Some Special Series

Exercise 13A
Q. 1. Find the sum of the series whose nth term is given by:
(3n2 + 2n)
Answer : It is given in the question that the n" term of the series,
an=3n?+2n

Now, we need to find the sum of this series, Sn.

S, = ;(3112 + 2n)
= ;(3112) - nZ:“I(Zn)
BZH:(nZ) - Zi(n)

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

- n(n+ 1)
S- vy
k=1

Il. Sum of squares of first n natural numbers, 12 + 22 + 32+....n?,

Zn:kz B n(n+1)(2n+1)
B 6
k=1



IIl. Sum of cubes of first n natural numbers, 12+ 23+ 33 +....n3,

n

5 nn+1) ?
)K= (T)

k=1

IV. Sum of a constant k, N times,

N
Zk — Nk
k=1

So, for the given series, we need to find,

S, = BZn:(nz) - 22(11)
n=1 n=1

From the above identities,

S, = Bi(nz) + ZE(D)
n=1

n=1

n

_ 3 (n(n + 1)6(2n+ 1)) £ (11(112+ 1))

(n(n+1)(2n+1)

5 ) +n(n+1)

_n(n+1) (2";1 + 1)

_;(n+1)(2n+3)

S,=-(n+1)(2n+3
Hence, Sum of the series, " 2 ( )( )

Q. 2. Find the sum of the series whose nth term is given by:
n(n+1)(n+4)

Answer : It is given in the question that the n" term of the series,



an=n(n+1)(n+4)

Now, we need to find the sum of this series, Sn.

S, = nz=1(1‘1(11+ 1)(n+4))

_X2_(n®+5n%+ 4n)

_Za=a(n®)+ 520, (%) + 4X0-, (n)
Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

. n(n+ 1)
S red
k=1

Il. Sum of squares of first n natural numbers, 12 + 22 + 32+....n?,

n

Z 12— n(n+1)(2n+1)
a 6

k=1

[Il. Sum of cubes of first n natural numbers, 12+ 23 + 33 +....n3,

. nn+1) ?
Zkgz( 2 )

k=1

IV. Sum of a constant k, N times,

N
Zk — Nk
k=1

So, for the given series, we need to find,



n n n
Sa= ) (%) +5) () + 4 ()
n=1 n=1 n=1
From the above identities,

S, = i(n3) - Si(n”) - 42(11)
n=1 n=1 n=1

. (n(112+ 1))2 L (n(n + 1)6(Zn+ 1)) N 4(n(n2+ 1))

2
_ (n(n+1)) e (n(n +1)(2n+1)

n 4 6 ) +2(n(n+ 1))

—n(m+1) (n(n: 1) L+ (2n6+ 1) N 2)

_ % (6n(n+1) +20(2n + 1) + 48)

n(n+1)

52 (6n? + 46n + 68)

nn+1
= %(63+ 23n + 34)

= 22 (63 + 23n + 34)

Hence, the Sum of the series,

Q. 3. Find the sum of the series whose nth term is given by:
(4n® + 6n2 + 2n)

Answer : It is given in the question that the n" term of the series,
an=4n3+6n? + 2n

Now, we need to find the sum of this series, Sn.



S, = 2(4113 + 6n* +2n)
n=1

— Zn:(4n3) - Zn:(an) - Zn:(zn)
n=1 n=1 n=1
4211:(113)+6Zn:(nz) +2 Zn:(n)
n=1 n=1 n=1

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

= n(n+1
Zkz(n_l
2
k=1
2

[l. Sum of squares of first n natural numbers, 12 + 22 + 3%+....n?,

n

Zkz B n(n+1)(2n+1)
B 6

k=1

I1l. Sum of cubes of first n natural numbers, 13 + 23 + 33 +,...n3,

- n(n+1)2
Zk3=( 2 )

k=1

IV. Sum of a constant k, N times,

N
Zk=Nk
k=1

So, for the given series, we need to find,



n n n
S, = 42(113) - 62(112) +2 Z(n)
n=1 n=1 n=1
From the above identities,

S, = 4Zn:(n3) +6Zn:(112) - ZZn:(n)
n=1 n=1 n=1

_ 4 (n(n;— 1))2 i (n(n - 1)6(211 + 1)) o (n(n; 1))

= (n(n+1))*+n(n+1)(2n+ 1)+ n(n+1)
=nn+1)nn+1)(2n+ 1)+ 1]

= n(n+ 1)[n* + 3n + 2]
=nn+1)*n+2)

Hence, the Sum of the series, Sp = n(n+ 1)2 (n+2)

Q. 4. Find the sum of the series whose nth term is given by:
(3n2-3n+2)

Answer : It is given in the question that the n" term of the series,
an=3n’-3n+2

Now, we need to find the sum of this series, Sn.

n
S, = 2(3:12 —3n+2)
n=1



= nZ=:1(3112) —;(311) = nZI(Z)
32(112) - 3Zn:(n) +Zn:(2)
n=1 n=1 n=1

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

nk n(n+ 1)
E =—5
k=1
2

[l. Sum of squares of first n natural numbers, 12 + 22 + 3%+....n?,

n

Zkz B n(n+ 1)(2n+1)
B 6

k=1

[Il. Sum of cubes of first n natural numbers, 12+ 23 + 33 +....n°,

n

5 n(n+1) *
2e- ()

k=1

IV. Sum of a constant k, N times,

N
Zk — Nk
k=1

So, for the given series, we need to find,

Sy, = SZ(H”) - BZI(H) - Z(Z)

s, = 3 (n(n + 1)6(2n + 1)) s (n(nz-i- 1)) tom




(n(n+ 1)(2n+1) —3n(n+ 1)+ 4n)
2

On simplifying,

S, =n(n?+1)

Hence, the sum of the series, Sn = n(nz +1)

Q. 5. Find the sum of the series whose nth term is given by:
(2n2-3n +5)

Answer : It is given in the question that the n" term of the series,
an=2n’-3n+5

Now, we need to find the sum of this series, Sn.

