= ;llil%hz_gh-}'27:02_9(0)+27=27

Right hand derivative (RHD) at x = 3

f)-£(3) f(3+h)—£(3)

‘}B?‘? x—3 }119‘(1) (3+h)-2
. (3+h)3-3? . (3+h)3-27 . h{(3+h)*>+3(3+h)+9
= Im&™ % _ & = lim X )
h—=0 (3+h)-3 h—=0 h h—0 h

= Lin%'{{3+h)2 +3(3+h)+9}= Lin%(3+h)2+3(3+h) +9
=}‘in‘é{h2 + 9h + 27} = 0% + 9(0) + 27 = 27

LHD = RHD

Therefore, f(x) is differentiable at x = 3.

}ci_lgf(x) = Li_rg x3=3%=27
Also, f(3) =27

Therefore, f(x) is also continuous at x = 3.

2. Question

Show that f(x) = (x-1)1/3 is not differentiable at x=1.

Answer

Given function f(x) = (x-1)1/3

LHDatx =1
. 1 S
- f(x) - f(x)—f(1) — f(1-h)-f(1) =ik {(1-h)-1}3(1-1)2
x—1" x—=1~ x-1 h—0 (1-hj-1 h—0 (1-h)-1
2
—%im (-h)2(0)z _ 0 = Not defined
h—o0 —h 0
RHDatx =1
x) (1+h) (1+h) 2 :
y fO-fQ1) _ . fa+h)-f@) _ {(1+h)-1)a(1-1)a
}llnf+f(x)_ ,E..nlh x-1  h—0 (+h)-1  h-o0 (1+h)-1
S|
— i (-h)s(0)z _ 0 = Not defined
h-o0 ~-—h 0

Since, LHD and RHD doesn't exists

Therefore, f(x) is not differentiable at x = 1.

3. Question

Show that constant function is always differentiable
Answer

Let a be any constant number.

Then, f(x) = a

. f(x+h)-f(x)
f'(x) = lim———
(x) lim —
We know that coefficient of a linear function is

a5 ¥2—¥a1

Xo—Xy

a



Since our function is constant, y; = y>

Therefore,a =0

Now,

C)= B = s = 8

Thus, the derivative of a constant function is always 0.
4. Question

Show that f(x) = [x-5] is continuous but not differentiable at x=5
Answer

Left hand limitatx =5

lim [x - 5| =lim(5—-x)=0

X—5 X—=5

Right hand limitat x = 5

x]ir1;+|x—5| = }{Lnls(x—S) =0

Alsof(5)=|5-5|=0

As,

Jim f(x) = lim f(x) = f(5)

Therefore, f(x) is continuous at x =5

Now, lets see the differentiability of f(x)

LHDatx =5

. f(x)-f(5 . f(5—h)-fi 5—(5-h )|-|5-5 5
x—=5" x5 h—0 5-h-5 h—0 =h h—-0 h
RHD atx =5

lim f(!()—{(:':) = lim f(5_+h)—i_'(3) = Km |(3+h )=5]-|5-5]| — lim 2 g
x— 5+ x-5 h—0 5+h-5 h—0 h h—o0h

Since, LHD # RHD
Therefore,
f(x) is not differentiable at x =5

5. Question

}r(?_—x). whenx > 1:
Let f(x) =
L X. when0<x <1.
Show that f(x) is continuous but not differentiable at x=1
Answer
Left hand limitatx =1
Lim f(x) = limx = 1
Xx—1 x—1
f(x) = x is polynomial function and a polynomial function is continuous everywhere

Right hand limitatx =1

)I;ilpff(x) = _Lill}(z -xX)=(2-1)=1



f(x) = 2 - x is polynomial function and a polynomial function is continuous everywhere
Also, f(1) =1
As we can see that,

!E‘“i'rln_f(x) = ‘I:_1~1111 f(x) = f(1)

Therefore,
f(x) is continuous at x =1
Now,

LHD atx =1
im 2D ym*l imie mi=1
x—=1- x-1 x—=1x-1 x—=11 x—1

RHDatx =1

. f0—f(1 :
lim M—:J = lim

x—= 1t x- x—1 x=

2—x—(2-1) 2—x—1

— lim &2

= lim
x—=1 x-1 x»1 x-1

As, LHD = RHD

Therefore,

f(x) is not differentiableat x =1

6. Question

Show that f(x) = [x] is neither continuous nor derivable at x=2.
Answer

Left hand limitat x = 2

xl_i'szl_f(X) = %i_{t})f(Z —h) = gi_n%[z —h] = 111111}: 1=1
Right hand limitat x = 2

xlin21+f(x) = %i_l}})f(Z +h) = ll’i_l.lg[z +h] = 1111_1.1}} 2 =2
As left hand limit # right hand limit

Therefore, f(x) is not continuous at x = 2

Lets see the differentiability of f(x):

LHD at x = 2
L= fx-W-f@) | f2-h)-f2)
se2~ %X=2  Ee0d (x=h)=2 hep @—h)=2
h )
e =
: (1)
llll—n}} h
RHDatx =2
L R0-f2) _ o fO)-f@) g f@#)-f2) _ o 2-2
I S T im e - il e — im
A% s O

As, LHD = RHD



Therefore,

f(x) is not derivable at x = 2
7. Question

Show that function

[ (1-x). whenx <1
f(x) = 1

N is continuous but not differentiable at x=1
(x*-1). whenx =1.