S, = Z(an —3n+5)

n=1

= i(an)—i(Sn)+ i(S)
n=1 n=1 n=1
= ZZn:(nz) —3i(n)+ ZD:(S)

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

- n(n+ 1)
s
k=1



[l. Sum of squares of first n natural numbers, 12 + 22 + 3%+....n?,

n

Z 12— n(n+1)(2n+1)
a 6

[Il. Sum of cubes of first n natural numbers, 12+ 23 + 33 +....n3,

. nn+1) ?
P (T)

k=1

IV. Sum of a constant k, N times,

N
z k = Nk
k=1
So, for the given series, we need to find,
n n
S, = 22(112) -3 )> (n)+ Z(S)
n=1 1

n=1
n(n+1)(2n+ 1) n(n+1)
() ()

n=

S, = 2

(Zn(n +1)(2n+1) —9n(n+ 1)+ 3011)
6

B (4113 —3n% + 2311)
B 6

n
= 3(4112 —3n+ 23)

.S, = —-(4n®>—3n+23)
Hence, the sum of the series, 6

Q. 6. Find the sum of the series whose nth term is given by:

(n®-37)



Answer : Itis given in the question that the n™ term of the series,
an=n%>-3"

Now, we need to find the sum of this series, Sn.

n
Sn = Z(n?. - 3n)
n=1

= i(lﬁwi(s“)
n=1 n=1

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

. n(n+ 1)
- rerd
k=1

Il. Sum of squares of first n natural numbers, 12 + 22 + 32+....n?,

Zn:kz _ n(n+ 1)(2n+1)

6
k=1

I1l. Sum of cubes of first n natural numbers, 13 + 23 + 33 +,...n3,

n

. n(n+1) ?
DK = (T)

k=1

IV. Sum of a constant k, N times,

N
;ksz



So, for the given series, we need to find,

S, = Zn:(n?') +Zn:(3“)
n=1 n=1

S, = (n(n2+1-])2 N 2211(311) B

(1)

n n) = 31 2, ..30
The second term in the equation, lr==1(3 )=3"+3°+--3 1

Forms a GP, with the common ratio, r = 3.

Sum of n terms of a GP, a, ar, ar?, ar°...ar".

a(r"—-1)
5. = —
" r—1
Here,a=3,r=3;
So,
3(3"-1)  3@3"-1)
nTo3-1 0 T2 5(2)

Substitute (2) in (1);

n(n+1) : 3(3"—-1)
= (F7) T

_ (n(n+1})2 N 3(3"-1)

Hence, the sum of the series, B N

Q. 7. Find the sum of the series:
(22+ 42+ 62+ 82+ ... to n terms)
Answer : In the given question we need to find the sum of the series.

For that, first, we need to find the n'" term of the series so that we can use summation of
the series with standard identities and get the required sum.

The series given is ... 22 + 42 + 62 + 82 + ... to n terms.



The series can be written as, [(2 x 1), (2 x 2)?,
2 x3)%.. 2 xn).

So, n'" term of the series,

an = (2n)? = 4n?

Now, we need to find the sum of this series, Sn.

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

& n(n+ 1)
T
k=1

Il. Sum of squares of first n natural numbers, 12 + 22 + 3%+, ...

Zn:kz _n(n+1)(2n+1)
k=1 6

I1l. Sum of cubes of first n natural numbers, 13+ 23 + 33+, ...

n

n(n+1)2
Zkgz( 2 )

k=1

IV. Sum of a constant k, N times,



N
Zk= Nk
k=1

So, for the given series, we need to find,

S, = 42(112)
n=1

From, the above identities,

S, = 42(112)
n=1

(n(n +1)(2n+ 1)
4 a )

= g[n(n-l- 1)(2n+1)]

2
S, = g[n(n +1)(2n+ 1)]

2
So, Sum of the series, ® s+ 1)(2n+1)]

Q. 8. Find the sum of the series:
(22+4°+63+83+ ... to nterms)
Answer : In the given question we need to find the sum of the series.

For that, first, we need to find the n" term of the series so that we can use summation of
the series with standard identities and get the required sum.

The series givenis ... 23 + 43+ 63 + 8% + ... to n terms.
The series can be written as, [(2 x 1), (2 x 2)3,

(2 x 3)2... (2 x n)3].



So, n term of the series,
an=(2n)*=8n°

Now, we need to find the sum of this series, Sn.

Sp = Zn:(Bﬂa)
n=1
= SZn:(ng)
n=1

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

. n(n+ 1)
- rerd
k=1

Il. Sum of squares of first n natural numbers, 12 + 22 + 3%+, ...

Zn:kz _ n(n+ 1)(2n+1)

6
k=1

I1l. Sum of cubes of first n natural numbers, 13 + 23 + 33 +

n

. n(n+1) ?
DK = (T)

k=1

IV. Sum of a constant k, N times,

N
;ksz



So, for the given series, we need to find,

n
Sp = 82(113)
n=1

From, the above identities,

n
S, = 82(113)
n=1

n(n+1) 2
>0 = B(T)

= 2[n(n+ 1)]?

— 2
So, Sum of the series, >n = 2[n(n +1)]

Q. 9. Find the sum of the series:
(52+62+72+ ... +20?
Answer : In the given question we need to find the sum of the series.

For that, first, we need to find the n'" term of the series so that we can use summation of
the series with standard identities and get the required sum.

The series given is 52, 62, 72 ...202.

The series can be written as, [(1 + 4)?, (2 +4)?, (3 + 4)2... (16 + 4)7].
So, n term of the series,

an=(n+4)

With n = 16,

an=n?+8n+16

Now, we need to find the sum of this series, Sn.



S, = Z:(n2 + 8n + 16)
n=1

- i(nz) +Zn:(811) +zn:(16)
n=1 n=1 n=1

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

zn:k_ n(n+ 1)
B 2
k=1

Il. Sum of squares of first n natural numbers, 12 + 22 + 3%+....n%

Zn: 12 n(n+1)(2n+1)
a 6

k=1

[Il. Sum of cubes of first n natural numbers, 12+ 23 + 33 +....n3,

n

5 nn+1) ?
P (T)

k=1

IV. Sum of a constant k, N times,

N
Zk — Nk
k=1

So, for the given series, we need to find,

Sy, = i(nz) +i(8n) +Zn:(16)
n=1 n=1 n=1



From, the above identities,

S, = i(nz) + Zn: (8n) + i(m)
n=1 n=1 n=1

(n(n +1)(2n+ 1)) +8 (M) + 16n

Sl‘.l = 6 2

Here, n = 16 (from the question);

s, = ((16)(167)(33))+ ((8)(12)(17))+ 6% 16

Sn =2840

So, Sum of the series, Sn = 2840.

Q. 10. Find the sum of the series:
(1x2)+(2x3)+(3x4)+(4%x5)+ __. tonterms

Answer : In the given question we need to find the sum of the series.

For that, first, we need to find the n'" term of the series so that we can use summation of
the series with standard identities and get the required sum.

The series givenis (1 x2)+(2x3)+(3x4)+ (4 x5)+ ... tonterms.
The series can be written as, [(1 x (1 + 1)), (2x (2 + 1)),
(3x(3+1)),...(n x (n+ 1))].

So, n'" term of the series,

an=n(n+1)

an=n?+n

Now, we need to find the sum of this series, Sn.



n

S, = Z:(n2 +n)

n=1
- i(nmi(n)
n=1 n=1
Note:

V. Sum of first n natural numbers, 1 + 2 +3+...n,

. K n(n+ 1)
E =—5
k=1

V1. Sum of squares of first n natural numbers, 12 + 22 + 3%+, ..

n

Z 12— n(n+1)(2n+1)
B 6

k=1

VIl. Sum of cubes of first n natural numbers, 1° + 2% + 3% +

n

5 n(n+1) *
2e- ()

k=1

VIII. Sum of a constant k, N times,

N
Zk — Nk
k=1

So, for the given series, we need to find,

Sy, = i(nz) - i(n)
n=1 n=1

From, the above identities,



n n

S, = Z(nz) - Z(n)

n=1 n=1
s, = (n(n + 1)6(211 + 1)) N (n(nz+ 1))
_ (11(112+ 1)) (2113+ 4)

o (n(n;— 1)) (2113—!— 4)

. ( n(n+1)(n+2 ])

So, Sum of the series, 3

Q. 11. Find the sum of the series:
(3%x8)+(6%x11)+(9%14)+ ... tonterms
Answer : In the given question we need to find the sum of the series.

For that, first, we need to find the n'" term of the series so that we can use summation of
the series with standard identities and get the required sum.

The series givenis (3 x8) + (6 x 11) + (9 x 14) + ... to n terms.

The series can be written as, [(3x 1) x(3x1+5)), (3x2)x(3x2+5))... Bnx (3n +
9))1-

So, n'" term of the series,
an=3n(3n + 5)
an=9n? + 15n

Now, we need to find the sum of this series, Sn.



n

S, = Z:(‘)n2 + 15n)

n=1
Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

Zn: K n(n+ 1)
2
k=1

[I. Sum of squares of first n natural numbers, 12 + 22 + 3%+, ...

Zn:kz _n(n+1)(2n+1)

6
k=1

I1l. Sum of cubes of first n natural numbers, 13+ 23 + 33+, ...

n

. n(n+1)\°
2.k =( 2 )

k=1

IV. Sum of a constant k, N times,

N
Zk — Nk
k=1

So, for the given series, we need to find,

S, = 92(112) + Z(n)

From, the above identities,

n n
S, = Z (9n?) + Z (15n)
n=1 n=1



n(n+1)(2n+1) n(n+1)
9( a )+ 15(—2 )

n

n(n+1)
— I
( > )(61+ 18)

S, = 3n(n+1)(n+3)

So, Sum of the series, >n = Sn(n+1)(n+3)

Q. 12. Find the sum of the series:
(1%x22)+(2%x32)+(3x42)+...tonterms
Answer : In the given question we need to find the sum of the series.

For that, first, we need to find the n'" term of the series so that we can use summation of
the series with standard identities and get the required sum.

The series given is (1 x 2%) + (2 x 3%) + (3 x 4%) + ... to n terms.

The series can be written as, [(1 x (1 +1)%), 2x 2 +1)? ... (nx (n + 1)].
So, n' term of the series,

an=n(n+1)32

an=n3+2n?+n

Now, we need to find the sum of this series, Sn.

S, = ) (n®*+2n%+n)

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,



n(n+ 1)

k =
2

k=1

[l. Sum of squares of first n natural numbers, 12 + 22 + 3%+....n?,

n

Zkz B n(n+1)(2n+1)
B 6

k=1

[Il. Sum of cubes of first n natural numbers, 12+ 23 + 33 +....n3,

. 5 nn+1) ?
)K= (T)

k=1

IV. Sum of a constant k, N times,

N
Zk — Nk
k=1

So, for the given series, we need to find,

n n n
Sa= D (0¥)+2) () + ) (w)
n=1 n=1 n=1
From, the above identities,
n n n
S, = 2(113) + ZZ(nz) + Z(n)
n=1 n=1 n=1

n(n + 1)\’ n(n+1)(2n+1) n(n+1)
= (T) * 2( 6 )* (T)

n

_ (n(n;- 1)) [n(nz-i— 1) N 2(2113+ 1) N 1]

s, = (n(n + 1))

2 6

3n’+ 11n+ 10]



_ (n(n+1) 2
So, Sum of the series, * ( 12 )(311 +11n + 10)

Q. 13. Find the sum of the series:

(1%x22)+(3%x32)+(5%x42)+...tonterms

Answer : In the given question we need to find the sum of the series.

For that, first, we need to find the n" term of the series so that we can use summation of
the series with standard identities and get the required sum.