Answer

(1—x),whenx < 1;
(x> —1),whenx > 1.

Given function f(x) = {
Left hand limit at x = 1:

]!.J_i.I}l_f(X) = _1l‘i_ml(1 -xX)=1-1=0
Right hand limit at x = 1:

Lim f(x) = li_ml(x’Z -1)=1%-1=0
Also, f(1) =12-1=0

As,

},_1.1111_ f(x) = l.._il};{ f(x) = f(1)
Therefore,

f(x) is continuous at x = 1

Now, let’'s see the differentiability of f(x):

LHD at x = 2:

- flx)-—f(2 1 (1—x)-(1-2 E 1-x-1+42 . —(x-2
leL{)= llm#z lim ———= = lim be-2)
Xx— 2" x—2 x— 2 x~2 x— 2 x—-2 x— 2 Xx—-2
= lim-1= -1

x— 2
RHD at x = 2:

. f(x)-f(2 . (x%-1)-(2%2-1 . x%-1-3 . X°—4
le_l}__(_j= hm{ Ja }= lim = = lim=
x—-2% x- x— 2 x—2 x—»2 x-2 x— 2 X—2

. x2-=22 . x—2)(x+2 .
= lim = = Jip &) _ lim(x+2)=2+2=4
x—2 X—2 x— 2 x-2 x—2

As, LHD = RHD
Therefore,
f(x) is not differentiable at x = 2

8. Question

-

(2+x), ifx>0;
Let f(x) = -
| (2-x), ifx <0.

Show that f(x) is not derivable at x=0.

Answer

(2+x),ifx=0;

Given function f(x) = {(2 D)t <.



LHD at x = 0:

d f(x)-f 4 —-X}— . -3
x— 0" x-0 x—=0 x-0 x—=0 X
=lim-1= -1

x—=0
RHD at x = 0:

. fx)—f N 7 —( ’ 3
Lqu = im &2 _ jim¥*= lim1=1
x— 0 X= x—0 x-0 x—0X% x—0

As, LHD = RHD

Therefore,

f(x) is not differentiable at x = 0
9. Question

If f(x) = x| show that f'(2)=1
Answer

Given function is f(x) = |x|

LHD at x = 2:
i f(x)—f(2) = f(2-h)-f(2) = Hm i2-hl-|2] = i —h
x-=»2" X2 h—0 2-h-2 h—-0 -h h—-0-h
imI=1
h—0
RHD at x = 2:

o fo)-f(2) . f(2+h)-f(2) el Il .. b
xlfz x-2 1111_% 2+h-l & tl.i_r.% b B %‘f.‘%,h

lim1l=1
h—0
As, LHD = RHD

Therefore, f(x) = |x| is differentiable at x = 2

Now f(2) = Jim S _ g #0121 i B fim1=1
h—0 h h—0 h h—oh h-—=o0

Therefore,

Fi2)=1

10. Question

Find the values of a and b so that the function

J(f +3x+a ) when x < I:
flx) =4 is differentiable at each x e R

l (bx+2). when x>1
Answer
It is given that f(x) is differentiable at each x € R
Forx = 1,
f(x) =x2+3x+aie. a polynomial
forx > 1,

f(x) = bx + 2, which is also a polynomial



Since, a polynomial function is everywhere differentiable. Therefore, f(x) is differentiable for all x > 1 and for
all x < 1.

f(x) is continuous at x =1

}llral_f(x) = iln}ff(x) = f(1)

I..inll(x2 +3x+a)= Iin}(bx +2)=1+3+a
12+3(1)+a=b(1)+2=4+a
4+a=b+2

a-b+2=0..(1)

As function is differentiable, therefore, LHD = RHD

LHD at x = 1:

. fx)-f(1 . X*+3x+a—(4 . X°+3x—4 . (x+4)(x-1
Lim W) _ gy FAEta-() o T AR iy 2D
x—1" x-1 x—1 x—1 x—1 x-1 x—=1 x-1
= lim(x+4)=1+4=5

x—1
RHD at x = 1:

. f)—fQ1) . (bx+2)—(4  bx-2— . bx-b ., b1
1 DT g SRVEY ORE) DR e DN g D0
x—1" x-1 x—1 x-1 x—1 x-1 x—1 x-1 x—1 x-1
= limb=>D

x—1

As, LHD = RHD
Therefore,
5=b

Putting b in (1), we get,

a-b+2=0
a-5+2=0
a=3
Hence,

a=3andb=5