The series given is (1 x 22) + (3 x 3%) + (5 x 4%) + ... to n terms.

The series can be written as, [(1 x (1 +1)?), (2x (2 +1)? ... (2n-1 x (n + 1)2].

So, n term of the series,
an=(2n-1)(n +1)?

= (2n 1) (N2 + 2n +1)
=2n%+3n?-1

Now, we need to find the sum of this series, Sn.

n
S, = Z(Zn3 +3n?-1)
n=1

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

- n(n+ 1)
S tes

k=1

Il. Sum of squares of first n natural numbers, 12 + 22 + 3%+, ...



n(n+1)(2n+1)

kz._
6

M:

k=1

[Il. Sum of cubes of first n natural numbers, 12+ 23 + 33 +....n3,

n

2 nn+1) ?
P (T)

IV. Sum of a constant k, N times,

N
Zk — Nk
k=1

So, for the given series, we need to find,

n

S, = 2i(ll3)+3i(nz)'— Z( 1)
n=1

n=1 n=1

From, the above identities,

sn=22(n3)+3i(n2)— i(l)
n=1 n=1 n=1

2
S, = 2(@) N 3(n(n+1)6(2n+ 1))_n

= (W) [n(n+1)+ (2n+ 1)] —n
n = (W)[nz+3n+ 1] —n

S, = (g) [(n+ 1)(n?+3n+ 1) — 2]

(g) [n® + 4n® + 4n — 1]

w
=)
Il



S, = (E) [n® + 4n% + 4n — 1]
So, Sum of the series, N

Q. 14. Find the sum of the series:
(3%x12)+(5%x22) + (7 %32 +...tonterms
Answer : In the given question we need to find the sum of the series.

For that, first, we need to find the n" term of the series so that we can use summation of
the series with standard identities and get the required sum.

The series given is (3 x 12) + (5 x 22) + (7 x 3?) + ...to n terms.
The series can be written as, [(3 x 12), (5x 22 ... ((2n + 1) x n?].
So, n term of the series,

an=(2n + 1) n?

an=2n3+n?

Now, we need to find the sum of this series, Sn.

S, = 2(2113 +n?)

n=1
Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

- n(n+ 1)
S tns
k=1

Il. Sum of squares of first n natural numbers, 12 + 22 + 32+....n?,



n(n+1)(2n+1)

kz_
6

NgE

k=1

[Il. Sum of cubes of first n natural numbers, 1%+ 23+ 33 +....n3,

n

5 nn+1) ?
P (T)

k=1

IV. Sum of a constant k, N times,

N
Zk — Nk
k=1

So, for the given series, we need to find,

n n

S, = 2(2113) +Z(n2)

n=1 n=1

From, the above identities,

S, = Zi(nﬂ +i(n2)
n=1 n=1

2
5, = 2 (n(n2+ 1)) N (n(n ~ 1)6(2n - 1))

_ (n(n +1)

(2n+1) ]
2 3

) [n(n+ 1) +

3nZ+5n+1
3

s, = (11(112-+- 1))

n(n+1) 5
= (—)(3n“+5n+1
So, Sum of the series, ( 6 ) ( )



Q. 15. Find the sum of the series:
(1x2x3)+(2%x3x4)+(3x4x5)+...tonterms
Answer : In the given question we need to find the sum of the series.

For that, first, we need to find the n'" term of the series so that we can use summation of
the series with standard identities and get the required sum.

The series givenis (1 x2x3)+(2x3x4)+(3x4x5)+...tonterms.

The series can be written as, [(1 x(1+1)x(1+2)),2x(2+1)x(2+2)...(nx(n+1)
X (n+2)].

So, n term of the series,
an=n(n+1)(n+2)
an=n%+3n2+2n

Now, we need to find the sum of this series, Sn.

S, = Z(n‘” + 3n? + 2n)
n=1

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

Zn: K n(n+ 1)
2
k=1

Il. Sum of squares of first n natural numbers, 12 + 22 + 32+....n?,

Zn: 2 n(n+ 1)(2n+1)
a 6



[Il. Sum of cubes of first n natural numbers, 12+ 23 + 33 +....n3,

. 5 nn+1) ?
)K= (T)

k=1

IV. Sum of a constant k, N times,

N
Zk — Nk
k=1

So, for the given series, we need to find,

S, = i(nﬂ +i(3nz) - i(Zn)
n=1 n=1 n=1

From, the above identities,

S, = i(n?*) +3Zn:(n2) + zzn:(n)
n=1 n=1

n=1

n

n(n+ 1)\’ n(n+1)(2n+1) n(n+1)
( 2 )+3( 6 )+2( 2 )

_ (n(n + 1)) m(n+1)

+(2n+1 +2]

(n(n + 1)) N2 +5n+6
a 2 2

B (n(n - 1)) [(n+3)(n+2)
B 2 2

_ (n(n+1)(n+2 )J(n+3 ))

So, Sum of the series, N



Q. 16. Find the sum of the series:
(1x2x4)+(2%x3x7)+(3x4x10)+ ... to n terms
Answer : In the given question we need to find the sum of the series.

For that, first, we need to find the n'" term of the series so that we can use summation of
the series with standard identities and get the required sum.

The series givenis (1 x2x4)+(2x3x7)+(3x4x10)+ ... tonterms.

The series can be written as, [(1 x(1+1)x(3x1+1)),2x(2+1)x(3x2+ 1))... (n X
(n+1)x(3xn+1).

So, n term of the series,
an=n(n+1)(3n+1)
an=3n3+4n?+n

Now, we need to find the sum of this series, Sn.

n
S, = 2(3113 + 4n? +n)
n=1

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

: n(n+ 1)
S tns
k=1

Il. Sum of squares of first n natural numbers, 12 + 22 + 32+....n?,

n

Zk2 _n(n+1)(2n+1)
Bl 6

k=1

I1l. Sum of cubes of first n natural numbers, 13 + 23 + 33 +,...n3,



- n(n+1)2
Zsz( 2 )

k=1

IV. Sum of a constant k, N times,

N
Zk — NK
k=1

So, for the given series, we need to find,

S, = Zn:(n3) - Zi(nz) - Zn:(n)
n=1 n=1 n=1

From, the above identities,

S, = BZH:(H?’) — 4i(n2) + Zn:(n)
n=1 n=1

n=1

n(n+ 1)\° n(n+1)(2n+1) n(n+1)
_3( 2 )+4( 6 )+( 2 )

_ (11(1124- 1)) [311(112+ 1) N 4(2n3+ 1) N 1]

n

_ (11(112-4- 1))

9n? + 25n + 14]
6

_ (n(n+1) 2
So, Sum of the series, " ( 12 ) (90" + 25n + 14)

Q. 17. Find the sum of the series:

1 1 1

1x2 2x3 3x4 ... Tonterms

Answer : In the given question we need to find the sum of the series.



For that, first, we need to find the n" term of the series so that we can use summation of
the series with standard identities and get the required sum.

1 1 1

The series givenis 1x2 2x3 3x4  _ tonterms.

1 1 1 1

The series can be written as, 1 ¥2 2x3 3x4  nx(n+l)

So, n term of the series,

1
a,= ———
" n(n+1)

By the method of partial fractions, we can factorize the above term.

_ 1 _1 1
a“_n(lH-l)_n n+1
a,=1->— (4

1 1

4= 573 > (2)

1 1 .
dp—1 = E — ; > [ﬂ-l)th equation

1
n n(n+1)

1
n+1

_ 1 _ th :
=3 » N° equation

Now, we need to find the sum of this series, Sn.

This can be found out by adding the equation (1), (2)...up to n'" term.

n

S,H=ZaIn
n=1
1 n
S, =1-—

n n+1 n+1



n

n+1l

So, Sum of the series, "

Q. 18. Find the sum of the series:

1
Ix2 2x3 3x4  (2n-1)(2n+1)

Answer : In the given question we need to find the sum of the series.

For that, first, we need to find the n'" term of the series so that we can use summation of
the series with standard identities and get the required sum.

1 1 1

The series givenis 1x2  2x3  3x4 _ tonterms.
So, n'" term of the series,

1
= on—D@2n+ D)

By the method of partial fractions, we can factorize the above term.

1 A N B
a = —
" (2n—-1)(2n+1) 2n—-1 2n+1

1=A(2n—-1)+B(2n+1)
On equating the like term on RHS and LHS,

2A+2B =0 — (a)

A+B=1-(b)
A= 2:B=-— =+
On solving, we will get; 2’ 2
1 1
- 1 _ 2 B 2 :l( 1 B 1 )
" (2n-1)(2n+1) 2n—-1 2n+1 2\2n—-1 2n+1



3 5

1 1 1 th y
a,. = —( - ) » (N-1 equation
n—1 2\2n-3  2n-1 ( ) q

1/ 1 1 - .
a, = - ( — ) » nt equation
2 \2n-1  2n+1

Now, we need to find the sum of this series, Sn.

This can be found out by adding the equation (1), (2)...up to n'" term.

S,H=Zan

1[1 1 ]_ n
nT 9 2n+ 1l  2n+1

n

S
So, Sum of the series, "  2n+1

Q. 19. Find the sum of the series:

1 1 1 1
(1x6) (6x11) (11x16) ~~ (5n-4)(5n+1)

Answer : In the given question we need to find the sum of the series.

For that, first, we need to find the n'" term of the series so that we can use summation of

the series with standard identities and get the required sum.

The series given is (1 x 22) + (2 x 32) + (3 x 42) + ... to n terms.

The series can be written as, [(1 x (1 +1)?), 2x (2 +1)? ... (nx (n + 1)].

So, n term of the series,



an=n(n+1)>
an=n%+2n?+n

Now, we need to find the sum of this series, Sn.

n
S, = Z(n?' + 2n% +n)
n=1

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

. n(n+ 1)
S togs
k=1

Il. Sum of squares of first n natural numbers, 12 + 22+ 32+,

n

Zk2 _n(n+1)(2n+1)
a 6

k=1

I1l. Sum of cubes of first n natural numbers, 13 + 23 + 33 +

= n(n+1) ?
QK= (T)

k=1

IV. Sum of a constant k, N times,

N
kZ=11<=Nk

So, for the given series, we need to find,



Z(n3) - 22(112) - Z(n)
From, the above identities,
Sp,=) (n*)+2) (n¥)+ ) (n)

n(n + 1)\’ n(n+1)(2n+1) n(n+1)
() + 2 ()« ()

Sp =

_ (n(n;- 1)) [n(n;- 1) N 2(2113+ 1) N 1]

s, = (n(n + 1))

3n’+ 11n+ 10]
2

6

= (*22) (3n% + 110+ 10)

So, Sum of the series, 1

Q. 20. Find the sum of the series:

3 3

1 1+3 1+3+3 to n terms
Answer : In the given question we need to find the sum of the series.

For that, firs, we need to find the n'" term of the series so that we can use summation of
the series with standard identities and get the required sum.

12 13428 13+ 23432

The series given is 1 1+3 1+3+5 to n terms

The series can be written as,

12 134+2% 134234373 12+ 2% +3% 4.4
1+3+5 " 14345+ 4(2n-1)

»

1 1+3

r

So, n'" term of the series,



1°+ 23 +3%°+ .0
1+3+5+--+(2n—-1)

a, =

The denominator of ‘an’ forms an AP with first term a = 1, last term = 2n-1 and common
difference, d= 2.

n
Now, Sum of the AP, Tn = 2 22+ (n—1)d]

= 2[2+(n—1)2]=n2

n(n+1) 2
2 (n+ 1)2
= n2 T4
n’+2n+1
a, = 2

Now, we need to find the sum of this series, Sn.

n

Sn=Zan

n=1
n 2
n“+2n+1
N Y i
n=1
Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

- n(n+ 1)
s
k=1

Il. Sum of squares of first n natural numbers, 12 + 22 + 32+....n?,

ikz B n(n+ 1)(2n+1)
B 6

k=1



[Il. Sum of cubes of first n natural numbers, 12+ 23 + 33 +....n3,

n

5 nn+1) ?
)K= (T)

k=1

IV. Sum of a constant k, N times,

N
Zk — Nk
k=1

So, for the given series, we need to find,
1 n n n
-1 |22y s Yol

n=1 n=1 n=1
From, the above identities,

Sy =% LG:zl(nz)+2§(n)+ i(l)]

n=1 n=1

s, = (n(n +1)(2n+ 1)) A (n(n - 1)) . n‘

1
4| 6 2

(n) (n+1)(2n+1)

3 +(n+1)+1]

2n% +9n + 13
6

2= (3)

= (= 2
So, Sum of the series, " (24) (2n° +9n + 13)

Q. 21. Find the sum of the series:
3+15+35+63 +...to nterms

Answer : In the given question we need to find the sum of the series.



For that, first, we need to find the n" term of the series so that we can use summation of
the series with standard identities and get the required sum.

The series given is 3, 15, 35, 63 ... to n terms.

The series can be written as, [22 - 1, 42-1, 62-1... (2n)?-1].
So, n'" term of the series,

an=(2n)?2 -1

an=4n?-1

Now, we need to find the sum of this series, Sn.

n=1

S, = Z(zm2 -1
n=1

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

- n(n+ 1)
Z k= 2
k=1

[l. Sum of squares of first n natural numbers, 12 + 22 + 3%+....n?,

n

Zkz _ n(n+1)(2n+1)
6

k=1
[Il. Sum of cubes of first n natural numbers, 12+ 23 + 33 +....n3,
Zn: 13 n(n+1) ?
B 2
k=1

IV. Sum of a constant k, N times,



N
Zk= Nk
k=1

So, for the given series, we need to find,

S, = 2(4112) —i(l)
n=1 n=1

From, the above identities,

S, = 42(112) —i(l)
n=1 n=1

(n(n +1)(2n+ 1)) _ @)

Sp,= 4 6

n
= (5) [2(n+1)(2n+ 1) — 3]
m
S, = (§) [4n? + 6n — 1]

.S, =-[4n%?+6n—1]
So, Sum of the series, 3

Q. 22. Find the sum of the series:
1+5+12+22 + 35 +... to n terms

Answer : In the given question we need to find the sum of the series.

For that, first, we need to find the n'" term of the series so that we can use summation of
the series with standard identities and get the required sum.

The series givenis 1 +5+ 12+ 22 + 35 ... ton terms.
This question can be solved by the method of difference.

Note:



Consider a sequence a1, az, as ...such that the Sequence a2 —a1, as — az... is either an.
A.P.ora G.P.

The n'" term, of this sequence, is obtained as follows:
S=ai+ax+asz+...+an1+an— (1)
S=at+ax+...+an2+an1+an—(2)

Subtracting (2) from (1),

We get, an = a1+ [(az—a1) + (as—a2) +... (an — an-1)].

Since the terms within the brackets are either in an A.P. or a G.P, we can find the value
of an the n'" term.

Thus, we can find the sum of the n terms of the sequence as,

n

Sp = Zak

k=1
So,
By using the method of difference, we can find the n term of the expression.
Sn=1+5+12+22+35+ ..... +an— (1)
Sn=1+5+12+22+35+ .... +an— (2)
MN-2)—=0=1+4+7+10+..... - an
So, n term of the series,
an=1+4+7+10+ ...
So, the n'" term form an AP, with the first term, a = 1; common difference, d = 3.

The required nt" term of the series is the same as the sum of n terms of AP.

S =

n

[2a + (n— 1)d]

)

Sum of n terms of an AP,

n
Sp = E[ZX 1+3(n—1)]



n 3 — 1] 3n°—n
=-[Bn—-1]= ——
2 2
1 = 3n® -n
So, n'" term of the series, 2

Now, we need to find the sum of this series, Sn.

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

= n(n+ 1)
S tey
k=1

Il. Sum of squares of first n natural numbers, 12 + 22 + 32+....n?

n

Z 12 = n(n+ 1)(2n+1)
B 6

k=1

I1l. Sum of cubes of first n natural numbers, 13 + 23 + 33 +,...n3,

Zk3 (n(n+ 1))

IV. Sum of a constant k, N times,

N
;k=Nk

So, for the given series, we need to find,



S, = %[Bi(nz) —Zn:(n)]
n=1 n=1

From, the above identities,

S, = % LBZn:(nz) —Zn:(n)‘
[ n=1 n=1

1 n(n+1)(2n+1) n(n+1)
72 _3( 6 )_ ( 2 )
- ("2 ) @n+ - 1)

n’(n+1)
% = (T)

So, Sum of the series,

Sp = (02(2"'1))

Q. 23. Find the sum of the series:
S+7+13+31+85+ .... Tonterms
Answer : In the given question we need to find the sum of the series.

For that, first, we need to find the n" term of the series so that we can use summation of
the series with standard identities and get the required sum.

The series givenis5+7+13+ 31+ 85+ .... + nterms.
This question can be solved by the method of difference.
Note:

Consider a sequence a1, az, as ...such that the Sequence a2 —a1, as — az... is either an.
A.P.ora G.P.

The n'" term, of this sequence, is obtained as follows:

S=ai+ax+asz+...+an1+an— (1)



S=air+ax+...+an2+an1+an—(2)
Subtracting (2) from (1),
We get, an = a1+ [(az—a1) + (as—a2) +... (an — an-1)].

Since the terms within the brackets are either in an A.P. or a G.P, we can find the value
of an, the n'" term.

Thus, we can find the sum of the n terms of the sequence as,

n

Sp = Zak

k=1
So,
By using the method of difference, we can find the n" term of the expression.
Shn=5+7+13+31+85+..... +an— (1)
Shn=5+7+13+31+85+ .... + an— (2)
(1)-(2)—>0=5+2+6+18+54+ ...+ (an—an1)-an
So, n'" term of the series,
an=5+2+6+18+54+ ...
In the resulting series obtained, starting from 2, 6, 18...forms a GP.
So, the n" term forms a GP, with the first term, a = 2; common ratio, r = 3.
The required n™ term of the series is the same as the sum of n terms of GP and 5.
The GPis2+6+ 18+ 54 +... (n-1) terms.

a(r®-1)

SumofntermsofaGP, ™ = r-1

g — 2 1)
Sum of (n-1) terms of a GP, " r-1

2(3"1—1)
Sn = T



. a
So, n'" term of the series,

Now, we need to find the sum of this series, Sn.

n

Sn=Zan

n=1

2
on = Z (5+4)
Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

- n(n+ 1)
s
k=1

Il. Sum of squares of first n natural numbers, 12 + 22 + 32+....n?,

n

Zkz B n(n+1)(2n+1)
B 6

k=1
I1l. Sum of cubes of first n natural numbers, 13 + 23 + 33 +,...n3,
Zn: I3 n(n+1) ?
B 2
k=1

IV. Sum of a constant k, N times,

N
Zk — Nk
k=1



So, for the given series, we need to find,

n

w3

n=1

From, the above identities,

1
Sn -3 2:1(3n) + Zg=14 ~(a)

The first term in (a) is a GP, with the first term, a = 3 and common ratio, r = 3.

1 a(r-1)

Sum of n terms of GP, " r-1

. 3(3°-1) 3(3°-1)

" 3—1 2
-3 )
= (—(3n2_ 1)) +'4n

8n+3"—1
Sn = [ 2 ]

S, = -[8n+3"—1
So, Sum of the series, © 2 [ ]

(1+2+3+...k)
S, =
Q.24.If k , prove that ,

(8:%+ S;2+ 8,7 )= (2n° + 9n +13)

(1+2+43+k)
. Sk=—""7—"
Answer : Given, k

2 24...82)="(2n
Toprove:(51 + 57+ 5y ) 24(211 +9n + 13)



1+2+3+-k

(Sk)= Kk

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

i . n(n+ 1)
2
k=1

Il. Sum of squares of first n natural numbers, 12 + 22 + 32+....n?,

n

Zkz _ n(n+1)(2n+1)
6

k=1

[Il. Sum of cubes of first n natural numbers, 12+ 23 + 33 +....n3,

Z 3 — (n(n - 1))

IV. Sum of a constant k, N times,

N
Zk — Nk
k=1

So,

k(k+1) k +1
2k 2

(Sk)=

Now, the Left hand side of the condition given in the question can be written as,
n

(524 8,2+ 5,2)= D52
k=1

The required LHS = Li=1 Sk



k=1 k=1
B k2 12k +1
B 4

k=1

I
| =
N
gl

x-u

ra

+

(%]
Nk

x-

+
Nk

H
~—

1|/n(n+1)(2n+1) nn+1)
S“=ZK 6 )+2(—2 )+nl
n(n+1) ((@) + 1) + n‘
'(((n +1D)C2n+7)+ 6))
6

n
S, = 21 [2n% + 9n+ 13]

N

| =

So,

n
(52+ %+ 5,2)= ngzz Sn= 54 [2n® +9n +13]

(5.2 + S2+-- 5,7 ) =, [2n* +9n +13]

Withsk — (1"'2':{#’{)

Q. 25. If Sh denotes the sum of the cubes of the first n natural numbers and sn
18
Z “k

denotes the sum of the first n natural numbers then find the value of k=! Sk i



Answer : Given in the question, Sn denotes the sum of the cubes of the first n natural
numbers.

sn denotes the sum of the first n natural numbers.
Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

n

nn+1)
Q==

k=1

Il. Sum of squares of first n natural numbers, 12 + 22 + 32+....n?,

n

Z K2 = n(n+1)(2n+1)
B 6

k=1

I1l. Sum of cubes of first n-natural numbers, 13 + 23 + 33 +,...n3,

n

n(n+1)2
Zk3= ( 2 )

k=1

IV. Sum of a constant k, N times,

N
kZ_lk=Nk

So,

Sn denotes the sum of the cubes of the first n natural numbers. (Given data in the
question).

n

5, = Z 3 _ (n(nz-i— 1))

k=1

sn denotes the sum of the first n natural numbers.



n(n+ 1)

Sn= k: 2
k=1
k(k + 1))\?
Sk 2 _ k(k+1)
Sk_ k(k+1) N 2
2

To determine the given ratio in the question,

=S, Ck(k+1)
1o,
= 5’2“ *
k=1
[(n(n +1)(2n+ 1))+ (n(n + 1))]
-2

_n(n+1) ((Zn - 1)) 1

B 4

nn+1) [[(2n+4)
—155)

n(n+1)(n+2)
= 6

n(n+1)(n+2)

S
So, the value of Zi}:ls—: = -

Exercise 13B
Q.1.Findthesum (2+4+6 + 8 +... + 100).

Answer : It is required to find the sumof (2+4 + 6 + 8 +... 100).



Now, consider the series (2+4 + 6 + 8 +... 100).

If we take a common factor of 2 from all the terms, then,
the series becomes,

2(1+2+3+4+...50).

So, we need to find the sum of first 50 natural numbers.
Note:

Sum of first n natural numbers, 1 + 2 +3+...n,

n

nn+1)
Q==

k=1

From the above identities,

- nin+1)
So, Sum of first 50 natural numbers B
50(51)
2
= 1275

(2+4+6+8+...100)=2(1+2+3+4+...50)

=2 x 1275 = 2550

Q. 2. Find the sum (41 + 42 + 43 + ... + 100).

Answer : Itis required to find the sum (41 +42 + 43 + .... + 100).

(41 +42 +43 + .... + 100) = Sum of integers starting from 1 to 100 — Sum of integers
starting from 1 to 40.

Note:

Sum of first n natural numbers, 1 + 2 +3+...n,



nn+ 1)

k =
2

k=1
From the above identities,

nin+1)

So, Sum of integers starting from 1 to 100 2

100(101)
2

= 5050

n{n+1)

-

So, Sum of integers starting from 1 to 40 -2

_40(41)
2

= 820

(41 +42 +43 + .... + 100) = Sum of integers starting from 1 to 100 — Sum of integers
starting from 1 to 40.

(41+42+43 + .... + 100) = 5050 — 820 = 4230
Q. 3. Find the sum 112 + 122 + 132+ ... 202
Answer : It is required to find the sum 112 + 122 + 132+ .,.202

112 + 122 + 132+ ...202 = Sum of squares of natural numbers starting from 1 to 20 —
Sum of squares of natural numbers starting from 1 to 10.

Note:

Sum of squares of first n natural numbers, 12 + 22 + 32+....n?,

i 2 n(n+1)(2n+1)
6

From the above identities,



Sum of squares of natural numbers starting from 1 to 20

_20(21)(41)

= 2870
6
Sum of squares of natural numbers starting from 1 to 10

_10(11)(21)

= 385
6

112 + 122 + 13%+ ...20%= Sum of squares of natural numbers starting from 1 to 20 — Sum
of squares of natural numbers starting from 1 to 10.

112 + 122 + 132+ ...20%2 = 2870 — 385 = 2485
Q. 4. Find the sum 63 + 73 + 8% + 93 + 103.
Answer : It is required to find the sum 63 + 73 + 83 + 92 + 103,

6% + 73 + 8% + 93 + 103= Sum of cubes of natural numbers starting from 1 to 10 — Sum of
cubes of natural numbers starting from 1 to 5.

Note:

Sum of cubes of first n natural numbers, 13 + 23 + 33 +.....n3,

Z K3 — (n(n+ 1))

From the above identities,

Sum of cubes of natural numbers starting from 1 to 10

2
_ (10;11)) - 3025

Sum of cubes of natural numbers starting from 1 to 5

5(6)\°
(7 -



63 + 73 + 83 + 9% + 103 = Sum of cubes of natural numbers starting from 1 to 10 — Sum
of cubes of natural numbers starting from 1 to 5.

63+ 7%+ 83+ 9%+ 103 = 3025 - 225 = 2800

n n
If Zk =210, find the value of Zk:’.

Q. s. k=l k=1
It is given that, ¥?_. k =210

Answer : 0 Zk_l

Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

- nn+1)
k= ——
Z 2
k=1

[l. Sum of squares of first n natural numbers, 12 +22 + 3%+....n%

i 12— n(n+1)(2n +1)

6
k=1

From the above identities,

n
nin+1
Zk=(7)=210

2
k=1
n?+n =420
n2+n-420=0

(n=20)(n+21)=0
n =20 or-21

Since, n is the number of integers, n = 20



zn: r2 nn+1)(2n+1)
k=1 6

n g2 _ 20@DED
80,2“=1k = —_———=12870

n n
Ika = 45, find the value onk‘z.
Q.6 K k=1

Itis given that, Y3_, k =45

I. Sum of first n natural numbers, 1 + 2 +3+...n,

: " nn+1)
E =5
k=1
B3

[I. Sum of cubes of first n natural numbers, 12+ 23 + 33 +....n3,

n

R nn+1) :
2= ()

k=1

From the above identities,

n
nin+1
Zk=%= 45

k=1

We need to find,

n

2
nin+1
Zk3= (%) = 452 = 2025

k=1
Q. 7. Find the sum of the series {22+ 42 + 62 + _... + (2n)?}

Answer : We need to find the sum of the series {22 + 42 + 62 +

e+ (20)2.



So, we can find it by using summation of the n'" term of the given series.
The nt" term of the series is (2n) 2 = 4n?

(Given data)

an = 4n?

— n
Now, sum of the series, Sp = k=10

n

n n
S, = Z a, = ) 4n*= 42 n®
k=1 k=1

k=1
Note:

I. Sum of squares of first n natural numbers, 12 + 22 + 3%+....n?,

Zn: 12— n(n+1)(2n+1)
a 6

n(n+1)(2n+1)
n 4 6
k=1
S,=1{22 + 42 + 62 + ...+ (2n)?)

nn+1)2n+1)
6

2
S, = gn(n +1)(2n+1)

~ I
Q. 8. Find the sum of 10 terms of the geometric series \C - \/g +18 +....
Answer : We need to find the sum of 10 terms of GP.

Sum of n terms of GP, with first term, a, common ratio, r,



a(r" —1)
=TT

So, the sum of given GP up to 10 terms, with a = \2,

r=+3,n=10

. _ a(r"—1)  V2((¥V3)*°-1)
" or—-1 V3—1

5= EID _ 4675
The requires sum, Va-1 :

Q. 9. Find the sum of n terms of the series whose rt" term is (r + 2").
Answer : We need to find the sum of n terms of series whose r'" term is r + 2.
ar=r+2'

So, nf"term, an=n + 2"

So, we can find the sum of the series by using summation of the n" term of the given
series.

n

Sn — Z ak — Z k + 2"
k=1 k=1

n n n k
Sp= k=1 = Xk=1k + Xi=12 — (1)
Note:

I. Sum of first n natural numbers, 1 + 2 +3+...n,

: nn+1)
§u-ren
k=1

Second term in (2) is a GP, with first term a = 2, common ratio r = 2.

Sum of n terms of GP, with the first term, a, common ratio, r,



a(r" —1)

Sn = r—1

So, the sum of given GP, witha=2,r=2

a(r"—1) 2(2"-1)

S.t= = =2(2"—1
" r—1 2-1 ( )
n n
S"=Zk+ Zz‘f
k=1 k=1
The required sum,
nn+1) .
“=T+ 2(2" —1)
< n+n+4(2") -4 n*+n—-4+(2"2)
T 2 N 2

The sum of n terms of the series whose " term is (r + 2"),

< n> +n—4-+(2"2)
n 2




